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0 Introduction Topology

0 Introduction

Before getting into the main part of the course, we can first look at topology from the viewpoint
it was considered hundreds of years ago.

Definition 0.1 (Geodesic triangle). A geodesic triangle is the area enscribed inside 3 points
on a sphere.

Theorem 0.1 (Girard’s theorem). Let T' be a geodesic triangle. Denote its angles 0y, 02, 03.
Then we have 61 + 05 4+ 03 > 180° and

Area(T) =61 + 62 + 05 — 7.
Proof. Geometric. O

Theorem 0.2 (Euler’s theorem). Let P be a convex polyhydron. Denote E the number of edges
in P, V' the number of vertices in P, and F' the number of faces of P. Then

V-FE+F=2

Proof. Begin by ensphering the polyhydron in the unit sphere. Put a flashlight inside the
polyhydron such that the faces of P cast shadows of geodesic polygons on the sphere. Then we
triangulate all the geodesic polygons. We have

Denote the trianlges o1, ...,0pr. From Theorem 0.1 we have that
0] + 05 + 05
E ATV A
v T m

=1

From this we get
21V —aF =4n — |2V - F =4

From these equations we can deduce the desired relation

V-_E+F=2]

which completes the proof. O

Remark 0.1. We saw in Theorem 0.2 that the value of V — E + F' is constant for convex
polygons, and that it is always equal to 2. However, if we consider a box with a hole in it

0

and treat the ellipses as empty rectangles connected by 4 edges each from their own vertices to
the vertices of the face that contains the hole they represent, we get that

F-FE4+V=16-32+16=0

which tells us that there is more to Euler’s theorem than we may think.
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1 Quotient spaces and complexes

1.1 Quotient spaces

Definition 1.1 (Quotient space). Let (X, 7) be a topological space, and let ~ be an equivalence
relation on X. Recall that the equivalence class of x is given by:

2] ={ye X |y~a}.

We then define the quotient space by X/~ := {[z] | z € X }. We also define the projection map
m: X — X/~ by 7n(x) = [z].

Definition 1.2 (Quotient topology). We define the quotient topology 7. on X/~ by U € 7.
if and only if 771(U) € 7. In other words, the quotient topology is the final topology induced
by 7.

Proposition 1.1 (Universal property of quotient spaces). Let X, Y be topological spaces, let ~
be an equivalence relation on X, and let f: X — Y be a function such that for every x ~ 2’ € X
we have f(x) = f(a'). Then there exists a unique map g: X/~ —Y such that gom = f where
w is the quotient projection. Moreover, g is continuous if and only if f is continuous. This
property can be represented by the following commutative diagram:

Proof. The first part of the proof is clear, so we will focus on the equivalence of continuity
between f and g. It is clear that 7 is continuous so when ¢ is continuous we also have that
f = g o is continuous.

Next suppose f is continuous. We need to show that for any open subset V' C Y we have
that U := g~ 1(V) is an open subset in X/~. Note that by commutativity of the diagram:

T U) =g (V) = FHV),

and since V is open and f is continuous we get that 7=1(U) = f~1(V) is open in X. By definition
of the quotient topology, we get that U is open in X/~, which completes the proof. 0

Example 1.1 (The unit sphere). Let X = [0,1] with the topology induced by the standard
topology on R. Let ~ be the equivalence relation generated by 0 ~ 1. Then,

X/~ 8t ={2cC?| 2| =1}.

We define f: X — S by f(t) = €2™. Since f is continuous and f(0) = f(1), from the
universal property of quotient spaces, there exists a continuous function g: X/~ — S defined
by g ([z]) = f(z). It is clear that f is one to one and onto. In order to show that it is a
homeomorphism we can use the following lemma.

Lemma 1.2. Let X, Y be topological spaces. Suppose that X is compact, and Y is Hausdorff.
Then every continuous function from X toY is a closed map. In particular, if f is a continuous
bijection, it is a homeomorphism.

Proof. Let C be a closed set in X. Since X is compact C' is compact. Since f is continuous
f(C) is compact in the Hausdorff space Y and thus closed which completes the proof. O
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Remark 1.1. In order to prove a compact subset D of a Hausdorff space Y is closed, we will
show that Y \ D is open. Let z € Y \ D be given. Since Y is Hausdorff, for every y € D there
exist neighbourhoods U, and Vj, such that « € U, and y € V,, and U,NV,, = 0. Clearly {V}}yep
is an open cover of D, so it has a finite subcover {V, },cr for some finite set I C D. We therefore
have that the set U = ﬂye ; Uy is an open neighbourhood of z, and U N D = (). This completes
the proof.

Exercise 1.1. Show that X = C\{0}/z ~ Az V0 # A € R is homeomorphic to the unit
sphere ST

Solution. First define the function f: C\ {0} — S! by

The function f is continuous and satisfies f(x) = f(Az) for all 0 # A € R. Thus, from the
universal property of quotient spaces there exists a continuous function g: X — S'. We will
show that f is one to one and onto. We have that X = 7(S') because every element in C\ {0}
is equivalent to some element in S', and since 7 is continuous and S! is compact, it follows that
X is also compact. It is clear that S! is Hausdorff, and thus by Theorem 1.2 we have that g is
a homeomorphism between X and S!.

Remark 1.2. From now on we denote

The n-disc: D" :={x e R": ||z|| < 1};
The n-sphere: S = 9D = {2 e R"L: |jz|| = 1};
The n-torus: " = (ShH)™.

Remark 1.3. The 1-torus is defined to be the 1-sphere. This is why in some areas of math
(especially analysis), people sometimes use the notation 7' for the unit circle.

Remark 1.4. We notice that D = {0} and dD° = ) and S° = {-1,1}.

Example 1.2. We have that D"/S"~! = §". The equivalence relation here is  ~ y if and
only if 2,y € S*~1. Intuitively, we glue S"~! to a single point in space, resulting in S™.

Example 1.3. We have that R/Z = S! where x ~ z + k for all z € R, k € Z.

Example 1.4. For all z € R"\ {0} and X € (0, 00) we have:

Sl =R\ {0} /2 ~ Az

1.2 Pastings

The following lemma will allow us to discuss more pastings of spaces.

Lemma 1.3. Let X be a topological space, let ~ an equivalence relation on X, let w the quotient
projection, and let f: X — Y be a continuous function such that:

(1) f is constant on the fibers of m.
(2) f'is one to one and onto.
(8) [ is closed, open, or (X/~ is compact and Y is Hausdorff).

Then [’ is a homeomorphism.
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Example 1.5. Let X = [0,1] U [2,3] and ~:= 1 ~ 2. Then X/~ = [0,2]. We can see this by
defining the function f: X — [0, 2] as such

Example 1.6. Define

R = {(z1,...,2n) | i > 0}
R, = {(z1,...,2n) | i <0}

Define X = R} UR;" (note that we treat this as a disjoint union). We define the equivalence

relation (x7,...,2" ;,0) ~ (27 ,...,z, 1,0) and then we have R" & X/~.

Example 1.7. Let X = I x I where I = [0,1]. We define the equivalence relation as such
(5,0) ~ (s,1) for all 0 < s < 1. Then X/~ is homeomorphic to a cylinder. We can see this by
defining the function
f+ IxI — SxI
(s,t) —— (cos2nt,sin2mt, s)

Example 1.8. Let X = I x I. Define the equivalence relation (s,0) ~ (1 — s,1). The space
X/~ is homeomorphic to a Mobius strip.

Example 1.9. Let X = I x I. Define the equivalence relation (s,0) ~ (s,1) and (0,¢) ~ (1,¢).
The space X/~ is homeomorphic to a torus (specifically 7?).

1.3 CW complexes

1.3.1 Disjoint union

Definition 1.3 (Disjoint union topology). Let {X,},, be a collection of topological spaces. We
define the disjoint union topology in the following manner. We say that U C | |, X, is open if
and only if U N X, is open in X, for any X,.

Example 1.10. If every X, is endowed with the discrete topology, then any disjoint union of
points is an open set

Example 1.11. We have that D! LU D! 22 [0,1] U [2, 3] with the standard topology.

Proposition 1.4 (Universal property of disjoint union). Let {X,},,Y be topological spaces,
let fo: Xo =Y be a collection of continuous functions. Then there exists a unique continuous
function f: ||, Xoa = Y such that fo = f oia where iq: Xo — | ], Xo is the injection map.
The equivalent diagram notation is as follows.

I_la XOé

3
ZaT \\\ !

Xo ——Y
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1.3.2 CW complexes

Definition 1.4 (CW complex). A CW complex is a topological space X with subspaces

@:XfngogXlg...an:X:UXn

such that the spaces X™ are constructed inductively in the following way. Define
X-1.=0.

