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1 Metric Spaces Topology

1 Metric Spaces

First we will begin with metric spaces.

Definition 1.1 (Metric space). Let X be a non-empty set. A metric on X is a function
d: X x X — [0, 00] such that for all z,y,z € X,

(1) d(z,y) =0 if and only if x = y;
(2) d(z,y) = d(y, ) (symmetry);
(3) d(z,2) < d(z,y) + d(y, z) (triangle inequality);

The pair (X, d) is said to be a metric space.

1.1 Standard examples
Example 1.1. Let X be a non-empty set. Let d: X x X — [0,00) be the function such that

for x,y € X,
0, z=y
d(z,y) ::{ .
L, z#y

The function d is a metric and it is called the discrete metric on X.
Example 1.2. Let X = R™ and define the function:
d(x —y) =[r —yl,
where |-| : R — R is the Eclidean norm function. Then the pair (X, d) forms a metric space.
Example 1.3. Let (X, N) be an arbitrary normed space and define the function:
d(z —y) = N(z —y).

Then the pair (X, d) forms a metric space.

1.1.1 The LP metric

Example 1.4. The pair (C ([0, 1]) , d) such that C([0, 1]) is the space of all continuous functions
on [0, 1] paired with the metric:

1
f.9) = [ 1#@) ~ g(o)] do

is also a metric space. This metric is called the L' metric.

Remark 1.1. In general, the p-metrics are induced by the p-norms, defined on C ([07 1]) for
every 1 < p < oo as such:

1
dr9) = [ 1) = gta)fda.
Similarly we can define the L* space on C ([0, 1]) as in the following example.

Example 1.5. The pair (C([0,1]), d) paired with the supremum metric:

d(f,g9) = sup |f(z)— g(z)|

z€[0,1]

is also metric space. This metric is called the L metric.
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Example 1.6. Let A be a nonempty set which will represent an alphabet. The set AN represents
all the sequences over that alphabet. The pair (AN, d) with the metric d defined on two sequences

w = (Wn)pl1, N = (Nn)ply as:

2—n1in{n20|wn5£77n} w 75 7
d(w,n) = {0 w=1

is also a metric space.

Example 1.7. Another simple way to construct a metric space is by constructing it from
another space. Let (X, d) be a metric space and let Y C X. The pair (Y, dy) where dy is the
metric d constrained to Y is also a metric space, and it is called a metric subspace of X.

1.2 Open sets

Definition 1.2 (Open ball). Let (X,d) be a metric space. For x € X and r > 0 write:
B(z,r) = {y € X |d(z,y) < r}.

The set B(z, ) is called the open ball in X with center x and radius r.

Definition 1.3 (Open subset). A subset U of a metric space X is said to be open if for every
x € X exists r > 0 such that B(z,r) C X.

Proposition 1.1. Fvery open ball in X is an open subset of X.

Proof. Let B(x,r;) be an open ball in X. Let y € B(x,r;). Then for r, = r, — d(x,y) we have
that for every z € B(y, ) that

d(z,z) < d(z,y) +d(y,z) < d(z,y) + (ry — d(z,y)) = re,
which means that B(y,r,) C B(z,r,;) which completes the proof. O
Proposition 1.2 (Properties of open subsets). The following properties are always satisfied:
(1) O and X are open;
(2) A union of open sets remains open;
(8) A finite intersection of open sets remains open;

These are the basic properties of open subsets, they can be verified directly from the defini-
tions.

Proposition 1.3. A subset U of X is open if and only if it is a countable union of open balls.

Proof. Let U be a countable union of open balls, since every open ball is open, and a contable
union of open subsets remains open, we get that U is open in X.

Let U be an open subset of X. Then for every x € X exists r; > 0 such that B(x,r;) C U.
We have that

U B(z,r;) =U,

zelU

which completes the proof. O
Theorem 1.4. Every nonempty open subset of R is a countable union of disjoint open intervals.

Before we prove the following theorem, we need to prove a lemma.
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Lemma 1.5. Let {I,}aca be a family of open intervals of R. Suppose that Npealn # 0, then
Nacala is an open interval.

Proof. Let x € Naecal,. For every I, exists aq, by such that I, = (aq,bs). Denote

a = inf a, and b= sup b,.
a€cA acA

We now clearly have that Uye4Aq = (a,b), which completes the proof. O
We will now prove Theorem 1.4.

Proof. Let U C R be open and nonempty. For any x € U let I, be the union of all open intervals
I C U with z € I. From the previous lemma we have that I, is an open interval for all x € U.
Consider the set

E={L}zeU.

It is clear that Uregl = U. Notice that I, # I, if and only if I, N I, = ). Since Q is dense in R,
for every I € £ exists q; € Q such that ¢ € I. Since all the elements in £ are disjoint, we have
that

€l =|{ar 1 1€ £}| <lQlI=INI,
which completes the proof. ]

1.3 Sequences

Definition 1.4 (Convergence). Let {z,},>1 be a sequence in X, and let z € X. We say that
{xn}n>1 converges to x and write

n—00 .
Tp —— x or lim
n—oo

if for all € > 0 there exists N > 1 such that d(z,,z) < € for all n > N.

Proposition 1.6 (Uniqueness of the limit). Let {xy}n>1 be a sequence in X and z,2’ € X
n—oo n—oo / /
such that {xy}n>1 —— = and {xy}n>1 —— 2'. Then x = 2.

Proof. For all n > 1 we have that
d(z,2") < d(z,z,) + d(zp, 2') < e.

This shows that d(z,2') < 0 and thus d(z,2') = 0 and x = 2’ as wanted. O

1.4 Closed sets

Definition 1.5 (Closed subset). We say that F' C X is a closed subset of X if for every sequence
{Zn}n>1 C F and = € X such that {z,}n>1 n=oo, x, we have that x € F.

Proposition 1.7. Let F' be a subset of X. Then F is closed if and only if X \ F' is open.

Proof. Suppose first that F' is not closed. Then there exists {z,},~; and z € X such that
{zn}n>1 converges to z and x € X \ F. Let r > 0, then we know that exists N > 1 such that
for all n > N we have
d(xp,z) <r and z, € X
which shows that X \ F' is not open.
Suppose next that X \ F' is not open. Then there exists a sequence x € X such that for all
1> 0 exists z, € F such that d(z,z,) < 1/n. It follows that

{Zptns1 =52 and ze€ X\ F

which shows that F' is not closed which completes the proof. O
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Proposition 1.8 (Properties of closed subsets). The following properties are always satisfied:
(1) O and X are closed;
(2) An intersection of closed sets remains closed;
(3) A finite union of closed sets remains closed;

These are the basic properties of closed subsets, they can be verified directly from the
definitions.

Definition 1.6 (Closed ball). Let (X, d) be a metric space. Let € X and r > 0. We define
B(e,r) = {y € X | d(a,y) < B}.
The set B(x,r) is called the closed ball in x with center x and radius r.

Proposition 1.9. The set B(x,r) is a closed subset of X for all x € X and r > 0.

Proof. Tt suffices to show that X \ B(z,r) is open. O

1.4.1 The middle third Cantor set

Example 1.8 (The middle third Cantor set). Set Cp := [0,1]. Let C; be the set obtained by
deleting the middle third of Cy, that is Cy := [O, %} U [%, 1]. We can continue this process

infinitely many times:

C°fi}um
b B B3

Since for every n € N the set N is a finite union of closed sets, we have that C), are closed for all
n € N. It then follows that the set C := N,enCy, is also closed. The set C' is called the middle
third Cantor set.

1.5 Functions

Definition 1.7 (Continuity). Let f: X — Y be a function between two metric spaces. We say
that f is continuous at = € X if for every {z,}n>1 C X we have

n—o0

{zn}tn>1 5 = {f(@n)tnz1 —— f(2).
We say that f is continuous if it is continuous at x for all z € X.

Proposition 1.10. Let f: X =Y and x € X be given. Then f is continuous at x if and only
if for any € > 0 there exists § > 0 so that f(B(z,d)) C B(f(x),€).

Proof. First suppose that for any € > 0 there exists § > 0 so that f(B(z,0)) C B(f(x),¢€). Let
{zn},~; C X be a sequence that converges to x € X. Let € > 0, then there exists § > 0 so that
f(B(z,8)) € B(f(x),€). We know that exists N > 1 so that for all n > N we have x,, € B(z,§)
and so f(x,) € B(f(x),€e) which implies that {f(:cn)}n>1 converges to f(z) which completes
the proof.
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Next suppose that f is continuous. Let € > 0. Assume, by way of contradiction, that there
does not exist 6 > 0 so that f(B(z,0d)) C B(f(z),€). This means that for any 6 > 0 there exists
a2’ € B(x,0)) so that = ¢ B(f(x),€). In particular, for any 1/n there exists z,, € B(x,,1/n)) so
that f(zn) & B(f(z),€). We now have a sequence {z,,},, that converges to z but {f(xn)}n>1
does not converge to f(z) which is a contradiction. Thus, our assumption must be false which
completes the proof. O

Proposition 1.11. A mapping f: X — Y is continuous if and only if f=*(U) is open for every
open U C Y.

Proof. First let f be continuous. Let U C Y be open, and let z € f(U)~!. Since f(z) € U and
U is open there exists an neighbourhood y C B(y,€) C U for some € > 0. Since f is continuous
there exists § > 0 so that for any f(B(z,0)) C B(f(z),€) which implies that B(z,d) C f(U)™*
so f(U)~! is open.

Next suppose that f~1(U) is open for every open U C Y. Let x € X. Theset B(f(x),d) C Y
is open in Y for any §. Thus, for any § > 0 the set f(B(f(x),d))"! C X is open. In particular,
since f(x) € B(f(z),d) there exists € > 0 so that f(B(z,0)) C B(f(x),€), which shows that f
is continuous at x for all x € X and completes the proof. O
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2 Topological Spaces

Definition 2.1 (Topological space). Let X be a nonempty set. A collection 7 C P(X) is said
to be a topology on X if it satisfies the following properties,

(1) X,0er;
(2) Any union of sets in 7 is a set in T;
(3) Any finite intersection of sets in 7 is a set in 7;

The pair (X, 7) is said to be a topological space and U € 7 an open set of (X, 7). An element
x € X is said to be a point of (X, 7).

2.1 Standard examples

Example 2.1 (Topology induced by metric). Every metric spaces can induce a topological
space. Let (X, d) be a metric space. Define

7:={UCX|VzeU 3Je>0st. Blz,e)CU}.

It can be verified that (X, 7) is a topological space.

Definition 2.2 (Metrizable space). We say that a topological space (X, 7) is metrizable, if
exists a metric d on X, such that the topology that d induces on X is equal to 7.

