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1 Introduction Noncommutative algebra

1 Introduction

Remark 1.1. In this course, unless explicitly stated otherwise, the term ring will be preserved
to rings with units which are not necessarily commutative. Homomorphisms between rings are
required to respect the identity, that means that if f: R — S is a ring homomorphism then

f(1g) = 1g.

Definition 1.1 (Opposite ring). For a ring R, we define the opposite ring R°P by giving it the
additive ring of R, and defining a *xpop b = b xg a.

Example 1.1. Let n > 1, and let F be a field. The map A — AT is an isomorphism from
M, (F) to M, (F)°P.

1.1 Modules

Definition 1.2 (Module). Let R be a ring. A left R-module is a pair (M, p) where M is an
abelian group, and p is a homomorphism from R to End(M). Similarly, a right R-module is a
pair (M, p) where M is an abelian group, and p is a homomorphism from R to End(M)°P.

Remark 1.2. If R is commutative, then every left R-module is also a right R-module and vice
versa. Thus, when we do commutative algebra, we simply use the term “module”.

Remark 1.3. We sometimes say that M is a left (or right) module, without mentioning the
homomorphism p when it is possible to infer it from context. If r € R and m € M we usually
write r - m instead of ¢(r)(m). This terminology is justified by the following exercise.

Exercise 1.1. Let R be aring and M and abelian group. Prove that there is a bijection between
the set of left R-modules with underlying group M and the set of functions -: R x M — M
which satisfy the following properties:

(1)

(2) r-(m+n)=r-m+r-n.
(3) (r+s)-m=r-m+s-m
(4)

(rs)-m=r-(s-m).

Example 1.2. A vector space is a module over a field.

Example 1.3. Every abelian group is a module over Z (note that there is a unique homomor-
phism from Z to End(M)).

Example 1.4. Let n,m > 2 and R be a ring. Then M, ,,(R) is a left M, (R)-module where
the action of R on M is by matrix multiplication from the left. Similarly M, ,(R) is a right
M,,(R)-module where the action of R on M is by matrix multiplication from the right.

Example 1.5. Let R be aring. Then R is a left (equivalently, right) R-module where the action
of R on R is by left (equivalently, right) multiplication. We usually write rR (equivalently Rp)
to indicate that we view rR as a left module (equivalently, right). The left (equivalently, right)
ideals of R are the left (equivalently, right) submodules of rR (equivalently, Rp).

Remark 1.4. Many definitions, constructions, and theorems about abelian groups have natural
counterparts in the theory of modules.

Definition 1.3. Let R be a ring.
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(1) A R-homomorphism from a left R-module M to a left R-module N is a group homo-
morphism «: M — N such that for every » € R and every m € M we have that
a(rm) = ra(m).

(2) A submodule of a left R-module M is a subgroup L < M such that for every r € R and
every m € L we have that rm € L.

(3) Let L be a submodule of a left R-module M. The quotient group M /L inherits a structure
of a left R-module by the rule “for every r € R and every m + L € M/L we define
r(m+ L) :=rm+ L"

Example 1.6.

(1) Let M be an abelian group and view it as a Z-module. Every subgroup of M is a
submodule.

(2) Let R be a ring. The submodules of Ry are the right ideals of R.

Exercise 1.2. Let R be a ring and a: M — N be a homomorphism of left (right) R-modules.
Prove that ker & and im «v are left (right) submodules of M and N respectively.

Exercise 1.3. State and prove the isomorphism theorems for modules.

Definition 1.4 (Direct product). Let R be a ring. Let (M;);c; be an indexed family of left
R-modules. The direct product of (M;);cr, denoted by [];.; M;, is the left R-module whose
underlying group is the direct product of the underlying groups of each of the M;s, and the
action of R is the pointwise actions. More explicitly:

(1) The elements of [],.; M; are functions f: I — U;erM; such that for every i € I we have

(2) For every f,g € [[;c; Mi, the sum f + g is defined by the pointwise sum (f + g)(i) :=
f(@) +g(i).