For n > 0 assume that X" ! is defined. Let {D"},_ be a collection of n-dimensional discs, let
{fa: oD? — X"_l}a be a collection of continuous functions. Define:

X" = (X”_l N |;|DZ> /N

where ~ is generated by =z ~ fu(x) for all a and for all x € dD™. We endow the space
X =J,, X™ with the topology such that U C X open if and only if U N X™ is open for every n.
The space X is called a CW complex. The X™ subspace is called the n-skeleton of the complex.
The pairs (D7, f,) are called the n-cells of the complex.

Remark 1.5. In most examples, the construction process of the complex is finite. In this case
there exists n such that X™ = X. We call n the dimension of the complex. In particular, the
n-skeleton X" is a CW complex of dimension n (at most).

Example 1.12. Note that since 9D° = () a 0-dimensional complex X is always a set of points
with the discrete topology. The 0-cells are called the vertices of X.

Example 1.13. A 1-dimensional complex X is a topological graph. The 1-cells are called the
edges of X. Each edge connects to vertices in its extremes.

Remark 1.6. Notice that a topological graph is not a simple graph — each edge can connect
a vertice to itself, and more than a single edge can connect the same vertices.

Example 1.14. We describe a CW complex for the n-dimensional sphere S™. Let X? = {x} be
with a single vertice, and a single n-cell D]}. Since there are no cells of dimensions 0 < 7 < n we
get X! = {x}. The pasting map of the cell D7 is the constant map F,: 9D? — X"~ ! = {x},
and indeed we have S"™ = X" = {x} LU D! /~ where x ~ x for all x € 0D.

In the above example it might be useful to imagine the cases for n = 1 and n = 2. When
n = 1 we paste the boundary (—1,0) and (0,1) to get S! just as expected. In n = 2 we paste
the boundary again, closing the disc to form the sphere S? as expected.

Example 1.15. Using the construction from the previous example, we can construct a CW
complex for the torus 72 = S' x S! in the following way. Let v be a vertice, a, b be edges, and
s be 2-cell. We connect the 2-cell by TO BE CONTINUED

In general, we only require the pasting maps of CW complexes to be continuous, but in
practice we will only consider very nice pasting maps. For example pasting faces of polygons.

Definition 1.5 (Polygonal complex). A polygonal complex is a CW complex of dimension 2
such that the pasting maps of the 2-cells identify the 2-cell as a (regular) polygon, and paste
each of its edges to an edge in X1!.
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2 Topological manifolds and classification of surfaces

2.1 Closed topological spaces

Definition 2.1 (Topological manifold). A topological manifold of dimension n is a Hausdorff
topological space M that is locally homeomorphic to the Euclidean space R".

Definition 2.2 (Closed topological manifold). A closed topological manifold of dimension n is
a compact Hausdorff topological space M that is locally homeomorphic to R™.

Remark 2.1. A topological space X is locally homeomorphic to a topological space Y if for
all z € X there exists an neighbourhood x € U C X that is homeomorphic to Y.

Example 2.1. A topological manifold of dimension 0 is a finite set of points endowed with the
discrete toplogy.

Example 2.2. The space S! is a closed topological manifold of dimension 1.
Remark 2.2. In fact, S* is the only connected closed topological manifold of dimension 1.
Remark 2.3. Manifolds of dimension 2 are called surfaces.
Some examples of compact surfaces include:
« The sphere S2.
e The torus 72 = S x S1.
e The real projective plane
RP? = R3\ {0}/2 ~ Az, VA € R\ {0}
= 5%/(z,y) ~ (-2, ~y)
= D?/(z,y) ~ (~a,~y), ¥(z,y) € 9D
we can see it’s a surface very easily from the second equivalence.
« The Klein bottle K?2.
e The orientable surface of genus g.
Remark 2.4. The map (z,y) — (—z,—y) is called the antipodal map.

Remark 2.5. In general, any product of closed manifolds of dimensions u, v is a closed manifold
of dimension u + v.

Some examples of n-dimensional topological manifolds include:
e The spehre S™.

o The torus T" = (Sh)".

e The n-dimensional real projective space

RP" = R™™\ {0}/z ~ Az, YA € R\ {0}
=S"/x ~—x
=D"/x ~ —x, Yx € D"
we can see it’s a surface very easily from the second equivalence.

We will see some more examples of topological manifolds of dimension 3, and see that classifying
manifolds of dimension 4 is impossible in practice.
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2.2 Manifolds with boundary

Definition 2.3 (Compact manifold with boundary). A compact manifold with boundary is
a compact, Haudorff topological space M that is locally homeomorphic to an open subset of
H" = {(wl,mg, ceyXp) ER™ | 2y > 0}. The set of the points that correspond to the points in
OH = R™"™1 x {0} is called the boundary of the manifold, and we denote it M.

Remark 2.6. The boundary M is well defined. That is, it is not dependent on the choice of
the local homeomorphisms. We will not prove this fact in this course.

Proposition 2.1. Let M be a compact n-dimensional manifold with boundary. Then OM is a
closed n — 1-dimensional manifold.

Some examples of manifolds with boundary
o The closed interval [0, 1] is a compact 1-dimensional manifold with boundary.

o A surface from which we remove an open disc is a compact surface with boundary, and
the boundary is homeomeomorphic to S*.

e An orientable handlebody of genus g is the ..to be continued

2.3 Triangulation

Definition 2.4 (Triangulation of a surface). A triangulation of a surface is a polygonal complex
(made of trianlges) that is homeomorphic to the surface.

Remark 2.7. That is like saying there exists a finite collection of triangles, and pastings of
their edges (each edge is pasted to at most one other edge). If the surface is closed, each edge
is pasted to exactly one other edge.

Theorem 2.2 (Radd). Every surface can be triangulated.
The proof of this theorem will be omitted in this course.

Remark 2.8. We have not defined what is triangularization means in 3 dimensions, but ac-
cording to one definition, every manifold of dimension 3 can be triangulated.

Remark 2.9. There is no similar theorem for dimensions n > 3.

Remark 2.10. The question whether for every 4-dimensional there exists a CW complex home-
omorphic to it is open.

2.4 Connected sum of surfaces

Exercise 2.1. Let M be a compact manifold with boundary. Suppose there exist two homeo-
morphic connected components N1, No C 0M. Then for any homeomorphism f: N; — Ny the
space

M/x ~ f(z), YxeN;

is a compact manifold with boundary.

Remark 2.11. Every closed 3-dimensional manifold is the connected sum of two handlebodies
on their boundary.

Remark 2.12. Every closed 3-dimensional manifold is CONTINUE LATER

10
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Definition 2.5 (Connected sum). Let Si, So be two connected compact manifolds. The con-
nected sum S1#S5 is the space we get by choosing two discs D1 C S; and Do C So, and a
homeomorphism f: 0D; — 9Dy and setting

S14£Ss = (81 \ D) 11 (S \ DS)/x ~ f(z), Va € 9Dy

Remark 2.13. The connected sum is not dependent on the choice of discs, nor the homeomor-
phism.

Remark 2.14. We can also define the connected of manifolds in n dimensions. In the general
case, the result can be dependent on the choice of the homeomorphism - there are two options
to the choice of the homeomorphism

Example 2.3. The manifold S? is the identity element of connected addition. For any manifold
¥ we have #52 = .

Example 2.4. The sum T?#7T? is the orientable closed surface of genus 2.

Example 2.5. The sum T?#77? is the closed orientable surface of genus 2. We can get this by
pasting edges of a haptagon as can be seen in ADD IMAGE

Example 2.6. We have RP?#RP? = K2 as can be seen in ADD IMAGE.

Remark 2.15. If 57, Sy are given by a pasting of a boundary of an ni-gon and ns-gon, then
S1#S2 can be given as a pasting of the boundary of an n; + no-gon, with the pasting of its
edges being the concatenation of the pastings of Sp, S9.

Proposition 2.3. RP?2#RP?#RP? =~ K2#RP? =~ T?#RP2.

Proof. TO BE ADDED. O

11
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3 Classification of surfaces

3.1 Classification of compact surfaces

Theorem 3.1 (The classification theorem of compact surfaces). Every connected surface is
homeomorphic to one of the following:

(1) 52;
(2) T?% - #T?;
(3) RP?4 ... #RP2.

Definition 3.1 (Genus). The number of summands in cases (2) and (3) is called the genus of
the surface.

Theorem 3.2. Every compact surface with triangulation is homeomorphic to

T2 .. #T? 4 RP?# - - . #RP?

n times m times

The idea of the proof of Theorem 3.1 is to show we can assume S is not homeomorphic to
S? and then using Theorem 2.3 and Theorem 3.2 we would get the desired result.