Example 2.2 (Discrete topology). Let X be a nonempty set and let 7 := P(X). The topology 7
is called the discrete topology and the space (X, 7) is called the discrete space. Is it metrizable?

Example 2.3 (Trivial topology). Let X be a nonempty set and let 7 := {(), X }. The topology
7 is called the trivial topology. Is it metrizable when |X| = 1?7 Is it metrizable when |X| > 17

Example 2.4 (Finite complement topology). Let X be any infinite set and let
T:={ACX||X\A] <oo}U{0}.

The topology 7 is called the finite complement topology. Is it metrizable?

2.2 Continuous functions

Definition 2.3 (Continuity). A mapping f: X — Y is said to be continuous if for every open
set U C Y the set f~(U) is open.

Notice that the definition for continuity in topological spaces is equivalent to the defintion
we gave in metric spaces, under the topology induced by the metric.

Definition 2.4 (Neighbourhood). Given x € X, an open U C X containing z is said to be a
neighbourhood of z.

Definition 2.5 (Continuiuty at a point). A mapping f: X — Y is said to be continuous at x
if for every neighbourhood U of f(x) there exists a neighbourhood V' of x such that f(V) C U.

Definition 2.6 (Open map). A mapping f: X — Y is said to be open if f(U) is open in Y for
every open U C X.
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2.3 Homeomorphisms

Definition 2.7 (Homeomorphism). A mapping f: X — Y is said to be a homeomorphism if
it is injective, surjective, continuous and open. If there exists such an f, then we say that X
and Y are homeomorphic.

Proposition 2.1. Let f: X — Y be continuous. It follows that f is a homoemorphism if and
only if it has a continuous inverse.

Remark 2.1. We say that a property P is a topological property if for every two homeomorphic
spaces X and Y, then P holds for X if and only if it holds for P. The branch that deals with
topological properties is called topology.

2.4 The subspace topology

Definition 2.8 (Subspace topology). Let (X, 7x) be a topological space and let ) # Y C X.
Define
Ty = {Uﬁy ‘ UGTx}

We call 1y the subspace topology, induced by 7x on Y.

2.4.1 Characteristic property of the subspace topology

Theorem 2.2 (Universal property of the subspace topology). Let (X, 7x) be a topological space,
let 0 #Y C X, and write Ty for the subspace topology on'Y . Then Ty is the unique topology
on Y which satisfies the following property. Let Z be a topological space and let f: Z — X be
with f(Z) CY. Then f is continuous as a map into (X,7x) if and only if it is continuous as
a map into (Y, 1y).

Throughout this section let X be a fixed topological space.

2.5 Closed sets
Definition 2.9 (Closed set). A subset F' of X is said to be closed if F¢ = X \ F is open.
Proposition 2.3 (Properties of closed sets). The following properties are always satisfied:
(1) X, 0 are closed;
(2) Any intersection of closed sets is closed;
(8) Any finite union of closed sets is closed;

Definition 2.10 (Closure). Given A C X we denote A to be the intersection of all F C X such
that A C F and F is closed. We call A the closure of A.

Remark 2.2. We can also define the closure of A in an alternate way:
A={xze X |ANU # 0 for each neighbourhood U of z} .
Both definitions are equivalent.
Definition 2.11 (Dense subset). A subset A of X is said to be dense in X if A = X.

Remark 2.3. Using the second definition of closure we get that A is dense in X if and only if
ANU # () for every nonempty U C X.

Definition 2.12 (Seperability). We say that X is seperable if it has a countable dense subset.
Example 2.5. We know that QQ is dense in R. Since Q is countable, it follows that R is

seperable.

10
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2.6 Isolated points and limit points

Definition 2.13 (Isolated point). Let A C X. We say that = € A is an isolated point of A if
exists U open in X such that ANU = {z}.

Remark 2.4. This is exactly the same as saying that x is an isolated point if and only if the
singleton {z} is open in the subspace topology.

Definition 2.14 (Limit point). Let A C X. We say that z € X is a limit point of A if for
every neighourhood U of x there exists a € U N A with a # z. The set of all limit points of A
is called the derived set of A and is denoted by D(A).

Example 2.6. Consider the set A = {1/n|n € Z;} U {0} as a subset of R. Then 0 is a limit
point of A, and every other point in A is an isolated point.

Proposition 2.4. Let A C X be given, then
1. A= AUD(A).
2. A is closed if and only if D(A) C A.

Proof. Let x € X. Suppose that ¢ A. It follows that exists a neighbourhood U of z such that
UNA={. This implies that x ¢ D(A) and thus x ¢ AU D(A).

Now suppose that @ ¢ AU D(A). Since x ¢ D(A) exists a neighourhood U of = such that
UNA\{z} =0. Since x ¢ A we have A = A\ {z} and thus U N A = (). This shows that = ¢ A
which completes the proof of the first part.

For the second part, suppose that D(A) C A. This implies that A = AU D(A) = A which
means that A is closed.

Next suppose that A is closed. This implies that A = A and thus A = AU D(A) which
implies that D(A) C A and completes the proof of the second part. O

Corollary 2.5. Let A C X be closed and write I(A) for the set of all isolated points of A.
Then A is the disjoint union of D(A) and I(A).

Proof. If A is closed then A = A and then

A=A=AUD(A) = (A\ D(A)) UD(A) = I(A) UD(A).
The last equality follows directly from the definitions and the fact that I(A) and D(A) are
disjoint too. 0
2.7 The interior and boundary of a topological space

Definition 2.15 (Interior). Let A be a subset of X. The interior of A is denoted by Int(A)
and is defined to be the union of all open subsets U of X so that U C A. A point z € Int(A) is
said to be an interior point of A of a topological space.

Proposition 2.6. Let A C X be given, then
1. Int(A) = X \ (X \ 4).
2. Int(A) is open and contained in A.
3. A is open if and only if A = Int(A).
Example 2.7. Considering [a, b] as a subset of R we have Int([0, 1]) = (0,1).

Proposition 2.7. For A C X we have

11
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(1) Int(A) = X\ X\ (X \ 4);
(2) Int(A) is open and contained in A;
(8) A is open if and only if A= Int(A);

Definition 2.16 (Boundary). Let A C X be given. A point z € X is said to be a boundary
point of A if for every neighbourhood U of 2 we have UN A # () and U N (X \ A) # (). The set
of all boundary points of A is called the boundary of A and is denoted by JA.

Example 2.8. Considering [a, b) as a subset of R we have 0A = {a, b}.
Proposition 2.8. For A C X we have 9A = AN X \ A and in particular OA is closed.

Proof. The equality follows directly from Definition 2.16 and Remark 2.2. We have that 0A4 is
closed as it it an intersection of two closed sets. O

Proposition 2.9. Let A C X be given, then A is the disjoint union of Int(A) and OA.

2.8 Open bases

Definition 2.17 (Open base). A family B of subsets of X is said to be an open base for X if
for each open U C X and x € U exists B € B such that x € B C U.

Remark 2.5. It is easy to see that a family B of open subsets of X is an open base for X if
and only if each open U C X is a union of elements of B.

Proposition 2.10. Let Y be a topological space, let B be an open base forY, andlet f: X — Y.
Suppose that f~(B) is open for all B € B, then f is continuous.
2.8.1 Countability

Definition 2.18 (Second countability). We say that X is second countable, or that it satisfies
the second axiom of countability, if it has a countable open base.

Proposition 2.11. Suppose that X is second countable, then X is separable.

Proof. Let B be a countable open base for X. We have that B\ {0} is also an open base. Choose
an arbitrary zp € B for each B € B. Since B is countable {xp}pep is also countable. Let U be
open in X. By defintion of an open base exists B € 3 such that xg € Band B C U so xp € U.
This shows that {zp}pecp is dense in X and thus X is seperable. O

Remark 2.6. In metric spaces, the property of being seperable and second countable is equiv-
alent. If we denote the metric space by (X, d) and the countable dense set by A, then

B= {B(a,q) |a€ Aand g€ Qﬂ(O,oo)}
will form the desired countable open base for X.

Example 2.9. A classic example of a topological space that is seperable but not second count-
able is the Sorgenfrey line, also known as R with the lower limit topology, which we will discuss
later.

Theorem 2.12 (Lindelof’s theorem). Suppose that X is second countable. Let {U;}icr be a
family of open subsets of X. Then there exists a countable Iy C I so that Uie[o Ui = Uer Ui

12
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Proof. 1t is clear that | J;c; Ui € J;c; Ui for any countable Iy C I, so we will only show that
there exists a countable Iy C I so that Uielo U; D Uiel U;. Let B be a countable open base for
X. Set,
80:{B€B|BCUiforsomei€I},
and for each B € By choose an arbitrary ig € I such that B C U;,. Set Iy = {iB | B € Bo}.
Since B is countable, I is also countable. It remains to show that (J,c Ui = Uier Ui. Let
x € ;e Us then there exists some j such that x € U;. Since B is an open base there exists
B C Uj such that z € B. By definition we see that B € By, so there exists ip € Iy so that
x € B C Uiy, and then
reBCUy,C U U;
i€lp

which completes the proof. O

Definition 2.19 (Lindelof space). A topological space X is said to be a Lindeldf space if for
every family of open subsets of X denoted {U;},.;, there exists a countable Iy C I so that

Uiefo Ui = Uiel Us.

Remark 2.7. A metric space X is a Lindelof space if and only if it is seperable, if and only if
it is second countable. However, not every topolgical space X that is a Lindel6f space is second
countable. This means that the converse to Theorem 2.12 is false.

Corollary 2.13. Let X be second countable topological space and let B be an open base for X.
Then there exists a countable By C B which is also an open base for X.

Proof. Let £ be a countable open base for X. Since B is an open base, for each F € £ exists
Bg C B such that E = (Jpcp, B From Lindeldf’s theorem we get that exists a countable
BY, C Bp such that Upeny, = Uies, Ui- Now set By = Upee BY,. It is countable as a countable
union of countable sets. Moreover, since £ is an open base, and since each E € £ is a union of
elements from By, it is clear that By is also an open base for X which completes the proof. O

Definition 2.20 (Open base at a point). Let © € X. A class of neighbourhoods B, of x is
called an open base at z if for every neighbourhood U of z exists B € B, such that B, C U.

Definition 2.21 (First countability). We say that X is first countable, or that it satisfies the
first axiom of countability, if for each x € X there exists a countable open base at x.

Remark 2.8. It is clear that if X is second countable, it is also first countable.

Example 2.10. Let (X, d) be a metric space. For each € X the collection

{B (z,1/n) |n > 1}

is a countable open base at . Thus every metric space is first countable.