(3) For every r € R and f € [[;.; M;, the product r - f is defined by (r - f)(i) = r - f(i) for
evert ¢ € I.

Definition 1.5 (Direct sum). Let (M;);er be an indexed family of left R-modules. The direct
sum of the M;s denoted by ®;c;M;, is the submodule of Hiel M; consisting of the elements f
with finite support, i.e., the elements f € [[,.; M; for which the set {i € I | f(i) # 0} is finite.

Remark 1.5. We remind that all of the above (and below) definitions, theorems, and exercises
have counterparts with right R-modules.

Exercise 1.4. Let R be a ring and M a left or right R-module. Prove that an intersection of
(possibly infinitely many) submodules of M is a submodule of M.

Definition 1.6 (Generated submodule). Let X be a subset of M. The submodule of M
generated by X is the intersection of all submodules of M that contain X.

Definition 1.7 (Sum of submodules). Let {NN; | i € I} be a set consisting of submodules of M.
We denote by ) ;. ; N; the submodule of M generated by U;esN;.

Exercise 1.5. Let R be aring, and let M be a left or right R-module. Prove that the submodule
generated by X consists of the R-linear finite sums of elements of X (where the empty sum is
defined to be equal to zero).

Definition 1.8. Let R be a ring, and let M be a left or right R-module. We define Endg(M)
to be the subring of End(M) consisting of the R-homomorphisms.
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Exercise 1.6. Let R be a commutative ring and M an R-module. Prove that for every r € R
and every f € Endg(M), the function rf: M — M defined by (rf)(m) := r(f(m)) belongs to
Endgr(M). Deduce that in this case, Endr(M) carries the structure of an R-module.

Definition 1.9 (Noetherian ring). Let R be a ring, and let M be a left or right module.
The module M is called Noetherian (respectively Artinian) if there is no infinite and strictly
increasing (respectively, decreasing) chain of submodules of M.

Example 1.7. Zz is a Noetherian Z-module which is not Artinian.

Example 1.8. Let p be a prime number. Then Z[1/p]/Z = {a/p" | a € Z and n € N}/Z is an
Artinian Z-module which is not Noetherian.

Remark 1.6. The group Z[1/p|/Z is known as a Priifer group, and is usually denoted by Z(p*°).
It is worth taking the time to understand its structure, and why the claim in Example 1.8 holds.
1.2 Simple and semisimple modules

Definition 1.10 (Simple module). Let R be a ring. A left or right R-module M is called simple
if M is not the zero module and the only submodules of M are 0 and M.

Example 1.9. A finite abelian group is a simple module over Z if and only if it is of a prime
order.

Example 1.10. Let n,m > 1 and F be a field. Then M,,«,,,(F) is a simple left M, (R)-module
if and only if m = 1.

Example 1.11. Let R be a nonzero ring. Then Rp is a simple right R-module if and only if
the right ideals of R are the zero ideal and R itself.

Exercise 1.7 (Characterization of simple modules). Let R be a ring. For a nonzero right
R-module M, show that the following conditions are equivalent:

(1) M is simple.
(2) mR = M for all nonzero m € M.
(3) M = Rp/I for some maximal right ideal I of R.

Lemma 1.1 (Schur’s lemma). Let M and N be right R-modules, and let p: M — N be a
nonzero homomorphism. Then:

(1) If M is simple, then p is injective.

(2) If N is simple, then p is surjective.

(8) If M and N are simple right R-modules, then either M = N or Homp(M,N) = 0.
(4) If M is simple, then Endr(M) is a division ring.

Remark 1.7. Recall that a division ring is a ring in which division is well defined for nonzero
elements. A commutative division ring is a field. As a fun fact, Wedderburn’s little theorem
asserts that all finite division rings are commutative and therefore finite fields.