3.2 Euler’s characteristic

Definition 3.2 (Euler characteristic). Let X be a CW complex with a finite amount of cells.
The Euler characteristic of X is defined as the following alternating sum:

X(X) = #{0-Cells} — # {1-Cells} + # {2-Cells} — # {3-Cells} + - - -
Example 3.1. A CW complex of the sphere S? with one 0-cell and one 2-cell gives
x(8H=1-0+1=2.
Example 3.2. A CW complex of the sphere S? with one O-cell, one 1-cell, and two 2-cells gives
x(8H=2-1+1=2.

Remark 3.1. The Euler characteristic of a topological space does not depend on the choice of
CW complex. This is exactly like saying that when constructing a planar graph, the formula
|F| — |E| + |V| = 2 always holds.

Example 3.3. The Euler characteristic of a sphere given by glueing a rectangle is
x(T?)=1-2+1=0.

Example 3.4. The Euler characteristic of the real projective plane given as a glueing of a 2-gon
is
xRP?) =1—-1+1=1.

Proposition 3.3. Let S1, Sy be two closed connected surfaces, then x(S1#S2) = x(S1) +
x(S2) — 2.

Proof. For every surface we can choose a CW complex that represents it, then add a loop at
some existing vertex (this doesn’t change the Euler characteristic because we add one edge
and one face). These loops are homeomorphic to D? and we can that remove them and glue
S1— D1 and S9 — D;. The Euler characteristic of the connected sum is now the sum of the Euler
characteristics of S; and Se minus 2 which completes the proof. A more accurate description
of how we lose 2 is not given because that depends on the CW complexes we consider. O

12
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Corollary 3.4.
X(#IT?) =2—-2g and x(#'RP?) =2— k.

This corollary is an advancement towards proving the classification theorem.

Corollary 3.5.
HIT? = pIT? = g=.

3.3 Orientability

Definition 3.3 (Orientable surface). A closed connected surface S is said to be orientable if it
does not allow the embedding of a Mobius strip within it.

Example 3.5. We have that RP? is not orientable since it is given by the glueing of D? to
the boundary of a Mobius strip. This can be seen by removing D? from RP? and showing
the remaining part is homeomorphic to a Mdabius strip. This also shows that #FRP? is not
orientable.

Remark 3.2. A surface given by the gluing of a polygon is not orientable if and only if there
exists a pair of edges glued to one another that are on the same direction with respect to the
boundary. This is because that glueing is in itself an embedding of a Mdébius strip.

Corollary 3.6. The surfaces S%, T?, #9T? are orientable surfaces.

We have in fact just finished showing the uniqueness part of the classification theorem
that states that every compact surface is defined exlusively by its Euler characteristic and its
orientability, which we can always find easily if it is given as a glueing of a polygon.

3.4 Classification of compact surfaces with boundary

Proposition 3.7. Every compact surface (with boundary) is given by a closed surface by re-
moving a finite amount of discs.

Proof. Let 3 be a compact surface with boundary. Since 9% is a 1-dimensional closed manifold,
it is a disjoint union of circles. We now construct a new surface ) by glueing discs on each of
the connected components of 3%. We now have that ¥ is given by removing a finite amount of
circles from the closed surface 3. O

Remark 3.3. Suppose that X has k connected components, then we have that X(i) = x(2)+k.

Corollary 3.8. Every compact surface is characterized uniquely by its boundary components,
its Fuler characteristic, and its orientability.

Proposition 3.9. A compact surface S with x(S) = 2 is homeomorphic so S*.

Proof. For a given triangulation of S, we can consider a spanning 1-skeleton 7" of S. Since T'
is a tree we have x(7T') = 1. We now proceed to define the graph I' as follows: Define a vertex
for each triangle in the triangulation of S, and connect two vertices if and only if their triangles
share an edge that does not appear in T'. The number of vertices in I' is the number of 2-Cells
of S. Each edge in the triangulation is either in T" or corresponds to an edge in I'" and thus we
have
2 =x(5) = x(T) + x(T).

Since we have x(T") = 1 we get that x(I') = 1 as well. By construction I' must be connected
and since its Euler characteristic is 1 it must be a tree. Now, S is just the glueing of a
neighbourhood of T" and a neighbourhood of I" on boundary. But since the neighbourhood of a
tree is homeomorphic to a disc, S is just the glueing of two discs on their boundary so S = S?
which completes the proof. O

13
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4 The fundamental group

4.1 Loops and homotopy of loops

Definition 4.1 (Pointed space). A pointed space is a pair (X, %) of a topological space X and
a point * € X called the basepoint.

Definition 4.2 (Loop). Given a pointed space (X, ), a loop is a continuous map v: [0,1] - X
such that v(0) = v(1) = *. We denote the space of all loops in Q(X, ).

Definition 4.3 (Compact-open topology). Let X and Y be two topological spaces. Given
a compact K C X and an open subset U C Y, let V(K,U) denote the set of all functions
f € C(X,Y) such that f(K) C U. Then the collection of all such V(K,U) is a subbase for the
compact-open topology on C(X,Y).

Remark 4.1. The space (X, %) can be given the compact-open topology given by C([0, 1], X).

Definition 4.4 (Homotopy). Let 79,71 € Q(X, ). A homotopy between vy and ~; is a contin-
uous map
H:[0,1] x [0,1] = X

such that for all s and ¢
H(s,0) = 70(s) and H(s,1) = vi1(s) and H(0,t) = H(1,t) = .

If there exists a homotopy between 7y and 7, we say that they are homotopic and denote
Y0 ~ 71

Remark 4.2. It is convenient to think as t as the variable of “time”.
Lemma 4.1. Homotopy is an equivalence relation.

Lemma 4.2 (Pasting lemma). Let {X,}"_, be all closed (or all open) subsets of a topological
space A such that A =|J X, and let B also be a topological space. If f: A — B is continuous
when restricted to X, for any 1 <n < N, then f is continuous.

Proof. Let U be a closed subset of Y. Then since f is continuous when restricted to X, for any
1 <n < N, we have that f~1(U) N X, is closed for any 1 < n < N. Notice we have that

N
o)=Y o) n X
n=1

Since f~1(U) is a finite union of closed sets, it is closed, which completes the proof. O
We can now go back to prove Theorem 4.1.

Proof. We have that v ~ « by setting the homotopy H (s,t) = v(s).

Assume that v9 ~ 1. Then there exists a homotopy H from 7 to 71. The map H: [0,1] —
[0,1] — X given by H(s,t) = H(s,1 —t) is a homotopy from 7 to vo and thus y; ~ 7o.

Now assume that vg ~ 1 and v ~ 2 by the homotopies H; and Hs. We now define

Hi(s,2t), 0<
H(s,t) := L
HQ(S,Qt—].), 5 S

— ol

t
t

IAIA

This map is continuous from Theorem 4.2 (notice that Hi(s,1) = Ha(s,0)) and it is a homotopy
from =g to 2 and thus 9 ~ 2 which completes the proof. O

Remark 4.3. A homotopy is equivalent to a path in the loop space Q(X, *). Thus two loops
are homotopic if and only if they are in the same path connected component of Q(X, x).
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4.2 The fundamental group
Definition 4.5 (The fundamental group). Denote

m (X, %) = Q(X, %)/ ~

and define the concatenation operation on Q(X,*) for a, 8 € Q(X, *) as follows

1
wop [0 0sts)
B2s—1), L<t<i
Then we define multiplication on 71 (X, %) by
[a] - [8] := [a- B].

If X is path connected we usualy denote m1(X) = 71 (X, *) because the point we choose doesn’t
matter. The group m (X, ) is called the fundamental group of X with base point .

Proposition 4.3. (7m1(X,*),) is a group.

Proof. First we need to show that the multiplication is well defined. Suppose that ag ~ a1 and
Bo ~ 1 by the homotopies H, and Hg. The map

His,t) i H,(2s,t),
T | Hp(2s — 1,1),

V)

= O
IA A
V)

IA A

— NI

is a homotopy between By and o 5.
Denote €: [0,1] — X the constant map e(s) = x. We will show that [¢] € m1(X, *) is the
unit element. Let o € (X, *). Define

141

2
H(s,t) := Oz(m-s), 2

*

- O
ESVAN
VA
IA

IN

s 1..

IN

) 2
Now H(s,t) is a homotopy between « - € and € which shows that - € ~ € so « is indeed the

unit.

Let o € Q(X, %), we will show that the loop @(s) = a(1 — s) is the inverse of a. We need to
show that « - @ ~ €. The homotopy that will show this is

a(2s), 0<t<3(1—1t)
H(s,t):=Sa(l—-t), La-t)<t<i(i+t).
a(2s—1), {1+t <t<i1

Lastly, we need to show that the opreations we defined is associative, which we will not
prove here but should not be too hard to prove. O

Example 4.1. If X = {x} then Q(X, %) = € and the fundamental group m (X, *) = 1 is trivial.