2.9 Open subbases

Definition 2.22 (Open subbase). Let X be a topological space. A family S of open subsets of
X is said to be an open subbase for X if the collection of all finite intersections of elements of
S forms an open base for X.

Proposition 2.14. Let X and Y be topological spaces and let S be an open subbase for Y.
Suppose that f~1(S) is open for each S € S. Then f is continuous.

Proof. For Si,..., S, we have that f~1(NS;) = N, f~1(S;). Therefore, for any finite inter-
section of elements of S, in other words, for any element U of some open case B we have f~1(U)
is open. The result now follows directly by Theorem 2.10. O

13



2 Topological Spaces Topology

Remark 2.9. The above proposition shows how convenient working with subbases can be. The
following will show how to easily generate topologies using the notion.

Proposition 2.15. Let X be an aribitrary nonempty set, and let S C P(X). Set,

B:= ﬂSi\nZOandSl,...,SneS
i=1

and,
T:={UCX|VoeeU 3IBeBst xcBCU}.

Then T is a topology on X, B is an open base for T and S is an open subbase for it.
Remark 2.10. We denote the set of all topologies on a set X by T (X).

Definition 2.23 (Comparison of topologies). Let 7,7 € T(X). We say that 7y is weaker than
To, or that o is stronger than 7 if 71 C 7.

Remark 2.11. For a simple reality check, notice that every topology is weaker than the discrete
topology and stronger than the discrete topology. Also, the pair (7(X),C) form a partially
ordered set.

Proposition 2.16. Let Ty C T(X) be nonempty. Then Ty has a supremum and an infimum in
T(X)

Proof. This is more of a sketch proof, but it can be verified that taking the intersection of
all 7 € Ty gives the infimum of 7p, and that taking the intersection of all 7 € 7(X) that are
stronger than every 7 € Ty gives the supremum of 7. O

Remark 2.12. It can also be seen that the supremum of 7 is exactly the topology generated
by Uyer 7

2.10 Topology generated by functions

Definition 2.24 (Topology generated by functions). Let {Y;};c; be a family of topological
spaces. For each i € I let f;: X — Y;. Write Tp C T (X) for the set of all topologies with
respect to which all {f;};c; are continuous. The greatest lower bound of 7y is called the weak
topology generated by { fi}ier.

Remark 2.13. It is easy to verify that 7 = N, c7,70 and also that 7 is generated by the set
S = {f{l(U)‘i € I and U is open in Yl}

Example 2.11. Let Y be a topological space, let Z be a nonempty subset of Y, and let
f:Z =Y be the inclusion map, that is f(z) = z for z € Z. It is easy to show that the weak
topology generated by f is equal to the subspace topology induced by Y on Z.

2.11 The product topology

Definition 2.25 (Product topology). The product topology on a cartesian product of topo-
logical spaces [[;c; Xi is defined to be the weak topology generated by the projections {m;}ic;.
Equipped with the product topology, the space X is called the product space of the spaces

{Xi}ier-

14
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Remark 2.14. This definition is a bit abstract, but we can give a more concrete definition by
setting,

S = HUiEIjEIs.t. Ui =X, for i € I'\ {j} and Uj is open in X
icl

Now the product topology on X is equal to the topology on X generated by S as a subbase.
From this we can also deduce that

B:{HUi

There exists a finite Iy C I s.t. U; = X; for i € I'\ Iy and U; is open in X; for i € IO}
iel

is an open base for the product topology.

Definition 2.26 (Euclidean topology). The Euclidean topology is the natural topology induced
on n-dimensional Euclidean space R™ by the Euclidean metric. The open balls, and the open
boxes both form open bases for this topology.

Example 2.12. Considering the space R” for a finite natural n, the Euclidean topology on it is
equal to the product topology of the product of [[;; R where each copy of R has been endowed
with the standard topology. This is not true in the case of R’ where J is an infinite set.

Proposition 2.17 (Universal property of the product topology). The product topology is the
unique topology on X which satisfies the following property. Let Y be a topological space and
let f:Y — X. Then f is continuous if and only if m; o f is continuous for each i € I.

Definition 2.27 (The function algebras). Let X be a topological space. We write C'(X) for the
collection of all continuous functions from X to R. We denote by C,(X) the set of all bounded
elements of C'(X). It has the a natural norm defined on it, the supremum norm.

More about algebras in Section 5.
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3 Complete Metric Spaces

Let (X, d) be a fixed metric space.

3.1 Definitions

Definition 3.1 (Cauchy sequence). We say that a sequence {a,}n>1 C X is a Cauchy sequence
if for all € > 0 exists NV > 1 such that d(xy, z,,) < € for all n,m > N.

It is easy to verify that all Cauhcy sequences converge, but the converse is not always true.
This leads us to formulate the following notion.

Definition 3.2 (Complete space). We say that the metric space (X,d) is complete if every
Cauchy sequence {a,}n>1 C X converges to some = € X.

Remark 3.1. Consider the set (—1,1) with the topology induced by R. It is clear that the
sequence 1 — % is a cauchy sequence, but it’s limit is 1 ¢ (—1,1) and thus the space is not
complete. However, there is a homeomorphism = +— tan(mz/2) between (—1,1) and R, and R
is complete which shows that completeness is not a topological property.

3.2 Examples of complete metric spaces
3.2.1 Banach spaces

Definition 3.3 (Banach space). A complete normed space is said to be a Banach space.

Example 3.1. Let X be a topological space. We will show that Cp(X) is a Banach space with
respect to the metric induced by the supremum norm ||-|| . Let {f,}n>1 be a Cauchy sequence
in Cy(X). Then, by the definition of the supremum norm we have that for any € X that the
sequence { fn(z)}n>1 is a Cauchy sequence in R, and since R is complete it also has a limit.

n—oo

Thus, exists f: Y — R such that {f,(z)}n>1 —— f pointwise. Now, we see that
< lzrljélop\\f(x) — fal2)]| -
n—o0 f

Thus, f, azee, f uniformly, which implies that f € Cy(X). We have also shown that f,
uniformly with respect to ||| which completes the theorem.

3.2.2 Subspace of a complete metric space

Proposition 3.1. Suppose that X is complete and let Y be a nonempty subset of X. ThenY
is complete (with respect to the metric induced by X ) if and only if Y is closed in X.

Proof. Suppose first that Y is closed. Let {y,}n>1 be a Cauchy sequence in Y. Then since X
is complete there exists a limit y € X to {yn}n>1. Since Y is closed we have that y € Y which
shows that Y is complete.

Suppose next that Y is complete. Let {y,},>1 be a sequence in Y that converges to some
x € X. Since it converges in X, it must be a Cauchy sequence. By the definition of the subspace
metric we have that the sequence is also Chauchy in Y. Since Y is complete {yp, }»>1 must also
have a limit in Y. From the uniqueness of the limit we have that z € Y. It follows that Y is
closed. O
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8  Complete Metric Spaces Topology

3.3 Cantor’s intersection lemma

Definition 3.4 (Diameter). Given a nonempty subset A of X we write
diam(A) := {d(z1,32) | 21,22 € X } .
We call the number diam(A) the diameter of A.
The following lemma demonstrates the usefulness of the completeness property.

Lemma 3.2. (Cantor’s intersection lemma for complete metric spaces). Let F, F5,. ..
be nonempty closed subsets of X. Suppose that

e X is complete;
o Foy1 CF, foralln>1;
o diam(F,) — 0 as n — oo.
Then Ny>1F, = {z} for some z € X.

Proof. For each n > 1 choose x,, € F,,. For each n > m > 1 we have that z,,z,, € F, and
thus d(xy,, ) < diam(F,). Since diam(F,,) — 0 we have that {x, },>1 is a Cauchy sequence
in X. Since X is complete exists x € X such that x,, — = as n — co. For each n > 1 we have
that {2, }m>n C F,, and since each F), is closed, we have that z € F,. Thus = € N,>1F), and
in particular Np>1 Fy, # 0. Let 2,y € Np>1F,. We have that d(z,y) < diam(F,) for each n > 1.
Since diam(F;,) — 0 as n — oo we have that d(z,y) = 0 and thus = y. This implies that
Mp>1F, = {x} which completes the proof. O

3.4 The completion theorem

Definition 3.5 (Isometry). Let (X,dx) and (Y, dy) be metric spaces. A map f: X — Y is
said to be an isometry if dx (z1,z2) = dy (f(x1), f(z2)) for all z1,z9 € X. We say that X and
Y are isometric if there exists an isometry from X onto Y.

Remark 3.2. Every isomorphism is continuous and injective. A surjective isomorphism is thus
a homeomorphism.

Theorem 3.3. (The completion theorem for metric spaces). Let X be a metric space.
Then there exists a complete metric space X and an isometry f: X — X such that f(X) is
dense in X. Moreover, if Y is another complete metric space such that there exists an isometry
g: X =Y such that g(X) is dense in Y then there exists a surjective isometry h: X — Y so
that g =ho f.

Proof. To be added. [

Remark 3.3. The space X is called the completion of X. As the theorem states it is unique
up isometry.

Definition 3.6 (Uniform continuity). A mapping f: X — Y is said to be uniformly continuous
if for every € > 0 there exists § > 0 so that dy (f(z1), f(z2)) < € for all z;,z2 € X with
dx(xl,l'z) < 0.

Proposition 3.4. Let A C X, let f: X — Y be uniformly continuous. Then there exists a
unique f: X — Y which extends Y such that f is also continuous.
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3.5 Baire’s theorem

Definition 3.7 (Nowhere dense set). A subset A of X is said to be nowhere dense if Int(A) = ().

Remark 3.4. We will now present the intuition for the definition for a nowhere dense set. Let
X Dbe a topological space. A subset A C X is said to be dense in another subset S C X if
the intersection A NS is dense in S. We could now define that A C X is nowhere dense if it
is not dense in any () # S C X. This definition might make more sense, but it is equivalent
to definition we gave, and less practical, which is why we don’t use it. Another equivalent
condition for a set to be nowhere dense, is that its exterior (X \ A) is dense in X.

Remark 3.5. Note that a closed subset A C X is nowhere dense if and only if its interior is
the empty set, that is, Int(A4) = (.

Example 3.2. Let W be a linear subspace of R with dimW < d. We will show that W is
nowhere dense. Let (-,-) be the standard inner product on R?. We notice that for every v € R?
the map = — (x,v) is continuous. Thus the set {x eRY| f(x) = O} is closed in R? as the

preimage of the closed set {0}. From this and from the fact that:

w=mwht= {xeRde,u):O},
ueWw+

it follows that W is closed in R%. Moreover, for every w € W, 0 # v € W+ and € > 0 we have
that w + ue ¢ W. Since W+ # () that means that Int(W) = @, which shows that W is nowhere
dense.