Proposition 4.4. If X is path connected then for any xo,x1 € X we have that 7 (X, zp) ~
m (X, x1).

Proof. Let ~ be a path from z( to x1. We define ¢: 71(X, z9) — 71 (X, z1) by

o (o)) =7+ a7,

15
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where 7 is the inverse of . Similarly we define ¢: 7 (X, z1) — m1 (X, zo) by

¢ (18]) = [v-B-71.

We need to show that ¢ and ¢ are well defined. For ag ~ a1 by the homotopy «y, then
3 -ap -y ~7-ai -y by the homotopy o =7 - ay - 7.
To show that ¢ is a homomorphism we need to show that for [a], [@/] € 71 (X, z1) that

(y-a-NF-a ) ~7-(a-ad)-.
To show that ¢ is invertible we need to show that for [a] € m (X, z1) that
v-(Vrav)-y~a
We leave the rigourous proofs for these properties out because it is not necessary to go over
their rigourous details.
The proofs for v are identical and thus omitted. ]

4.3 Induced homomorphisms

Definition 4.6 (Continuous maps of pointed spaces). A continuous map of pointed spaces
f (X, %) = (Y, %) is a continuous map f: X — Y such that f(z) =y.

Definition 4.7 (Induced map). Given a continuous map of pointed spaces f: (X, z) — (Y, y),
we define the induced map f,: m1(X,z) = m(Y,y) by

fe([ad) = [foal.
Proposition 4.5. The induced map in the definition above is a homomorphism of groups.

Proof. To show that f, is well defined let o ~ o/ by the homotopy H, then foa ~ foa’ by
the homotopy fo H.
We have that f. is a homomorphism because for all «, 8 we have

fola-B)=(foa)-(fep)

thus f ([a][ﬁ]) = J ([a]) “ fx ([ﬁ]) [

Proposition 4.6 (Funtoriality of the induced homomorphism). Let f: (X,z) — (Y,y) and
g: (Yyy) = (Z,2). Then

(1) (idx )« = idg; (x,0)-
(2) (gof)e=gso fu
Proof. Follows from the definition. O

Remark 4.4. This means that the induced homomorphism is a functor from the category of
pointed topological spaces to the category of groups. Moreover, this functor does not distin-
guish between maps that are homotopic relative to the base point. As a result two homotopy
equivalent path-connected spaces have isomorphic fundamental groups.

16
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4.4 Retractions

Definition 4.8 (Retraction). Let X be a topological space and let A C X. A retraction is a
continuous map r: X — A such that 7|4 =1id4. The set A is called the retract of X.

Example 4.2. For each X and z € X, the set A = {z} is a retract of X.

Example 4.3. The projection r: R” x R¥ — R” x {O}k is a retraction. More generally, a map
r: X xY — X x {yo} defined by r(z,y) = (x,yp) is a retraction.

Example 4.4. The map r: R\ {0} — S~ ! defind by r(z) = z/||x|| is a retraction.

Example 4.5. The subspace {0, 1} is not a retract of [0, 1]. That is because a continuous image
of a connected space is always connected.

Proposition 4.7. Let AC X, let r: X — A be a retraction, and let i: A — X be the inclusion
map. Then ry is a surjection and i, is an injection.

Proof. We have that r o4 = id4 and thus r, o i, = id4 which means that r, is a surjection and
i, 18 an injection which completes the proof. O

4.5 Homotopy

Definition 4.9 (Homotopy). Let X and Y be topological spaces, let A C X, and let fy, f1: X —
Y. A homotopy from fy to f; with respect to A is a continuous map H: X x [0,1] — Y such
that for all t € [0,1], a € A, and = € X we have

H(z,0) = fo(x) and H(z,1) = fi(xz) and H(a,t) = fo(a) = fi(a).

In particular fo|a = fi|a. If there exists a homotopy between fy and f; we say that they are
homotopic relative to A and denote fo ~4 f1. In case A = () we simply write fo ~ f1 (and say
that the homotopy is free, and that fy and f; are freely homotopic).

Exercise 4.1. Homotopy is an equivalence relation.

Remark 4.5. The loops a, § € Q(X, x) are homotopic as loops if and only if they are homotopic
as maps with respect to their end points a >~ 1y 5.

Proposition 4.8. Let f,g: (X,z) — (Y,y) be continuous maps. Then

(1) If f ~(z} g, then fi = gu.

(2) If f ~ g, then the maps f. and g. are topologically conjugate. That is to say, there exists
1

~v € m(Y,y) such that for all o € m (X, z) we have f.(a) = vg«y .
Remark 4.6. In general, given f: X — X and g: Y — Y, we say that f and g are topologically
semiconjugate if there exists a surjection h: Y — X such that foh = hog. We say that f and
g are conugate if h is also a homoemorphism.

Definition 4.10 (Deformation retract). A retraction r: X — A is said to be a deformation
retraction if » ~ 4 idx. In this case, we call A a deformation retract.

Remark 4.7. In other places the A from Definition 4.10 is sometimes called a “strong defor-
mation retract”. In these places a weak deformation retraction is a subset A C X so that exists
a retraction 7: X — A and r ~ idx. In these notes when we say a deformation retract we mean
a strong deformation retract.

Remark 4.8. If there exists a deformation retraction between two topological spaces X and Y
we denote X ~gp Y.

17
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Example 4.6. The singleton {0} is a deformation retract of R™. A suitable homotopy is
H(x,t)=x-t.

Example 4.7. R” is a deformation retract of R***.
Example 4.8. S"! is a deformation retract of R \ {0}.

Example 4.9. Let z € S1. The set A = {z} x S'US! x {2} is a deformation retract of T2\ p
such that p € 7%\ A.

Example 4.10 (Strictly weak deformation retract). The above were examples of strong defor-
mation retracts. In this example we will see that this condition is strictly stronger than being
a weak deformation retract.

Denote a = (0,0), b= (0,1) and ¢ = (1,1). Let X = [a,b] U [a,c] C R% Then A = [a,b] is a
weak deformation retract of X, but it is not a (strong) deformation retract of X.

Remark 4.9. Any compact connected surface S with 95 # () is homotopically equivalent to a
topological graph.

Remark 4.10. A topological graph is a representation of a graph in the plane, where the
vertices of the graph are represented by distinct points and the edges by Jordan arcs joining
the corresponding pairs of points.

For completion, here are the definitions for a Jordan curve, and a Jordan arc.

Definition 4.11 (Jordan curve). A Jordan curve is the image of an injective continuous map
of a circle into the plane, p: S1 — R2,

Definition 4.12 (Jordan arc). A Jordan arc is the image of an injective continuous map of a
closed and bounded interval [a, b] into the plane, ¢: [a,b] — R2.

Proposition 4.9. If r is a deformation retraction, then ry is an isomorphism.
Corollary 4.10. m(R") 2 7 (D™) = 1.

Remark 4.11. In general, if a topological space X has a deformation retraction to a point it
is said to be contractible. If it is contractible, then 71 (X) = 1. Provided that X is also path
connected, by Theorem 4.4 it is then simply connected.

Definition 4.13 (Simply connected space). A topological space X is said to be simply con-
nected if w1 (X, %) = 1 for all * € X. That is, all loops are homotopic to a point.

4.6 Homotopy equivalence

Definition 4.14 (Homotopy equivalence). Let X and Y be topological spaces. A continuous
map f: X — Y is said to be a homotopy equivalence if there exists a continuous map g: ¥ — X
such that

fog~idy and go f~idx.

If there exists a homotopy equivalence between X and Y they are said to be homotopy equivalent
(or that they have the same homotopy type), and we denote X ~ Y.

Definition 4.15 (Null-homotopic function). A function is said to be null-homotopic if it is
homotopic to a constant function.

Remark 4.12. It is convenient to think of homotopy equivalent spaces as spaces that can be
continuously deformed into one another.

18
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Remark 4.13. A homeomorphism is a special case of a homotopy equivalence, in which fog =
idy and go f =idx. Thus, if X and Y are homeomorphic then they are homotopy equivalent,
but the opposite is not always true. For example, the disc D? is homotopy equivalent to a point,
but is not homeormophic to it. Since both a Mobius strip and a closed strip deform to a circle
(S1) they have the same homotopy type, but they are not homeomorphic.

Example 4.11. If A is a deformation retract of a topological space X, then X and A are
homotopy equivalent.

Proposition 4.11. If f: (X,z) — (Y,y) is a homotopy equivalence, then the induced map
ferm(X,2) = m(Y,y) is an isomorphism.

Definition 4.16 (Wedge sum). Let {(Xa, ma)}a be a collection of pointed topological spaces.

We define their wedge sum to be
\/(Xaafva) = <|_| Xa)/ ~

o
where ~ is the equivalence closure of the relation z, ~ z, for all o, /.

Proposition 4.12. Any topological graph is homotopy equivalent to a wedge sum of circles.
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5 The fundamental group of the circle
5.1 Calculating the fundamental group of the circle
Theorem 5.1. 7;(S!) ~ Z.

Proof. Consider S' = R/Z, and denote x = 0 +Z € R/Z. Denote p: R — R/Z defined
p(t) =t +Z.

For all k € Z we define the path &g : [0, 1] — R defined by ay(z) = xt. Since this path starts
and ends on points of Z, the map ay := p o &, is a loop in (S, *).

Define the map ¢: Z — m1(S?) by ¢(k) = [ag].

Lemma 5.2. If o, : [0,1] — R satisfy alqo1y = Bljo,13, then
o a1y B since the suitable homotopy is H(s,t) = ta(s) + (1 —1)B(s).
e poa =y pof since the suitable homotopy is po H.

Proposition 5.3. ¢ is a homomorphism.

Proof. We need to show that for all n,m € Z that [am,]|[an] = [amtn]-
Define a),(s) = an(s) +m, and then p o &, = a,, and we have that

Gmnliony = (Gmal) o115
so from the previous lemma we get
Am4n = P O Qmin i1} PO (dmd;) = QnQm,
which completes the proof. O
Proposition 5.4. ¢ is a surjection.

Proof. We need to show that for all a € my(S?,
lemma it suffices to show that there exists &: [0
because (1) € p~L(x) = Z.

If we let a(1) = n then a|( 1} = Gnl{o,1) and thus

%) there exists n such that @ ~ «,,. By the
,1] — R such that @(0) = 0 and poa = «

aA=poa~poda, =,
which completes the proof. O
Proposition 5.5. ¢ is an injection.
Proof. O

We have shown that ¢: Z — 71(S1) is an injective and surjective homomorphism, thus it is
a homomorphism which completes the proof. O

20



5 The fundamental group of the circle Topology

5.2 Applications of the fundamental group of the circle
5.2.1 The fundamental theorem of algebra

Theorem 5.6 (Fundamental theorem of algebra). Every nonconstant polynomial p(x) € C|x]
has at least one complex root.

Proof. Without loss of generality we can assume p(z) is a monic polynomial
p(z) =" + 12" P+ -+ ayz + ap.

Assume, by way of contradiction, that p(x) # 0 for all x € C. Let R € R be sufficiently large
such that
R" > |an_1|R”_1 + -+ \a1|R + |CLO|

Define the continuous map F: D? — S! by

Flz) = p(Rx)

|p(Rx)|

It is well defined since p(z) # 0 for all x € C. Define f: S — S! to be the restriction of F to
S1, written f = F|g1 = F o4 where i: S' — D? is the inclusion map.

Since 771(D2) = 1, it follows that F, = 1. Since f, = Fy o4, we get that f, = 1.

We see that f is homotopic to f,: S — S' defined by f,, := 2™ by the homotopy H: S x
[0,1] — St defined by

pt(Rx)

H(z,t) = pi(Ra)

where
pi(z) =2" +t (anfll'n_

We also have that p;(Rx) # 0 because
Ipi(Rz)| > |R"| —t (yan_lR"*\ +o R+ ya0|) > 0.

This implies that f. = (f,)«, which is the map that sends the element 1 € 71(S') to n € 71(S?)
is means that f, # 1. This is a contradiction to f. = 1 which completes the proof. O

5.2.2 The Borsuk—Ulam theorem

Theorem 5.7 (Borsuk-Ulam). Let f: S™ — R™ be continuous, then there exists a point x € S™
such that f(xz) = f(—x).

Proof. Define g(x) := f(x) — f(—z). g(x) is an odd function, and therefore the theorem will
follow from the following lemma.

Lemma 5.8. FEvery odd function g: S™ — R"™ has a root.

Proof. We will show this is true for the case n = 2.
Consider S? as a subset of C x R. Assume, by way of contradiction, that g doesn’t have a
root. Define the function G: §% — S? by

Denote
E = {(2,1’3) €S%|ax3=0

)
D, = {(Z,.’L'3) €8?| 3> 0}.
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Consider the loop v: [0,1] — S! defined by
A(t) 1= G2, 0),

We see that v is equivalent to G|g.

5.2.3 Intersection curves
Theorem 5.9. Let o, B: [—1,1] — [—1,1]? be curves such that

a(xl) € {£1} x [0,1] and p(£1l) € [0,1] x {£1}.
Then a and (8 intersect.

Proof. Assume, by way of contradiction, that the curves don’t intersect. Define the function
F:[-1,1]? = [-1,1]? with
a(—s) — A(t)

~la(=s) =80

From Brouwer’s fixed point theorem, F' has a fixed point z. Since im(F) = 9 ([—1, 1]2), the fixed
point must be on the boundary. Without loss of generality, suppose that © € {—1} x [—1,1].
We can see that

F(s,t):

F({-1} x [-1,1]) € [0,1] x [-1,1]

which is a contradiction. This completes the proof. O

5.2.4 The Jordan curve theorem

Definition 5.1 (Jordan curve). A Jordan curve is the image of a continuous injection J: St —
R2,

Theorem 5.10 (Jordan curve theorem). Let C' be a Jordan curve. Then the complement of
R2\ C consists of exactly two connected components. One of these components is bounded, the
other is bounded, and C is the boundary of both.

Proof. To be added. O
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6 Free groups and free products

6.1 Free groups

Definition 6.1 (Free group). Let G be a group, and let X C G be a subset of G. We say that
G is free with respect to the basis X if for any group H and any map f: X — H there exists a
unique homomorphism F': G — H that extends f (F|x = f).

Example 6.1. The group G = Z is a free group with respect to the basis {+1}.
Exercise 6.1. Any two groups with a basis of the same cardinality are isomorphic.
Remark 6.1. For any set X there exists a group with basis X.

Definition 6.2 (The set F(X)). Let X be a set. Let X! be a set disjoint to X such that
|X| = | XY, with a bijection X > z + 27! € X~!. We define X* := XU X~!. We now extend
the ! map to X* by defining (z71)~! = z. We define (X¥)* the set of all words in X* with
the operation of concatenation. We now define the equivalence relation ~ as generated by

urx ™~ uw ~ ux o

for all z € X and u,v € (X¥)*. We define F(X) = (X*)*/ ~.

Proposition 6.1. The set F(X) with the operation [u|[v] = [uv] is a free group with a basis
{lz] |z € X}.

Proof. To show that the operation is well defined it suffices to show that for all u = ujzz ™ uy ~

uiug = v’ that uv = v'v. Indeed
U = ulen_luzv ~ ULUV = u'v.

The unit is the equivalence class of the empty word €, because the empty word is a unit in
respect to concatenation.

To show the existence of an inverse let u = xy - - - x,,. We see that v~ ! = z,
inverse of u because

Lozt is the

-1 -1, .- -1 -1 1

UU T = X1 Tl

Similarly we get ulu ~ e.

We have associativity since concatenation is associative.

To show that F'(X) is free wih basis X let H be a group, let f: X — H be a map, and
define ¢: F(X) — H by

6 (It ai']) = Flan) o flaa)

It is clear that ¢ respects multiplication in F'(X). We see that it is also well defined on the
equivalence classes because

& (fure0)) = & ([u]) £@) £ ()6 ([v]) = & ([u]) & ([2]) = 6 ([uv])

Now since ¢([z]) = f(z) for € X it is clear that {[z] |z € X} generates F(X) as a free
group. O

Remark 6.2. Most times we will denote F'(X)/ ~ as just F(X), and write elements without
the equivalence class notation. We will also think of X as a subset of F'(X). We also denote [€]
as 1 since it is the unit of F'(X).
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Example 6.2. Set X = {a,b} and X' = {a™',b7'}. We then have

X+ = {a, b, a_l,b_l}
(Xi)* = {6, a,b,a”,b7Y aa,ab,aat, ab"t, ba, bb, . .., aaa, aab, . .. }

F(X) = {1,61, b,a 1,07t aa,ab,ab™ !, ba,bb, bal, . .. }

Definition 6.3 (Reduced word). A word w € (X*)* is said to be reduced if it doesn’t include

sequences of the form zz~! or 7 1z.

Lemma 6.2. In every equivalence class [w] € F(X) there exists a unique reduced word.

Proof. The existence follows because all words are finite and if such sequence exists we can
simplify them such that it wouldn’t exist.

The prove uniqueness assume that w ~ w’ are both reduced. Then there exists a chain of
similarities

w:w0~w1~-~wn:w’

such that each w; ~ w;y1 is an equivlence of the form of one of the generating equivalence
relations (that means they differ by adding or subtracting 2!z or zaz~1).