Definition 3.8 (First category set). A subset E of X is said to be of the first category (or
meagre) if there exist nowhere dense subsets A;, Ag,--- C X so that E = Up>14,. A subset of
X which is not of the first category is said to be of the second category (or nonmeagre).

Theorem 3.5 (Baire category theorem). Let X be a complete metric space and let E C X be
of the first category. Then Int(E) = (.

Proof. Tt suffices to prove that exists xo € X and ¢y > 0 such that B(zg,€)\ E # 0. Since E is of
the first category, there exist closed subsets F, Fy, ... such that E C U,>1 F,, and Int(F,,) =0
for each n > 1. We are going to construct sequences {e,},>1 C (0,00) such that ¢, < 1 and

B(.%'n, en) C B(l’n_l, En—l) \ UZ:le-

Let n > 1 and assume that we already constructed the sequences for 1 < k <n — 1. From
B(zp—1,€n—1)N (UZ;%FH) = () it follows that V := B(zp—1,€n-1) \ UZ;%Fn # (). From this, and
since V is open and Int(F},) = () we get that V'\ F}, # 0. Since V'\ F}, is nonempty and open we get
that there exists ,, € X and 0 < ¢, < % such that B(z,,€,) C V\F, = B(z,_1, €n—1) \Up_, Fp.
This completes the inductive construction.

From Cantor’s intersection lemma it now follows that N,>1B(xy, €,) = {z} for some z € X.
For every n > 1 we have © € B(y,€,) C B(zp—1,€n-1) \ Up_, F),. This shows that:

x € B(xg,€0) \ Upe Fi; C B(xo,€0) \ E,
which completes the proof of the theorem. O
The following is an immediate corollary from Baire’s theorem.

Corollary 3.6. Suppose that X is complete. Then X is of the second category as a subset of
itself. Consequently, if Fi,Fs,... are closed subsets of X with X = Up,>1F,, then Int(F,) # 0
for somen > 1.

Here’s another useful corollary of Baire’s theorem.
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8  Complete Metric Spaces Topology

Corollary 3.7. Suppose that X is complete. Let Uy,Us, ... be open subsets of X. Suppose that
U, is dense in X for alln > 1. Then N,>1U, is also dense in X.

Proof. For n > 1 set F,, := X \ Uy,. Since U, is dense in X for all n > 1 it follows that F,, is
nowhere dense in X for all n > 1. Let V C X be open. Then by Baire’s category theorem we
have that the interior of US? | F}, is empty and thus

@#V\U 1Fn—Vﬂﬂn>1U
which completes the proof. O

Definition 3.9 (The sets G5 and Fy). Let Y be a topological space. A countable intersection
of open subsets of Y is called a Gg set. A countable union of closed subsets of Y is called an
F, set.

Definition 3.10 (Liouville number). An irrational real number z is said to be a Liouville

number if for every integer n > 1 there exist integers p and ¢ > 2 so that ‘a: — %‘ < qin.

Example 3.3. The number -, ﬁ is called Liouville’s constant. It is not difficult to show
that it is a Liouville number.

Proposition 3.8. Write L for the set of Liouville numbers. Then L is a dense Gg subset of R.
Proof. For every n > 1 set

U U < I O 1)

q=2 p€eZ ” q q° '

Note that Q C V,, which means V,, is dense in R. For each r € Q denote U, = R\ {r}. It follows
directly from the definition of Liouville numbers that:

L= ﬂv nl (U

reQ

Now since that sets {V,,}°2; and {U, },eq are all open and dense, and since Q is countable,
it follows from the previous corollary that L is a dense Gg subset of R. This completes the
proof. O
3.6 The Banach fixed-point theorem

Definition 3.11 (Contraction). A mapping f: X — X is called a contraction of X if there
exists ¢ € [0,1) so that d(f(z), f(y)) < cd(x,y) for all z,y € X.

Theorem 3.9. (The Banach fixed-point theorem). Suppose that X is complete and let
f+ X — X be a contraction. Then f has a unique fixed point. That is, there exists a unique
x € X so that f(x) =

Proof. First we show that f has a fixed point. Choose an arbirary g € X and define a sequence
{xn}n>0 by setting z,, := f(x,—1) for n > 1. It is easy to show by induction that:

d(zpt1,2n) < d(z1,20)
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Now we will show that {z,},>1 is a Cauchy sequence. Let ¢ > 0. Choose N > 1 such that
cNd(zg,71)(1 =)~ <e. Forn>m > N,

n—1
d(xp, Tm) < Z d(xg, Tp41) Z c d (zo,21)
=m

> x0, 1)
0,21
< "d(xg, 1) E &= 177<6
—c
k=1

which shows that {x,},>1 is Cauchy. Since X is complete exists z € X such that {z,}n>1 = =
as n — 0o. Since f is a contraction it is continuous. We get:

v = lim z, = lim fxn—1) = f(z),

which shows that f has a fixed point.
Next we show uniqueness. Suppose there were y € X another fixed point of f. Then

d(z,y) = d(f(z), f(y)) < cd(z,y)

Thus we have (1 —¢)d(x,y) < 0. This is only possible if d(z,y) = 0 thus x = y which completes
the proof. O

Notice that the proof of the theorem also gives an explicit way to approximate the fixed
point of f.
3.7 A glimpse of Picard’s theorem

The following is a simplified version of the Picard—Lindel6f theorem regarding the existence and
uniqueness of solutions for ordinary differential equations, which is also sometimes called the
existence and uniqueness theorem.

For € > 0 we set I, := [—¢,€].

Theorem 3.10. (Picard’s theorem). Let F': Iy x I; — R be continuous. Suppose that there
exists K > 0 so that |F(t,z) — F(t,y)’ < K|z —y| for all t,z,y € I;. Then there exists € > 0
for which there exists a unique f: I. — I1 so that,

o f is differentiable on I.;
« f(0)=
o fl(t)=F(t, f(t)) forte I

Example 3.4. Suppose that F(t,z) = 1+ 22. Since tan(0) = 0, and on (— ) we have

T T
272

[tan(z)]’ = cos;(x) =1+ tan?(z) = F(z,tan(x)).

It is clear that in this case, the map z +— tan(z) is the unique solution.
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4 Compactness

4.1 Definitions
Let X be a fixed topological space.

Definition 4.1 (Open cover). A class U := {U,};cr of open subsets of a X is said to be an
open cover of X if X = (J;c;U;. A subclass of U is said to be a subcover of U if it is in itself
an open cover of X.

Definition 4.2 (Compact). The space X is said to be compact if every open cover of X has a
finite subcover.

Definition 4.3 (Compact subspace). A subset Y of X is said to be compact if for every family of
open sets {U; }ier such that Y C J;c; U; exists a finite index set Iy C I such that Y C Uielo U;.

Remark 4.1. Notice that from the definition of the subspace topology, a nonempty subset Y
of X is compact if and only if Y is a compact space when equipped with the subspace topology.

Proposition 4.1. Suppose that X is compact and let F' C X be closed. Then F is compact.

Proof. Let {U;}icr be an open cover of F'. Since F' is closed we know that X \ FFU{U, };cs is an
open cover of X. Since X is compact exists a finite index set Iy C I such that X \ F'U{U,}ier,
is a finite open cover of X. It is clear that F' C {U;};cz, which completes the proof. ]

Proposition 4.2. Suppose X is compact, let Y be a topological space, and let f: X — Y be
continuous. Then f(X) is compact.

Proof. Let {U;};c; be an open cover of f(X). Since f is continuous {f~!(U;)}ies is an open
cover of X. Since X is compact exists a finite index set Iy C I such that {f~*(U;)}ier, is an
open cover of X. We now have:

)=ty =Ure o)) =yu

i€l i€lp i€lp
Which completes the proof. O
Here are some more equivalent forms of compactness that are ofter easier to apply.

Proposition 4.3. The space X is compact if and only if for every class {F;}icr of closed subsets
of X with NierF; = 0 there exists a finite Iy C I with Nier, F; = 0.

Proof. Assume X is compact. Let {F;};c; be a family of closed subsets of X with N F; = 0
then we have N;er X \ F; = X which is a cover of X thus exists a finite Iy C I with N;jer, X \ F; =
X being a finite subcover of X. This implies that N;ez, F; = ) which completes the proof. The
proof of the other direction is similar and thus omitted. O

Definition 4.4 (Finite intersection property). Let S be a nonempty set. A class of subsets
{E;}ier of S is said to have the finite intersection property if N;ecz, E; # () for every finite Iy C I.

Proposition 4.4. The space X is compact if and only if every class of closed subsets of X with
the finite intersection property has nonempty intersection.

Proof. Suppose that X is compact. Let {F;};cr be a class of closed subsets of X with the finite
intersection property. If N;e;F; = 0, then by the previous proposition there exists a finite Iy C I
with Njer, F; = 0. This contradicts {F;},c; having the finite intersection property, and so we
must have N;er Fy # 0.
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Suppose next that X is not compact. By the previous proposition there exists a class
{F;}ier of closed subsets of X with NcrF; = 0, so that N, F; # O for all finite Iy C I. That
is, {F; }ics has the finite intersection property but N;c;F; = @), which completes the proof of the
proposition. O

Proposition 4.5. Let B be an open base for X. Suppose that every open cover {b;}ic; C B of
X has a finite subcover. Then X is compact.

Proof. Let {U;}ier be an aribitrary open cover of X. Since B is an open base for X, for every
i € I exists I;, an index set such that {B;}; 1, we have U; = Ujcr, B;. This implies that the set

By = {Bj | for all j € I; for all 2}

is also an open cover of X. Since By C B there exists a finite By C By such that Upep, B = X.
By construction, for every B € By C By, exists ip € I such that B C U;,. It is clear that the
index set

Iy ={ip | B € Bs}

is finite, and by construction we have Ujer, U; = X. O

4.2 Closed bases

Definition 4.5 (Closed base). A family B of closed subsets of X is called a closed base for X
if the collection
{X\B|BeB}

is an open base for X. Similarly, a family S of closed subsets of X is called a closed subbase
for X if the collection {X \ S| S € S} is an open subbase for X.

Remark 4.2. Note that if S is a closed subbase for X then the set B of all finite unions of
elements of S forms a closed base for X. This is because by definition, the set of all finite
intersections of an open subbase forms an open base. We call B the closed base generated by S.

4.3 The Alexander subbase theorem

Proposition 4.6. Let B be a closed base for X. Suppose that for every {B;}ic;r C B with the
finite intersection property we have NierB; = 0. Then X is compact.

In the following two theorems are let X be a fixed topological space.

Theorem 4.7. (The Alexander subbase theorem, first form). Let S be an open subbase
for X. Suppose that every open cover {S;ticr C S of X has a finite subcover. Then X is
compact.

Theorem 4.8. (The Alexander subbase theorem, second form). Let S be a closed
subbase for X. Suppose that Nic1S; # O for every {S;}i € I C S with the finite intersection
property. Then X is compact.

Remark 4.3. First, we will prove theorem Theorem 4.7 assuming Theorem 4.8, then we will
prove Theorem 4.8 for completeness.

Proof of Theorem 4.7. Let S be an open subbase for X. Now set
52{X\S|S€S}.

It is clear that £ is a closed subbase of X. Let {F;};c; be a subset of £ with the finite
intersection property. By Theorem 4.8 it suffices to show that N;c;F; # 0 to prove that X
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is compact. Assume, for the sake of contradiction, that Njc;E; = (0. Thus, it is clear that
{X \ E;}icr is not only an open cover of X, but also a subset of S. By our assumption it has a
finite subcover {X \ F; };c1, where Iy C I. However, this gives that N;cs, E; = () in contradiction
to {E;}ier having the finite intersection property. Thus we have N;erF; # () as wanted, which
completes the proof. ]

Proof of Theorem 4.8. Let B be the open subbase generated by S. Now let By C B be with
the finite intersection property. Then, by Theorem 4.6 we it suffices to show that Npep,B = 0.
First, let P be the set of all By such that By C By and By has the finite intersection property.
We have that P # () because By € P. Now for every B, B, € P, write

B, < B, < B, CB,.

It is clear that (P, <) is a partially order set. Let C be a chain in P. Denote B := Up, ccB;. It
is clear that B is a maximal element in C. It is also clear that it satisfies the finite intersection
property, because for every finite By C 5 there must exist B, € C such that By C B,, but
because B, has the finite intersection property, it is clear that the intersection of the elements
in Bg is nonempty. Therefore, we have that B € P, which completes the conditions for Zorn’s
lemma. Let Bpax be the maximal element in P with respect to <.

Next we will show that for every B € B there exists Sg such that

(x) SpeSNB and SpCB.

Assume by contradiction that exists B € By,ax for which there does not exist Sp that satisfies
(*). Since B is an element of the closed base B generated by S, there exist Si,...,S, € S such
that B = U], S;. Let i € {1,2,...,n}, then since there does not exist Sp that satisfies (%), we
get that S; ¢ Bpax. Now, since Bpax is maximal in P, that must mean that Bp,ax U{S;} does not

satisfy the finite intersection property. Thus, exist B;1,. .., Bjm, such that S; N (ﬂ;":’ilb@j) = 0.

Therefore, we have that

n m; n n m; n n m;
@#Bﬂ ﬂﬂBm’ = USk N ﬂﬂBM :U SE N ﬂﬂBm’ = (.
i=1j=1 k=1 i=1j=1 k=1 i=1j=1

This contradiction shows that our assumption was false, and thus exists Sp that satisfies (%)
for every B € Bpax.
Finally, set
Sy = {SB ‘ B e Bmax}.

It follows that since Sy is a subset of By,.x, that it must also satisfiy the finite intersection
property. As Sy is also a subset of S, we can apply the assumption of the theorem and get
that Nges, S # 0. Thus, there exists some = € X, such that © € Sp C B for all B € Bpax,
which shows that Npeg,., B # 0. Now, we just need to recall that since Bpax € P, then by
construction of P we have that By C Bpax, and thus we clearly have that Npep, B # ), which
as we stated before, completes the proof. O

Definition 4.6 (Bounded space). Let X be a metric space. We say that A C X is bounded if
exists 7 > 0 and x € X such that A C B(z, 7).

Note that it is easy to see that A C X is bounded if and only if it has a finite diameter.

Lemma 4.9. Let S be an open subbase for a topological space X. If Y C X is a subset of X
equiped with the subspace topology induced by X then {SNY | S € S} is an open subbase forY .
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Proof. Let U be a nonempty subset of Y and let y € U. There exists W an open set in X such
that WNY = U. Because S is a subbase for X exists Si,...,5, € S such that y € N_,5; C W
and thus because y € Y

yen_ SiNYcwny =U

Because S; N'Y are all open in Y we have that indeed {SNY | S € §} is an open subbase as
wanted. 0

4.4 The Heine—Borel theorem
4.4.1 The Heine—Borel theorem in R
Theorem 4.10. (Heine—Borel theorem in R). Every closed and bounded set in R is compact.

Proof. Let A be a closed and bounded set in R. Because A is bounded we know that exist
real numbers a,b € R such that a < b and also A C [a,b]. If we equip [a,b] with the subspace
topology induced on it by R it is not hard to see that A is closed in [a, b] and thus it suffices to
verify that [a, b] is compact in R. It’s easy to check that the set:

{(=00,c) |ce R} U{(d,0) | d € R}
is an open subbase to R. From the lemma we have that the set:
S={la,c)|la<ec<blu{(db]|a<d<b}

is an open subbase for [a,b]. Let U C S be an open cover of [a,b], by Alexander’s subbase
theorem it suffices to show that S has a finite subcover. Since U C S there exist index sets I, J
such that:
U={[a,c;) |i€T}U{(d;,b]|jeT}.

We have that a € [a,b] and U a cover of [a, b] which means that I # ). Denote s = sup{c; }icr,
if we have s < d; for all j € J we have s ¢ Ul which is a contradiction. Otherwise exists jo € J
such that dj;, < s and then by definition exists 79 € I such that d;, < ¢;, < s and then we have
that {[a,ciy), (djy,b]} is a finite subcover of [a, b] which completes the proof. O

4.4.2 Tychonoff’s theorem

Theorem 4.11. (Tychonoff’s theorem). Let {X;}ic; be a nonempty family of compact
topological spaces. Equip [[;c; Xi with the product topology. Then [[;c; X; is compact.

Proof. Set:

S=<[]FilTioelst. (viel\{ig})(F=X;) and F, is closed in Xj,
iel
This is the standard closed subbase for [[,.; X;. Let {S;}jes C S be with the finite intersection
property. By Alexander’s subbase theorem, second form, it suffices to prove that Njc;S; # 0.

For every j € J exists a family {Fj;}icr so that Fj; is a closed of X; for each i € I, and
Sj = [Lier Fji- Thus, for every Jo C J

() [ Si=<[[zie][Xilzi€cFforalliclandje.
j€Jdo zel i€l
From this, and since {S;}cs has the finite intersection property, it follows that {F};}cs has
the finite intersection property for each ¢ € I. From this, and from proposition 4.4, and since

the spaces X; are compact, we obtain that for each i € I, there exists @; € NjcFj;. From (x)
it now follows that {Z;}ic; € NjesS;, which completes the proof of the theorem. O
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4.4.3 The general case

We can now prove the following classic result.

Theorem 4.12. (Heine—Borel theorem). Let d > 1 be an integer, and equip R® with its
standard Euclidean metric. Then every closed and bounded subset of R% is compact.

First we need to prove a couple of lemmas.

Lemma 4.13. Let {X;}icr be a nonempty family of topological spaces, and equip [[;c; Xi with
the product topology. Let'Y be a nonempty subset of [[;c; Xi. For each i € I let m; be the
coordinate projection from [[;c; Xi onto X;, and denote by m;|y the restriction of [[; to Y.
Then the subspace topology induced by [[;c; Xi on'Y is equal to the weak topology generated by

{ﬂ—i‘Y}ieI-

Proof. By definition of the product topology, the collection

{TF-_l(U) | i€ I and U is open in Xi}

(2

is an open subbase for the product space. By a previous lemma we have that

{7r»_1(U) NY |i€ I and U is open in XZ-}

)

is an open subbase for Y with respect to the subspace topology. From this, and since 7, 1(E) N
Y = 7Y y(E) for each i € I and E C X;, and now by Remark 2.4 we see that indeed
the subspace topology induced by [[;c; X; on Y is equal to the weak topology generated by

{mily }ier. O

Lemma 4.14. Let {X;}icr be a nonempty family of topological spaces, and equip [ [;c; Xi with
the product topology. For each i € I letY; be a nonempty subset of X;, and set Y :=[[,.;Yi.
Let 11 be subspace topology induced by [[,c; Xi onY. Let 13 be the product topology on'Y', where
each Y; is equipped with the subspace topology induced by X;. Then 1 = 9.

Proof of Theorem 4.12. For each i € I let m; be the coordinate projection from [],.; X; onto
X, and denote by m;|y the restriction of [[, to Y. From the previous lemma we have that 7
is equal to the weak topology generated by {m;|y }icr-

For each i € I let 7; be the coordinate projection from Y onto Y;. By the definition of the
product topology, the collection

S = {ﬁ';l(U) | i € I and U is open in YZ}
is an open subbase for Y in respect to 79. We see that:
S = {(w]yi)_l(V NY;)|ie€IandV is open in Xi}
Now since (7]y;) 1 (V;) =Y forallie [
S = {(7‘(‘|Yi)_1(V) | i € I and V is open in Xi}

From this, and since S is an open subbase for Y with respect to 7o, it follows that 7o is also
equal to the weak topology generated by {7;|y }icr. This completes the proof of the lemma. [
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4.5 Lebesgue’s covering lemma

Definition 4.7 (Local compactness). A topological space X is called locally compact if for any
x € X exists a neighbourhood U C X of = so that U is compact.

Example 4.1. The space R? is locally compact for every d € N. Let o € R?, since B(x,1) is
closed and bounded, it follows from the Heine—Borel theorem that it is compact.

Definition 4.8 (Sequential compactness). The metric space X is said to be sequentially com-
pact if every sequence in X has a convergent subsequence.

Definition 4.9 (Bolzano—Weierstrass property). The metric space X is said to have the Bolzano—
Weierstrass property if every infinite subset of X has a limit point in X.

It is important to note that in metric spaces, sequential compactness and the Bolzano
Weierstrass property are both equivalent to compactness.

Definition 4.10 (Lebesgue number). Let {U;};cr be an open cover of X. A real number § > 0
is said to be a Lebesgue number for {U; };ey if for all nonempty A C X with diam(A) < ¢ there
exists ¢ € I so that A C U;.

Lemma 4.15 (Lebesgue’s covering lemma). Suppose that X is a sequentially compact metric
space. Let {U;}icr be an open cover of X. Then {U;}icr has a Lebesque number.