We now can construct the following diagram O

Theorem 6.3 (Universal property of free groups). Let S be a set. For every group G and every
map ¢: S — G, there is a unique group homomorphism @: F(S) — G extending p. In other
words, © is the unique homomorphism making the following diagram commute.

s —?2 @

A
Wl s
P

where 7: s — [s] is the canonical projection.

Remark 6.3. The free groups with bases of n elements are denoted F,, ~ F(x1,...,zy).

6.2 Presentations of groups

Definition 6.4 (Normal closure). Let F' be a group, and let R C F be a subset. We denote
with < R > the normal closure of R in F'. That is, the smallest normal subgroup in F' that
contains R.

< R>»= {ulrlul_l . unrnugl | VnVu; € F,¥r; € R} )

Remark 6.4. The normal closure << R > can also be defined as the intersection of all normal
subgroups of F' that contain R.

Exercise 6.2. Prove that for any homomorphism f: F' — H such that f(r) =1 for all r € R
there exists a unique map f': F/ < R >— H such that f'or = f where 7: F - F/ < R>
is the quotient map.

Definition 6.5 (Presentation of a group). Let S be a set, and R C F(S). We define the
presentation
(S|R):=F(S)/ < R>.

The set S is called the set of generators, and R is called the set of relations. We say that (S | R)
is a presentation of G if (S| R) ~ G.
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Definition 6.6 (Braid group). Let X = D? x I be a cylinder. To be added

Exercise 6.3. Let G be a groups such that (S | R) ~ G, let f: S — G be map such that for all
r € R the extension of f to F(S) satisfies f(r) = 1. Then there exists a unique homomorphism

¢: (S| R) — G such that ¢(s) = f(s).

Remark 6.5. Every group has a presentation. Let G be a group. Choose a generating set S
of G (for example S = G). From the universal property of free groups the inclusion of S in G
extends uniquely to a map f: F'(S) — G. Since the image of F' contains the generating set S,
the map must be surjective. Thus, from the first isomorphism theorem we get

G ~ F(5)/ker(f).

We can now choose a set R such that < R >= ker(f) (for example R = ker(f)), and conclude
that G ~ (S | R).

Definition 6.7 (Finitely presented group). We say that a presentation (S | R) is finite if S, R
are finite. A group is said to be finitely presented if it has a finite presentation.

Example 6.3. (a | a™) is a presentation for the cyclic group of order n.

Example 6.4. We can show that
7% ~ (a,b | aba'b71).

Define the homomorphism f: F(a,b) — Z? with

We have that
flaba™'07") = fla) + f(b) + f(a) ™" + f(b) " = 0.

Thus, f defines a unique map ¢: {(a,b | aba='b=1) — Z2. Tt is a surjection since we for (z,y) € Z>
we have

¢ (a®b’) = (z,y).

Notice that an element in (a,b | aba='b~1) is in ker(¢) if

n n n n
¢<ae1b8/1a62b6/2...aenbeiz> = Zei’zeg :(O,()) — Zel:Ze;:O
=1 =1 =1 =1

Since the group (a,b | aba='b~1) is abelian (aba='b~! = 1) we get that
a® b a?b .. af b € ker(¢) = adoim Gz % = q0p0 = 1.
This shows that ¢ is injective and completes the proof.
Remark 6.6. There does not exist an algorithm that given S, R can determine if (S | R) ~ 1.

Remark 6.7 (Word problem). There exist finite S, R such that there does not exist an algo-
rithm that given w € F'(S) can determine if w = 1 € (S | R) (which is equivalent to determining
ifwegK R>).
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6.3 Free products

Definition 6.8 (Free product). Let A, B be groups. The group G is said to be the free product
of A, B if there exist homomorphisms ig: A — G, ip: B — G such that for any group H, and
homormophisms ¢4: A — H, ¢p: B — H there exists a unique homomorphism ¢: G — H
that makes the following diagram commute.

g N
A i G A B
Proposition 6.4. The free product of A, B is unique up to isomorphism.
Remark 6.8. We denote the free product of A, B by A x B.
Proposition 6.5. Let A= (Sy | Ra), B=(Sp| Rp). Then AxB= (S4USp | RalRp).

Remark 6.9. We can equivalently define the free product A x B as the collections of words
that commute with the elements of A\ {1} and B\ {1}. For example with a1bs - - a,b,, where
a; € A\ {1} and b, € B\ {1}.

Example 6.5. Z«Z = F(a,b).

Example 6.6. We have that

Z/2Z*Z/2Z: <a | a2>*<b ’ CL2> = {“'7babyba7b717a7ab7aba7~.~}déf DOO.

26



7 Seifert-van Kampen theorem Topology

7 Seifert-van Kampen theorem

7.1 Pushout

Definition 7.1 (Pushout). Let A, B, C be groups, let a: C' — A, : C — B be maps. The
pushout of A, B consists of the group G = A*¢ B, and two maps f4: A — G, fg: B — G such
that the diagram

G<® B

commutes and such that (G, «, ) is universal with respect to this diagram. That is, for any
triple (H, ¢4, ¢p) such that the following diargram commutes, there exists a unique homomor-
phism ¢: G — H which also makes the diagram commute:

¢B

Remark 7.1. The pushout (if exists) is unique up to a unique isomorphism.
Remark 7.2. We may denote (S | R) as (S) when R = 0.

Proposition 7.1. Let A = (Sa | Ra), B = (S | Rp) and C = (T be group presentations.
Then

A*CBN<SA|_|SB

RaURpU {a(c)ﬁ(c)_l | Ve e T}> .
Proof. To be added. O
Example 7.1. Let A=G, C = (c), B=1and let a(c) =7 € G. Then

G*<C>1:G/<<T>>.

7.2 Van Kampen’s theorem

The Seifert-van Kampen theorem is the theorem that tells us what happens when we glue spaces
together.
Let X = AUB, where A, B, ANB are path-connected topological spaces, and let g € ANB.

A i B
Notice we have the following commutative diagram

ANB —— B

]

A——y
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where all arrows are the inclusion maps (the hooks mean the maps are injective). We can pick
a basepoint zog € AN B for convenience. We can consider what happens when we look at the
fundamental groups of each space.

ﬂl(AﬂB,Jjo) — 7T1(B,$0)

| |

! (Aa xO) — ™M (X> $0)

where the arrows are the induced homomorphisms. The Seifert-van Kampen theorem allows us
to understand the group m (X, zp) under the right conditions.

Theorem 7.2 (Seifert-van Kampen theorem). Let A, B be open subspaces of X such that
X =AUB, and A, B, AN B are path-connected. Then for any xo € AN B, we have

m1(X, 20) = m1(A, 20) *x,(ANB.z) T1(B, T0).

Example 7.2. Let X = S2. We can cover X with the open subsets A = S?\ N, B = 5%\ {S} for
N # S (for example the different north and south poles). Since A, B, AN B are path-connected
by the Seifert-van Kampen theorem we have that

(8%, 20) = m1(A, 20) %, (ANB.20) T1(B, T0).
However, since A = B = R? we have that 7 (A, 2¢) ~ (B, x9) ~ 1 and thus 71(5%, z¢) = 1.

Remark 7.3. The proof in the example above works for any S? for any n > 2. However, it
doesn’t work when n = 1 because then A N B is not path connected.

Example 7.3. Let X = SV S'. We can cover X by the open subsets A, B as in the diagram

)

such that each of A and B now look like this:

Notice that both of A, B have a deformation retract to S*. Since their intersection is contractible
(and in particular path-connected) we get that

7T1(X) = 7T1(A) *Wl(AﬁB) 7'['1(B) =7 *1 7 = FQ.
We can now proceed to prove Seifert-van Kampen theorem.

Proof. To be added O

28



7 Seifert-van Kampen theorem Topology

7.3 Applications of Seifert-van Kampen theorem
7.3.1 Presentation complexes

Theorem 7.3. Every group is the fundamental group of a polygonal complez.

Proof. For simplicity we will only prove this for finitely presented groups. Let
G:=(S1,...,8, | T1,..,Tm)

be a finitely presented group. In order to construct G' we choose a single point * to be the
0-skeleton and we connect it to n unique 1-cells s, ..., s, to obtain the 1-skeleton X'. Notice
that since there is only one vertex these edges are connected to * on both sides and form the
shape of S'. For each 1 < i < m we define a 2-cell o; and paste its boundary to the edges that
correspond to the word r;. We denote this complex X.

In order to calculate the fundamental group of X we first use the Van-Kampen theorem to
show inductively that

n
T \/Sl1 = F(S1,...,5n)-
i=1

Instead of showing this rigorously, we can see that the 1-skeleton looks like

and just like in Example 7.3 see that the fundamental group is F(sq1,..., sp).