Proof. Assume by contradiction that the lemma is false, then there exist () # A,, so that:
1
diam(A4,) < — and A, ¢ U; forallie€ I, forall n € N.
n

Choose an arbitrary x, € A, to construct the sequence {z,}n>1. Since X is sequencially

compact, there exists a subsequence {x,, };x>1 such that z,, k200, . Since {Ui}ier is an open
cover for X, there exists some ¢y € I such that x € U;,, and since Uj, is open, there must exist
some € > 0 such that B(z,€) C U;,. However, it is clear that for sufficiently large values of n
we have that x € A,, C B(x,¢) C U,,, which shows that our assumption must be false, which
completes the proof. ]

4.6 Total boundedness

Definition 4.11 (e-net). Let € > 0 be given. A nonempty subset A of X is said to be an e-net
if A is finite and X = UzeaB(a,e€).

Definition 4.12 (Total boundedness). We say that X is totally bounded if it has an e-net for
all € > 0.

It is clear that a totally bounded space is also bounded.
Proposition 4.16. Suppose that X is sequentially compact. Then X is totally bounded.

Proof. Assume by contradiction that X is not totally bounded, then there exists ¢ > 0 such
that X # UsecaB(a,¢€) for any finite A C X. From this we can construct a sequence such that
Tp+1 ¢ Ul B(x;,€), and therefore have that d(x,,z,) > € for any m > n > 1. It is clear
that {zy }n>1 does not have a converging subsequence, in contradiction to X being sequencially
compact. This proves that X is totally bounded which completes the proof. O

Using Lebesgue’s lemma we can also prove the following proposition:

Proposition 4.17. Suppose that X is a compact metric space. Let (Y,dy) be a metric space,
and let f: X =Y be continuous. Then f is uniformly continuous.
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Proof. Let € > 0. Since f is continuous the set f~'(B(f(z),¢/2)) is open for any x € X and
thus the set:

U= {f"1(B(f(x),¢/2)) }oex

is an open cover for X. Because X is a compact metric space it is also sequencially compact, and
thus from Lebesgue’s lemma we have that exists a Lebesgue number p > 0 for 4. Now let x1, 22 €
X such that d(x1,22) < p, by definition exists z € X such that 1,22 € f~(B(f(z),¢/2)),

thus:
€

dy (f(z1), f(x2)) < dy (f(21), f(2)) + dy (f(z), f(22)) < % +g=e
O

There is also a connection between compactness and total boundness as we see in the fol-
lowing proposition.

Proposition 4.18. The metric space X is compact if and only if it is complete and totally
bounded.

Proof. To be added. O

Corollary 4.19. Suppose that X is complete and let A be a nonempty closed subset of X. Then
A is compact if and only if it is totally bounded.
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5 The Arzela—Ascoli theorem

5.1 Algebras

Definition 5.1 (Algebra). Let K be a field and A a vector space. Let||: A x A — A be a
binary operation. Then A is called an algebra if for each z,y, z € V the following identites hold:

o Left distributiviy: (z+vy)-z=z-2+y- 2.
o Right distributiviy: z- (x +y) =z -+ 2 -y.
o Compatibility with scalars: (ax) - (by) = (ab)(z - y).

Remark 5.1. These identites actually just imply that the operation is bilinear. An algebra
over K is sometimes called a K-algebra and K is called the base field of A. Notice that we
didn’t require the operation to be associative or commutative, although some authors use the
term “algebra” to refer to an associative algebra.

Definition 5.2 (K-algebra homomorphisms). Given K-algebras A, B then a homomorphism
of K-algebras is a K-linear map f: A — B such that f(x-y) = f(z)- f(y) for all z,y € A.

Remark 5.2. If A and B are unital then the morphism f(14) = 1p is called the unital
homomorphism. The space of all K-algebra homomorphisms between A and B is usually
written as Homp_a15(A, B). A K-algebra isomorphism is a bijective K-algebra homomorphism.

A subalgebra of a K-algebra A is a linear subspace of A such that all products and sums of
the subspace are themselves elements of the subspace. For examples R with complex addition
and multiplication as a subspace of the R-algebra C is an example of a subalgebra.

Similarly to rings, algebras also have a concept of ideals. A left ideal L of a K-algebra A,
is a linear subspace of A such that for any z,y € L, ¢ € K, z € A the following three identities
are satisfied:

e L is closed under addition: x +y € L
e L is closed under scalar multiplication: cx € L
e L is closed under vector multiplication from the left by arbitrary elements: z - x € L

We can similarly define a right ideal. An ideal that is both a left and a right ideal is called
a two-sided ideal or simply an ideal. Notice that every ideal is a subalgebra and that in a
commutative algebra any ideal is a two-sided ideal. Also notice that in contrast to an ideal of
rings, here we also have a the requirement for closure under scalar multiplication and not just
being a subgroup of addition. If the algebra is unital then the third requirement implies the
second one.

You can also talk about extension of scalars but I don’t know what that is yet.

Let (X,d) be a fixed compact metric space. Denote C'(X) the algebra of all continuous
functions f: X — R and Cp(X) the subalgebra of all the boundded functions in C'(X). Because
X is compact we know that the image f(X) of any f € C(X) is compact and in particular
bounded and thus Cy(X) = C(X). This means we can set the norm |- |- on C(X). We can
thus consider C'(X) as a metric space with the metric induced on it by | - |. We will soon
establish a useful characterisation of the compact sets in C(X).
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5.2 The Arzela—Ascoli theorem

Definition 5.3 (Equicontinuity). A subset F' C C'(X) is called equicontinuous if for any € > 0
there exists a d > 0 such that ‘f(a:) — f(y)| < e forany f € F and x,y € X with d(x,y) <.

Theorem 5.1. (Arzela—Ascoli theorem). Let F' be a nonempty closed subset of C(X). Then
F is compact if and only if it is bounded and equicontinuous.

Remark 5.3. It is easy to see that F' is bounded if and only if there exists M > 1 so that
|f(x)] < M for all fe F and z € X.

Example 5.1. Let K > 0. Set L as the set of all f € C([0,1]) such that|f|, < K that are
K-Lipschitz. We will prove that L is compact. Given

fEC([O71]) and f17f27.‘. cL s.t. |f_fn|oo »,H—oo)O’

it is clear that
flo <K and Vayel01), [fx)— f) = lim [fu@) ~ fuly)] < K|z~ ]

which shows that f € L and that means that L is closed in C([0, 1]). Since L is a closed subset
of C([0,1]), which is clearly also bounded and equicontinuous, from Theorem 5.1 we have that
L is compact.

Lemma 5.2. Let X be a metric space and let A C X be totally bounded. Then every nonempty
subset of A is totally bounded.

Proof. Let B C A be a nonempty subset of A. Let € > 0, because A is totally bounded there

exist x1,...,z, € A such that:
n
€
Ac| /B (x 4).

i=1
Let y1,...,Ym be all the points x; such that B(z;, §) N B # (). Now we have:

BCGB(yi,fJ.

=1

Choose m arbirary points z,, that satisfy:
€

Z; €B<yi,4> QB#(Z)
Now by the construction we have z1,..., 2, € B and also:

m c m

B C UB <yi,4> - UB(zi,s),

=1 i=1

where the last inclusion is following from the fact that:

diam B (yi, Z) = % and z € B <Z/z‘, Z)

for every 1 <1i¢ < m. O

Lemma 5.3. Letn > 1 and equip R™ with its standard Fuclidean metric. Then any nonempty
bounded subset of R™ is totally bounded.
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Proof. Let A be a nonempty bounded subset of R”. Since A is bounded there exists ¢ € R% and
r > 0 such that A C B(e,r). Without loss of generality we can assume that ¢ is the origin, and
then we have:

AcC B(0,r) C [-rr] x - x[-rr]:=R

d times

From the previous lemma because we have A C R and A is nonempty, it suffices to prove that
R is totally bounded. Let € > 0, it is clear that the set:

{2

is an e-net of R and thus R is totally bounded which completes the proof.

Proof of Theorem 5.1. To be added.
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6 Seperation

Let X be a fixed topological space.

6.1 Definitions
6.1.1 T}-spaces

Definition 6.1 (7;-spaces). We say that X is a Tj-space if and only if for every z1,z9 € X
there exist neighbourhoods U; of x; and Us of x9 such that z1 ¢ Uz and xo ¢ Uj.

Remark 6.1. We can also verify that if X is a T1-space then every topological subspace of X
is also a Tj-space.

Proposition 6.1. The space X is a Th-space if and only if {x} is closed in X for every xz € X.

Proof. Suppose that X is a Tj-space. Let x € X. For every y € X \ {z} there exists a
neighbourhood U, C X \ {z} the union of which gives X \ {z} and then {z} is closed as
wanted. Now assume that {z} is closed for every x € X. For two points z1,z2 € X the sets
{z1},{x2} are closed and thus we have U; := X \ {x1} neighbourhood of x; and Uy := X \ {z2}
neighbourhood of x5 such that z1 ¢ Us and x5 ¢ Uy. O

6.1.2 Hausdorff spaces

Definition 6.2 (Hausdorff space). We say that X is a Hausdorff space if for all distinct z1, 29 €
X there exist open sets Uy, Us C X with 1 € Uy, 29 € Uy and Uy N U, = 0.

Remark 6.2. We can verify that every Hausdorff space is a Ti-space and that if X if a Hausdorff
is a topological space then every subspace of X is also a Hausdorff space.

Proposition 6.2. Let {X;}ic; be a nonempty family of Hausdorff spaces. Then the product
space [ [;c; Xi is also a Hausdorff space.

Proof. Let {x;}icr, {yi}icr be distinct points in [ [, ; X;. Therefore exists ig € I such that z;, #
Yio- Because X, is a Hausdorff space there exist open sets U, U, C X;, with x € U,y € U,
and U, NU, = (). We know that the projection 7, : Hiel X; — X, is continuous and thus
F;}l(Ux) and wi_ol(Uy) are two open and disjoint sets of [ [,.; X; such that {z;};c; € Wi_ol(UI) and
{Yi}ier € '(U,) as wanted. This shows that [[,.; X; is a Hausdorff space which completes
the proof. O

Remark 6.3. The following proposition is one of the most important properties of Hausdorff
spaces.

Proposition 6.3. Suppose that X is a Hausdorff space. Let K be a compact subset of X with
K # X, and let x € X \ K. Then there exist open sets U,V C X so that x € U, K C V and
unv =40.

Proof. First we may suppose that K # () otherwise we could choose U = X and V = (). Since
X is Hausdorft for every y € K exist Uy, V,, C X disjoint open sets such that x € U, and y € V.
We have K C UyeyVy but since K is compact exist y1,...,y, such that K C Uj_;V,,. We now
define:

V= U?:lvyia

U = m:L:lU e
It is clear that both sets are open, and that x € U and K C V and for every i € [n] we also see

that:
Y,, NUCV,NU, =0,

which means that U NV = () as wanted which completes the proof. O
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Corollary 6.4. Let X be a Hausdorff space. Then every compact subset of X is closed.

Proof. Let K C X be compact. We may clearly assume that K # X. Given z € X C K,
it follows from the previous proposition that there exists a neighbourhood U of z which is
contained in X \ K. This shows that X \ K is a union of open sets, and so it is itself open.
Thus K is closed, which completes the proof. O

Proposition 6.5. Suppose that X is a Hausdorff space, let Y be a compact topological space,
and let f: Y — X be a continuous bijection. Then f is a homeomorphism.

Proof. All that’s left to show is that f is an open map. Let U C Y be open. It follows that Y \U
is closed in a compact space and thus compact. Since f is continuous f(Y \U) is compact. From
the previous corollary f(Y \U) is closed. Since f is a bijection we also have f(Y\U) = X\ f(U).
This implies that U is open, so f is an open map and the proof is complete. ]
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7 Completely regular spaces and normal spaces

7.1 Completely regular spaces

Definition 7.1 (Seperating set). We say that Cj(X) separates points if for every distinct
x,y € X there exists f € Cp(X) with f(z) # f(y). In general, a set S of functions with domain
D, is called a seperating set for D if for any two distinct elements x and y of D, there exists a
function f € S such that f(z) # f(y).

Remark 7.1. It is clear that if C,(X) seperates points then X is a Hausdorff space.

Remark 7.2. The following definition strengthens this seperation property, which turns out to
be quite convenient.

Definition 7.2 (Completely regular space). We say that X is a completely regular space if,
(1) X is a Ty-space.

(2) for every closed subset F' of X and z € X \ F there exists a function f € Cy(X) such that
f(X) C[0,1] and f(x) =0 and f(y) =1 for all y € F.

Remark 7.3. Notice that from condition (1) we have that {z} is closed for every x € X. From
this follows that Cy(X) seperates the points of X, and thus in particular X is a Hausdorff space.

Proposition 7.1. Suppose that X is completely reqular. Then every topological subspace of X
is also completely reqular.

Proof. Let Y be a topological subspace of X. It is clear that Y is also a Tj-space. Let F' be a
closed subset of Y and let z € Y\ F. Since F is closed in Y there must exist @ closed in X
such that FF =Y N Q. Since x ¢ @ and X is completely regular, there must exist f € Cy(X)
such that f(X) C [0,1] and f(y) =0 and f(x) =1 for all x € Q.

Now if we consider g := f|y, it is clear that g(X) C [0,1] and g(y) = 0 and g(z) = 1 for all
x € F, which shows that Y is completely regular and completes the proof. O

This next seperation property is very similar to the definition of a Hausdorff space, except
that it applies to disjoint closed sets instead of points.
7.2 Normal spaces
Definition 7.3 (Normal space). We say that X is a normal space if,
(1) X is a Ty-space.

(2) for every pair of disjoint closed subset F; and F» of X there exists disjoint open subsets
Ui and U; of X so that F; C Uy and Fs C Us.

Remark 7.4. A topological subspace of a normal space is not necessarily normal.
Example 7.1. To be added.
Proposition 7.2. Any metric space is normal.

Proof. Let X be a metric space. Suppose that F; and Fy are disjoint closed sets in X. Since
F1 and F5 are disjoint closed sets we have that for any y; € F} and y9 € F5 that

d(yl,Fg) >0 and d(yQ,Fl) > 0.

Set,

Up = |J By.d(y,F2)/2) and Us:= | J B(y,d(y, F1)/2).
yeF IS

33



7 Completely regular spaces and normal spaces Topology

It is clear that U; and Us are open sets in X and that F} C Uy and Fy C Us.
To show that U; and U; are disjoint, we can assume by contradiction that exists x € Uy NUs.
Then exist y; € F1 and yo € Fy such that

x € B(y1,d(y1, F2)/2) N B(yz, d(y2, F1)/2),

but this is clearly impossible, which completes the proof. O

Proposition 7.3. Suppose that X is a compact Hausdorff space. Then X is normal.

7.2.1 Urysohn’s lemma

Lemma 7.4 (Urysohn’s lemma). Let X be a normal topological space, and let A and B be
disjoint closed subsets of X. Then there exists a continuous f: X — [0,1] so that f(a) =0 for
a€ Aand f(b)=1 forbe B.

Lemma 7.5. Let X be a Ti-space. Then X is a normal space if and only if for every closed
F C X and openU C X such that F C U there exists an open V C X suchthat FCV CcV C F.

Proof of Theorem 7.4. To be added. 0

Corollary 7.6. Let X be a normal topological space, let A and B be disjoint closed subsets
of X, and let o, 8 € R be with a < 3. Then there exists a continuous f: X — [a, ] so that
fla) =« forae A and f(b) = forbe B.

Proof. From Urysohn’s lemma we know that exists a continuous function f: X — [0, 1] such
that f(a) =0 for a € A and f(b) =1 for b € B. We can define the function

g:[0,1] = R

g(x) = (B - a)a +a.

It is clear that the function ¢ := f o g satisfies the conditions of the corollary and completes
the proof. O

7.2.2 The Tietze extension theorem

Theorem 7.7. (The Tietze extension theorem). Let X be a normal space and let F' be
a closed nonempty subset of X. Equip F with the subspace topology and let f: F — [a, B] be
continuous, where a, B € R with o < 3. Then there exists a continuous f: X — [a, 8] so that

f(z) = f(z) forz e F.
The following example shows that the condition of F' begin closed is necessary.

Example 7.2. Let X = [0,1] and F' = (0, 1]. Set f(z) := sin (%) for x € F. Then X is normal

and f is continuous and bounded, but it is clear that f cannot be extended continuously to a
function on X.

Lemma 7.8 (Weierstrass M-test). Let X be a topological space. Let { fi}r>1 C Cp(X), and let
{Mp}r>1 C (0,00) such that 23S My, < oo and| fr(x)| < My, for allk > 1 and allz € X. Then

there exists a function f € Cy(x) such that Zle fi koo, f uniformly, and ‘f(:v)‘ <D he My
forallx € X.
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Proof. Given ¢ > 0 there exists some N > 1 such that Zkz N M < e. Therefore, for all
n > m > N we have that

=D 8 <D A <D Mi<e
i—1 i=1

0o i=m—+1 0o k>N

which shows that {f;}r>1 is a Cauchy space in Cp(X). Since Cp(X) is complete, this means
that {fx}r>1 converges uniformly to some f € Cy(X) which completes the proof. O

Proof of Theorem 7.7. To be added. O

7.3 Embeddings

Definition 7.4 (Embedding). Let X and Y be topological spaces. A mapping f: X — Y is
said to be an embedding if it is a homeomorphism onto f(X), where f(X) is equipped with the
subspace topology.

The following lemma is very useful when trying to prove a topological space is metrizable.

Proposition 7.9. Let (X, 7) be a topological space, let (Y,d) be a metric space, and suppose
that there exists an embedding f: X — Y. Then X is metrizble.

Proof. Denote Z := f(X), and let dz be the metricon Z C Y induced by dy. Alsolet g: 7 — X
be the function such that f o g = idyx. Define the functiondx such that for all x1, x5 € X we
have
dx(z1,22) = dz(f(z1), f(22)).

It is clear that dx is a metric on X, and that f is an isometry from (X,dx) onto (Z,dz)
which also makes it a homeomorphism. Since f is a homeomorphism from (X, 7) to (Z,dz),
and the composition of homoemorphisms is a homeomorphism, we have that idy = go f is a
homeomorphism from (X, 7) to (X,dx). This implies that 7 is equal to the topology induced
by dx which shows that X is metrizable and completes the proof. O

7.3.1 /(P spaces

Definition 7.5 (¢! space). We define the normed space ¢! with the norm N as such:

o0 o
=z ecRY Z]wz\ < 00 with N(x):= Z|xz]
i=1 i=1
More generally, we define the normed space 2 for 0 < p < oo as
(o] o0 ;
P ={zeRY| Z|xi|p < 00 with  N(z):= Z|xi|p
i=1 i=1

And we can even define spaces like £>°, and see that ¢? is a Hilbert space, but that is done in a
functional analysis and will not be discussed in these notes.

7.3.2 The Uryshon embedding theorem

Theorem 7.10. (the Urysohn embedding theorem). Let X be a second countable normal
topological space. Then there exists an embedding f: X — 1.

Proof. To be added. O

A very useful corollary of the Urysohn embedding theorem, coupled with the previous propo-
sition, is the following corollary.

Corollary 7.11. Let X be a second countable normal topological space. Then X is metrizable.

35



7 Completely regular spaces and normal spaces Topology

7.4 Compactifications
7.4.1 The Stone—Cech compactification

Theorem 7.12 (Stonef—Cech compactification). Let X be a completely regular space. Then
there exists a compact Hausdorff space 3(X) and an embedding p: X — 5(X), such that

(1) o(X) is dense in 5(X).
(2) for each f € Cy(X) there exists a unique f € Cy(B(X)) such that f = fo .

Remark 7.5. The space 3(X) is called the Stone-Cech compactification of X. It is also
customary to identify the space X with the space ¢(X). With this identification property (2)
gives that every element of Cy(X) extends uniquly to an element of Cy(3(X)).

To prove the theorem we will need the following lemma.

Lemma 7.13. Let X be a completely reqular space, and write T for the given topology of X.
Then 7 is equal to the weak topology generated by Cyp(X).

Proof. To be added. O

7.4.2 One-point compactification

Let X be a topological space and let co be an object outside of X. Write X, := X U {o0}.
Then the collection

7:={U|UC X isopen}U{X,\K|K C X is compact}
is a topology on X ..

Remark 7.6. The space X, is called the one-point compactification of X. The point oo is
called the point at infinity.

Notice that oo is an isolated point of X, if and only if X is compact.
Proposition 7.14. For any topological space X, the space Xo is a compact Hausdorff space.
Proof. To be added. O
Corollary 7.15. Any locally compact Hausdorff space is completely reqular.

As an application of the one-point compactification, we also have the following stronger
version of the previous corollary. It is an important tool in the theory of measure and integration
on locally compact Hausdorff spaces.

Proposition 7.16. Let K be a compact subset of X, and let U be an open subset of X with
K C U. Then there exists a continuous f: X — [0,1] so that f(z) =0 forx € K and f(z) =1
forze X \U.