Next by induction on m we will show that 71 (X, %) = (s1,...,8n | 71,...,7m). We have
shown the result for m = 0 above so we can assume that the hypothesis is true for m — 1 and
prove it for m. Let D; C Dy C o, be two discs contained in o,,. Define A := X \Dil and
B := D,. We notice that there is a deformation retraction from X' to X' U oy U oy - Ug—1
and thus from the induction hypothesis

T1(A) = (S1,.. ., Sn | 71, s Tm—1)-

The space B is contractible so 71(B) = 1 and AN B has a deformation retraction to S!, which
means that 71 (AN B) = 71(S') = Z. Let ¢ be the element that generates w1 (AN B). Then c is
sent by the deformation retraction to the boundary of o, (the word ry, in m1(A)).

Using the Van-Kampen theorem we get that

1 (Xa *) =T (A7 *) *manB,« 1 (Bv *)

= <81,...,Sn ‘ Tl,...,Tm_1> >X<<C|> 1
= (S1,---38n | M1y ey Pm—1,"m = 1)
= (S1,.--38n | "1y oy Tm)
=G
which completes the proof O

7.3.2 CW complexes
Theorem 7.4. Let X be a connected CW complex. Then m1(X) = 71 (X ).
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Proof. For simplicity we assume that X contains a finite amount of cells of dimension greater
than 2. It suffices to show that if X is a connected topological space and

Y=XUD"\(0D" >z~ f(z) € X)

for f: D™ — X and n > 2 then m(X) = ma.
Indeed we can set D1 C Dy C D™ and let A: =Y\ D; and B := Dy. We get that

A~ge X and B rogp x and AN B ~gg S71

and thus
m(A)=m(X) and m(B)=1 and m(ANB)=1

so from the Van-Kampen theorem
m(Y) =m(X) %1 1 = m(X)

which completes the proof. O

7.3.3 4-dimensional manifolds

Lemma 7.5. Let My and Ms be two topological manifolds of dimension n > 3. Then
m1(Mi#Ms) = m(My) * w1 (Ms).
Proof. To be added. From an argument similar to the one seen in Theorem 7.4 O

Theorem 7.6. Every finitely presented group is the fundamental group of a connected 4-
dimensional compact topological manifold.

Proof. Let G := (s1,52,...,8n | 71,72, ..., m) and let X := #"(S1 x §3). Notice that
71 (S x 83) = m(SY) x m(S3) =Z x 1 ="17.

We want to show inductively that
1 (X) = m (#(ST x 83)) = (s1,59,...,5, |).

For the base case let n = 2 and let A = B = S! x §3. Since the dim A = dim B = 4 according
to Theorem 7.5 we get that

71’1(X) = 7T1(A#B) = 7T1(A) * 7T1(Z) =7Zx7 = <81,82 |>
For the step of the induction we can keep applying the lemma and get

T (#"(S1 x 8%)) = m (#F71 (S x 83)) x 71 (51 x S?)
= (81,892, .,Sn—1 |} *1 (sn |)

=<81,82,...,8n ’>

where s; is represented by the S factor of the ith summand of #"(S! x S3).

Each relation in G can be represented by a loop in X. For example if r; = s1s5 ! then the
loop would first go around the S* factor of the first summand, then around the S factor of the
second summand in reverse. We denote the loop corresponding to r; by b; for all 1 <1 < m.

Each loop b; has a tubular neighbourhood N;, which is a copy of S 1'% D3 embedded in X.
The boundaries of N; and D? x S? are both homeomorphic to S x S2? and thus we can cut out
N; from X and paste a copy of D? x S? in its place instead. For all 1 < j < m let Xj be X
after this surgery for b;. We can choose appropriate neighbourhoods A and B of X \ Int(1V;)
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and D? x S? respectively so that AN B ~gg S x S? and we can use the Van-Kampen theorem.
Again from Theorem 7.5 we have

(X \Int(N;)) = (s1,52,...,5, ) and 7w (D?xS%) =1 and m(S'x S?) = (¢),

where ¢ = S'x {x} for some * € S?. We see that c is homotopic to b; because b; = S'x {*'} C N;
and ¢ = S x {x} c S' x §% = ON; which means that c is just b; homotoped to the boundary
of N;. Therefore by the Van-Kampen theorem we get

771(Xj) = <31,32, N 1) ‘) *(c) 1= <81, 5$92,...,8n | Tj).
Assuming we have done this process to X for all b; and denote the result X’ we get that
7r1(X') =(51,82,...,8n | r1,72, ..., Tm) =G

and since X’ is a connected 4-dimensional compact topological manifold this completes the
proof. O
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8 Covering spaces and lifts

Remark 8.1. From now on, we assume all spaces are Hausdorfl and path-connected.

Definition 8.1 (Covering). A surjective continuous map p: X — X is called a covering of X
if for all x € X there exists an open neighbourhood z € U, C X and a discrete space D, such

that
)= || Va
deD,

and 7|y, : Vg — U, is a homeomorphism for every d € D,.

Definition 8.2 (Covering space). Under the conditions of the previous definition, the pair
(X, p) is said to be a covering space of X.

Definition 8.3 (Sheet). Under the conditions of the previous definition, the sets Vj are called
sheets.

Remark 8.2. The sheets are uniquely determined by the homomorphism if U, is connected.
Remark 8.3. If X is path-connected we say that p: X 5 Xisa path-connected covering.
Some simple examples of covering maps are:

(1) the identity map id: X — X;
(2) the quotient map p: R — R/Z = S!;
(3) the map p: S* — S* given by p(z) = 2™
(4)

4) given covering maps pq X, — X then the map p = Lpa: L, Xo = X is also a covering

map;

(5) given covering maps p: X > Xandq:Y =Y, thenthemap px ¢q: X xY — X x Y is
a covering map.

Example 8.1. We can expand on example (2) by defining the covering maps more explicitly
with p(t) = (cos(27t), sin(27t)). We say that the base of the covering is S', and the covering
space is R. For any z = (z1,72) € S! we can consider (for example) the neighbourhood

zeU, := {(xl,xg) e S 1y >0}.

We can see that the preimage of U under p is
1 1
-1
U p— _— — —
)= (n- oo+ g)
nez

and the sheets of the covering are V,, = (n — 1/4,n + 1/4) for n € Z.

Definition 8.4 (Lift). Let p: X — X be a covering and let f: Y — X be continuous. A
continuous map f: Y — X is called a lift if it satisfies f = po f.

Lemma 8.1. Let v: [0,1] = X be a path. Then for all xo € p~'((0)) there exists a unique lift
7:10,1] = X so that 7(0) = xo.

Proof. to be added. O

Proposition 8.2. Let X be path-connected, and let p: X = X bea covering. Then for all
z,y € X we have ‘p‘l(x){ = ’p‘l(y)‘.
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Proof. to be added. O

Definition 8.5 (Degree of a covering). Let X be path connected, let = € X, and let p: X=X

be a covering. The constant ‘ pil(x)‘ which is equal to the cardinality of D, is the same for all

x € X. This value is called the degree of the covering.

Proposition 8.3. Let p: X > X bea covering, let H:'Y x [0,1] = X be a continuous map,
and let f:Y x {0} — X be a lift of the map f = H|Y><{O} Y x {0} — X. Then there exists a

unique lift H:Y x [0,1] — X of H to X such that H|Y><{0} = f.
Proof. to be added O

Proposition 8.4. Let p: (X,7) — (X,z0) be a covering. Then
(1) The induced map p.: (X, o) — m (X, z0) is an injection.

(2) Let vy be a loop in (X,z0). Then [y] € G are the paths in X if and only if the lift of 7 is
a loop in (X, Zo).

(3) Suppose that X, X are path-connected. Then there exists a bijection
G/G s p~(xo)
and in particular ’p_l(xo)‘ =[G : H].

Remark 8.4. We can denote G := m(X, 7o) and also C~¥~: pe(m(X,20)). Since p, is an
injection we have that and from the proposition G = p, (71 (X, 2p)) is a subgroup of G.

Proof. to be added. O

Definition 8.6 (Subgroup of a covering). The group H = p,(m1(X, 7)) < m1(X, z) is called
the subgroup of G given by the pointed space covering p.

Example 8.2. Let p: R — S! be the standard covering. In this case since R is contractible
we have that 71 (R,0) = 1 and for any equivalence class of loops v € m(R,0) we have that
p(7) is the loops doing a net sum of zero circles on S U and thus G = 1 and indeed we have
G=G/G+— p~Hxy) = Z.

Example 8.3. Let p: S — S! be given by p(z) = z". We then have that G=nZ<Z~G
and p~!(zg) «— Z/nZ.