Proof. Since K and X, \ U are disjoint closed sets in the normal space X, it follows from
Urysohn’s lemma that exists a continuous function g: X, — [0, 1] such that g(z) =0 for z € K
and f(z) =1 for x € X \ U. The proposition now follows from taking f to be the restriction
of g on X. O
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Write R2_ := R? U {oco}. We will show that the unit sphere S? equipped with the topology
induced on it by R3 is homeomorphic to R% . First, note that by the Heine-Borel theorem S?
is compact. Now, set N := (0,0,1) and let o: S? — R2, be with o(N) = oo and

x1 Z2

f 2\ {N}.
1_$3,1_$3) or (z1,z2,23) € S°\ {N}

o(ry, 22, 73) = <
The restriction of o to S? \ {IN} is called the stereographic projection. It is easy to see that
o is a continuous bijection. From this, since S? is compact, since R, is Hausdorff, and by a
previous proposition we have that a continuous bijection from a compact space to a Hausdorff
space is a homeomorphism, so it follows that ¢ is a homeomorphism.
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8 Connectednes

8.1 Connectedness

Definition 8.1 (Connectedness). The space X is said to be connected if there does not exist
disjoint nonempty open subsets U and V of X so that X =U U V. If X is not connected then
we say that it is disconnected. A nonempty subset of X is said to be connected (respectively
disconnected) if it is connected (respectively disconnected) as a topological subspace of X (i.e.
when it is equipped with the subspace topology).

Notice that by the above definition, we can also characterize a connected space by having
two disjoint nonempty closed sets U and V such that X = UUV, or be having a subset U C X
such that U # X and U # () and X is both open and closed.

Remark 8.1. It should be clear that for every z € X the subspace {z} is connected.

Proposition 8.1. Let Y be a nonempty subset of R. Then Y is connected if and only if Y 1is
an interval.

Proof. First suppose that Y is not an interval. Then exist a,b,t € R such that a,b € Y and
t¢Y and a <t <b. Now set

U:=(-00,t)NY and V :=(t,00)NY.

It is clear that U and Y are two disjoint nonempty open subsets of Y such that UNV =Y.
This shows that Y is disconnected.

Next suppose that Y is an interval. Assume by contradiction that Y is disconnected, then
exist nonempty disjoint closed subsets A and B of Y such that Y = AU B. Choose arbitrary
a€ Aand b e B. Since AN B = () we can assume without loss of generality that a < b. Denote
s :=sup([a,b] N A). Since A is closed in Y, it is sequencially compact and thus we have s € A.
Since b € B and AN B = () we have that s < b. From this, and since Y is an interval we have
(s,b] C B. However, since B is also sequencially compact in Y this means that s € B, and
thus s € AN B = (). This contradiction shows that Y must be connected which completes the
proof. O

Proposition 8.2. Suppose that X is connected, let Y be a topological space, and let f: X —Y
be continuous. Then f(X) is connected.

Proof. Assume by contradiction that f(X) is connected. This means that exist U and V' open
subsets of Y such that

f(X)cUUV and f(X)NU#O and f(X)NV #D and f(X)NUNV £0D.
1 &) 3) (4)

Since f is continuous we have that U~! := f~1(U) and V! := f~1(V) are open. From (1) we
get that X = U~ UV L. From (2) and (3) we get that U~! and V! are nonempty. From (4)
we have
UttnvTl =N O) N V) N X))
= HUNVNFX) = fH0) =0

which implies that X is disconnected. This contradicts our initial assumption, which shows
that f(X) must be connected and completes the proof. O

The following corollary is very useful, because it is a generalization of the mean value theorem
from analysis.
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Corollary 8.3. Suppose that X is connected and let f € C(X) be given. Then f(X) is an
interval. In particular, for every x,y € X andt € R with f(x) <t < f(y) there exists z € X so
that f(z) =t.

In the following proposition we consider the space {0, 1} as a topological subspace of R. It
is clear that it is disconnected.

Proposition 8.4. The space X is disconnected if and only if there exists a continuous mapping
from X onto {0,1}.

Proof. Suppose first that X is disconnected. Then exist disjoint closed nonempty set U and V'
such that X = U UV. Define the function f: X — {0,1} as such

0, z€U
f(x):{l xiV.

It is clear that f is continuous which completes the first side of this proposition.

Suppose next that there exists a continuous mapping from X onto {0,1}. If X were con-
nected, it would follow that {0,1} is also connected by Theorem 8.2. Since we know that
{0, 1} is disconnected, it follows that X must be disconnected which completes the proof of this
proposition. O

Proposition 8.5. Let {Y;}icr be a nonempty family of connected topological spaces. Then the
product space Y = [[;c; Y; is also connected.

Proof. To be added. O

Corollary 8.6. Let n > 1 and equip R™ with its standard FEuclidean topology. Then R™ is
connected.

Proof. Since n is a finite number, we know that the standard topology on R" is equal to its
product topology. As we saw in Theorem 8.1 we have that R is connected. The corollary now
immediately follows from Proposition Theorem 8.5. O

Proposition 8.7. Let A be a connected subset of X, and let B C X be with A C B C A. Then
B is connected. In particular A is connected.

Proof. Assume by contradiction that B is disconnected. The exist nonempty disjoint open
subsets U and V such that

BCcUUV and BNU#® and BNV #Q and BNUNV #0.
S——— — —— | S ——
(1) @) (3) (4)
From (1) and (4) and A C B we get that AC UUV and ANUNV # (. Since U and V are
open, and since we have (2) and (3) and B C A we get that ANU # () and ANV # (). It follows

that A is disconnected which contradicts our initial assumption and completes the proof of the
proposition. O

8.2 Path connectedness

Definition 8.2 (Path). Let X be a fixed topological space. Let z,y € X be given. A path in
X from z to y is a continuous map ~y: I — X with v(0) = z and (1) = y.

Definition 8.3. We say that X is path connected if for every x,y € X there exists a path in
X from x to y. A nonempty subset of X is said to be path connected if it is path connected as
a topological subspace of X (i.e. when it is equipped with the subspace topology).
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Proposition 8.8. Assume that X is path connected. Then it is also connected.

Proof. Assume by contradiction that X is disconnected. Then there exist nonempty disjoint
open subsets U and V of X such that X = U UV. Choose arbitrary v € U and v € V.
Since X is path connected there exists a continuous function 7: [0,1] — X such that v(0) = u
and (1) = v. However, since [0,1] is an interval it follows from Theorem 8.1 that ([0, 1])
is connected. On the other hand, since v([0,1]) € X = U UV and u € ~([0,1]) N U and
v e€([0,1)NV and UNV = 0 it follows that ([0, 1]) is connected. This contradiction shows
that X must be connected, which completes the proof. ]

One good pratice exercise is to prove that given a normed space (Y)]|:||) and a nonempty
convex C' C Y, then C is path connected, and in particular, from the above proposition,
connected.

8.2.1 the Topologist’s sine curve

Definition 8.4 (Topologist’s sine curve). The topologist sine curve is defined as the set

T .= {(x,sin %) |z € (0, 1]} U{(0,0)}.
The closed topologist’s curve is defined as the closure of T' and we get
T=TU{(0.4) |ye 11},

Proposition 8.9. The topologist’s sine curve is connected but not path connected.

Proof. To be added. O

8.3 Connected components

Definition 8.5 (Connected component). Let C be a connected subset of X. We say that C' is
a connected component of X if it is not properly contained in any connected subset of X.

Example 8.1. We have seen that R is connected, thus it has only one component that is itself.

Example 8.2. Equip Q with the subspace topology induced by R. Let £ C Q such that
|E| > 2. Choose aribirary a,b € E such that a < b. Let z € (a,b) \ Q. Set

U::{q€Q|q<CL‘} and V::{qEQ]q>x}.

We have that ECUUV andae€ ENU andbe ENV and U NV = () which implies that the
set F is disconnected. We thus have that {{q} |q € Q} are the only connected components in

Q.

Proposition 8.10. Let C be the collection of all connected components of X. For each © € X
denote by C, the union of all connected subsets of X containing x. We have the following
properties,

(1) x € Cy and Cy € C;

(2) X =UceeC and CyNCoy =0 for all C1,Cy € C;

(3) A €C for every A C X which is connected, open, and closed;
(4) C is closed for all C € C.
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Definition 8.6 (Totally disconnected space). We say that X is totally disconnected if its
connected components are its points. That is, X is totally disconnected if each connected
component C of X is of the form C' = {x} for some z € X.

Definition 8.7 (Totally seperated space). We say that X is totally separated if for all distinct
x,y € X there exist disjoint open subsets U and V of X sothat r e U,y € Vand X =UUV.

Remark 8.2. It is clear that every totally seperated space is a Hausdorff space.
Proposition 8.11. Suppose that X is totally separated, then it is totally disconnected.

Proof. Suppose that exists Y C X such that |[Y| > 2 and Y is a connected component of X.
Since X is totally seperated, for any distinct x,y € Y there exist disjoint open subsets U and
Vof X sothat z € U,y € V and X = UUYV. This clearly shows that Y is disconnected, which
implies that X is totally disconnected. O

Example 8.3. As we saw in the previous example, we can show that Q equipped with the
topology induced by R is totally seperated.

Example 8.4. Any discrete space is totally separated.
The following is an example of a totally disconnected space that is not totally seperated.

Example 8.5. Let oo and —oo be two objects outside of N and set X = NU {+oo}. Let 7 be
the topology on N generated by

{{n} |neN}U{{n} U(N\ F)|n € {+oo} and F C N is finite} .
It is easy to show that (X, 7) is totally disconnected but not totally seperated.

Proposition 8.12. Suppose that X is a T1-space. Assume moreover that X has an open base
B whose elements are also closed. Then X is totally separated.

Proof. To be added. O

Proposition 8.13. Suppose that X is compact and totally separated. Then X has an open base
whose elements are also closed.

Proof. To be added. O

8.4 Local connectedness

Definition 8.8 (Locally connected space). We say that a topological space X is locally con-
nected if for every x € X and every neighbourhood U of x there exists a connected neighbour-
hood V of z with V C U.

Example 8.6. Let X be a normed space, and let Y be a nonempty open subset of X. Then
equip Y with the metric induced by the norm of Y. It is clear that any open ball in Y is convex,
and as we saw previously, any convex subset of Y is connected. From this it follows directly
that V is locally connected.

The following is an example of a locally connected space that is not connected.

Example 8.7. Set V = (0,1) U (2,3) and equip V with the subspace topology induced by R.
It is easy to verify that V is locally connected but not connected.

The following is an example of a connected space that is not locally connected.
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Example 8.8. Let T be the closed topologist’s sine curve equipped with the subspace topology
as a subspace of R. It is connected, but it can be shown that it is not locally connected.

Proposition 8.14. Let X be a locally connected topological space. Then the connected compo-
nents of X are open sets.

Proof. Let C be a connected component of X, and let x € C' be given. Because X is locally
connected there exists a connected neighbourhood U of x. Because C'is a connected component,
it is the union of all connected subspaces £ C X such that z € E. In particular U C C'. We
proved that for any x € C there exists a neighbourhood U of x such that « C U C C. This
means that C' is open which completes the proof. O
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