Example 8.4.
Example 8.5. Let n > 2. Then the covering p: S™ — RP" satisfies G=1< G, and then

Gl =[G+ G| =|p@0)| =2
which implies that G is the cyclic group of order 2.
Example 8.6. We can see that

SO(3) = {A € Mat,,(R): AA = I and det(A) = 1} ~ RP

by considering the homeomorphism D3 — SO(3) defined by v ++ A, where A, is the matrix
that rotates vectors by the angle 7||v|| around the axis spanned by v (using the right hand rule)
and 0 — 1.

Theorem 8.5 (Unique lifting criterion). Let p: (X, &) — (X, ) be a covering, let f: (Y,y) —
(X, ) be a continuous map, and suppose that Y is path connected and locally path connected.
Then there exists a unique lift f: Y,y) — ()Z', Z) if and only if im f, < imp,.

Proof. to be added O
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9 Theory of covering spaces

9.1 Automorphisms and subgroups

Definition 9.1 (Covering isomorphism). A map f: X — X' is called an isomorphism of
coverings if it is a homeomorphism that satisfies p = p’ o f. That is, it makes the following
diagram commute.

In this case, we say that the covering spaces ()Z' ,D), ()N( ' p') are isomorphic.

Proposition 9.1. Let X, )?, and X' be connected and locally path-connected Hausdorff spaces,
and letp: (X,%) — (X,z) andp': (X', 7) — (X, z) be their corresponding covering maps. Then
there exists a unique covering isomorphism f: (X,%) — (X', &) if and only if the subgroups
given by the covering maps are equal, that is im p, = imp/,.

Proof. to be added O

Definition 9.2 (Covering automorphism). A covering isomorphism f: X = X is called a
covering automorphism (or a deck transformation). We can equivalently require that f: X — X
is a homeomorphism such that the following diagram

commutes. We denote the automorphism group of the covering map p: XX by Aut()? ,D)-

Remark 9.1. In some places this is denoted Deck(f( ,p) or simply Deck(p) when the cover is
clear from context.

Proposition 9.2. Let p: (f(,a?) — (X, ) be a covering map between “nice” spaces. Denote
H=imp, < G=m(X,z). Then Aut(X,p) = Ng(H)/H.

Proof. to be added O

Definition 9.3 (Regular cover). A covering map p: X — X so that X is connected and locally
path connected is called a regular (or normal or Galois) if the standard group action given by
Aut(X, p) is transitive on some fiber p~* () (this implies that it is transitive on all fibers). That
is, for all &, € p~!(z) there exists f € Aut()?,p) such that f(Z) = g.

Remark 9.2. Recall that a group action is said to be free if for any two (possibly equal)
elements of the set, there is at most one element of the group taking the first element to the
second. Equivalently, an action is free if for all g € G and x € X then g.x = zx if and only if
g=1.

Remark 9.3. In general, a group action is called regular if it is both free and transitive. In this
case, we have that Aut(X, p) is always free so it is regular if and only if it is transitive. Moreover,
an equivalent definition for a regular action is that for any two (possibly equal) elements of the
set, there is a unique group element taking the first to the second.

Corollary 9.3. A covering map p: X — X so that X is connected and locally path connected
is regular if and only if its subgroup if normal, that is, imp, < m1 (X, x). In this case we have
Aut(X,p) = m(X)/imp..
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9.2 Covering space actions

Definition 9.4 (Covering space action). An action by homeomorphisms G ~ Y such that for
any point y € Y there exists an open neighbourhood y € U C X so that ¢.U NU = () for all
1#£ge€a.

Remark 9.4. This type of group actions (which are not necessarily homeomorphisms) are also
called properly discontinuous actions.

Remark 9.5. We can notice that covering space actions are in particular free actions.

Remark 9.6. When considering the quotient space G/Y we mean the quotient space given
by the equivalence relation generated by the orbits of the action (y ~ gy for all g € G). The
topology of G/Y is the quotient topology with that relation.

Remark 9.7. The quotient space G/Y is not necessarily Hausdorff. For example, the action of
Z ~R2 by k.(z,y) = (2Fx, 2*ky) is a covering space action, but the quotient is not Hausdorff.

Proposition 9.4. Let p: X = X be a covering map, and let X be path-connected and locally
path connected. Then the action Aut(X,p) ~ X is a covering space action.

Proof. to be added. O

Theorem 9.5. Let G ~ X be a covering space action. Then the quotient map p: X - G/)Z' =
X s a regular covering map.

Proof. to be added. O
Remark 9.8. Moreover, if X is path-connected and locally path-connected then we have G =
Aut(X,p).

9.3 The universal covering space

Definition 9.5 (Precisely n-connected space). A topological space X is said to be precisely
n-connected (or precisely n-simply connected) if every continuous map to X from X to S
extends continuously to a map from X to D"t

Definition 9.6 (n-connected space). A topological space X is said to be n-connected (or n-
simply connected) if it is precisely k-connected for —1 < k < n. Equivalently, we have that a
space is n-connected if its homotopy groups are trivial up to degree n.

Remark 9.9. General homotopy groups are hard to compute, and are discussed in the following
algebraic topology course. For the purposes of this text it suffices to know that homotopy groups
of degree 1 are exactly the fundamental group.

Example 9.1. We have that

1) any space is (—2)-connected;

2) a space is (—1)-connected precisely if it is nonempty;
)

3) a space is O-connected precisely if it is path-connected;

(
(
(
(4) a space is 1-connected precisely if it is simply connected.

Definition 9.7 (Universal covering space). A 1-connected (nonempty, path-connected, simply
connected) covering space is called a universal covering space.

Corollary 9.6. Let p: X — X be a universal covering. Then,
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(1) the universal covering is unique up to a covering isomorphism;

(2) since X is simply connected we have imp, < 7 (X) and thus Aut(X,p) is a transitive
action on p~!(z);

(8) Aut(X,p) = m (X, ).

9.4 Coverings and subgroups

Theorem 9.7. Let p: X — X be the universal covering of X, let X be path-connected and
locally path connected, and let H < G = m1(X, x) be a subgroup. Then G ~ X TO BE ADDED.
9.5 Conclusion

Remark 9.10. Let p: (X,%) — (X,z) be the universal covering space. Denote G = 71 (X, z).
Then we have the following correspondence:

injection map Aut(X,p) G

connected pointed covers of X | subgroups of G

connected covers of X subgroups of G up to conjugation
covers of X actions of G
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10 Universal covering space

10.1 Construction of the universal covering space

Definition 10.1 (slsc. space). A topological space X is said to be semi locally simply connected
(slsc.) if for any x € X there exists a path-connected neighbourhood x € U C X so that
Tk ((wl(U,x))) = 1 where i: U — X is the inclusion map. Equivalently, every loop in U must
be contractible, however, unlike local simply connectedness, we don’t require the contraction to
take place inside of U.

Example 10.1. Here are some examples and nonexamples of slsc. spaces:
(1) topological manifolds are slsc spaces;
(2) CW complexes are slsc spaces;

(3) the Hawaiian earring which is defined as

is not a slsc space;

(4) the cone
Y =C(X)=Xx10,1]/X x {0}

is a slsc space.

Theorem 10.1. Let X be connected, locally path-connected, and slsc. Then X has a universal
covering.

Proof. to be added O

Lemma 10.2. Let X, Y, Z be path-connected, locally path-connnected, and semi locally simply
connected, let p, q, r be surjective maps such that the following diagram commutes.

7N

Y ———— X

Then if two of the three maps are covering maps, then so is the third.

Proof. to be added O

10.2 Cayley graphs and Cayley complexes

10.3 Schreier graphes and Schreier complexes

37



	Introduction
	Quotient spaces and complexes
	Quotient spaces
	Pastings
	CW complexes
	Disjoint union
	CW complexes


	Topological manifolds and classification of surfaces
	Closed topological spaces
	Manifolds with boundary
	Triangulation
	Connected sum of surfaces

	Classification of surfaces
	Classification of compact surfaces
	Euler's characteristic
	Orientability
	Classification of compact surfaces with boundary

	The fundamental group
	Loops and homotopy of loops
	The fundamental group
	Induced homomorphisms
	Retractions
	Homotopy
	Homotopy equivalence

	The fundamental group of the circle
	Calculating the fundamental group of the circle
	Applications of the fundamental group of the circle
	The fundamental theorem of algebra
	The Borsuk–Ulam theorem
	Intersection curves
	The Jordan curve theorem


	Free groups and free products
	Free groups
	Presentations of groups
	Free products

	Seifert-van Kampen theorem
	Pushout
	Van Kampen's theorem
	Applications of Seifert-van Kampen theorem
	Presentation complexes
	CW complexes
	4-dimensional manifolds


	Covering spaces and lifts
	Theory of covering spaces
	Automorphisms and subgroups
	Covering space actions
	The universal covering space
	Coverings and subgroups
	Conclusion

	Universal covering space
	Construction of the universal covering space
	Cayley graphs and Cayley complexes
	Schreier graphes and Schreier complexes