Definition 1.11 (Composition series). Let R be a ring and M be a left or right R-module.
An increasing chain of submodules 0 = My C My € --- C M,y C M, = M of M is called a
composition series of M if for every 0 < i < n, the R-module M;;1/M; is simple. The factor
modules are called the composition modules of M.
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Example 1.12. The Z-module Zy does not have a composition series.

Example 1.13. For every natural number n > 2 denote Z, := Z/nZ. The series 0 C 4715 C
2712 - Z1o and 0 C 6Z12 C 3712 C Z12 are both composition series for the Z-module Zi5. The
composition factors of the above two series consist of two simple modules isomorphic to Zs and
one simple module isomorphic to Zs. The fact that the composition factors are identical in both
series is not a coincidence.

Exercise 1.8. Prove that M has a composition series if and only if it is Noetherian and also
Artinian.

Exercise 1.9. Prove that Jordan—Hdélder theorem: If M has a composition series then, up to
isomorphism, the composition factors and their multiplicity are the same for each composition
series.

Definition 1.12 (Semisimple module). A right or left R-module M is called a semisimple
module if it is isomorphic to a direct sum of simple modules.

Example 1.14. Let pi,...,pr be prime numbers and denote n := py---pg. Then Z/nZ is a
semisimple Z-module if and only if py, ..., ps are distinct.

Definition 1.13 (Internal direct sum). Let R be a ring and M a right or left R-module. Let
(M;)ier be an indexed collection of submodules of M. Let a: @®;e;r M; — > ,c; M; be the
R-homomorphism defined by a(f) := _.,.; f(i) for every f € ®;crM;. We say that ) . ; M; is
an internal direct sum of the indexes collection (M;);c; if a is an isomorphism onto ) ., M;.

Example 1.15. The Euclidean plane M = R? viewed as an R-module is an internal direct
sum of the submodules M; = {(z,0) | z € R} and My = {(0,y) | y € R}. Indeed, the map
a: My ® My — 37| M; given by a((x,0),(0,9)) = (z,0) + (0,y) = (z,y) is an isomorphism.

Example 1.16. Any polynomial ring k[x] viewed as a module over K is an internal direct sum
of the submodules Meven = {p € k[z] | p only contains even powers of x} and Myqq = {p €
klx] | p only contains odd powers of z}. In that case « is clearly an isomorphism since each
polynomial can be uniquely decomposed into the sum of the element of each of these modules.

Example 1.17. The matrix algebra M, (R) viewed as an R-module is an internal direct sum
of the submodules Mgy, and Mgy of symmetric and skew-symmetric matrices by the famous
decomposition result we have seen in linear algebra.

int
Remark 1.8. If ) . _; M; is an internal direct sum, we may use the notation @©;c;M; = >, ; M;,
int

or write ) ;. M; = ®ierM;.

Lemma 1.2. Let R be a ring, let M be a left or right R-module. Let N and L be submodules
of M. Then:

int
(1) L+ N = L& N if and only if LN N = 0.

int
(2) If L is simple then L + N = @ N if and only if L is not contained in N.
Proof.

(1) Let p: L& N — L+ N be the R-homomorphism defined by p((¢,n)) = ¢ + n. The
R-homomorphism p is always onto, so we only have to check when it is injective. For
every (¢,n) € L & N, we have that (¢/,n) € ker p if and only if / +n = 0 or equivalently
{=—ne LNN. It follows that ker p = 0 if and only if LN N = 0.
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(2)

Since L is simple and LN N is a submodule of L, by definition of the simple module either

int
LNN=0or LNN = L. By (1), the former holds if and only if L + N S L@ N. The
latter possibility holds if and only if L € N. This completes the proof.

O]

Remark 1.9. Part (1) of Theorem 1.2 holds even in the case of an infinite sums.

Definition 1.14 (Complemented module). Let R be a ring and M a left or right R-module.
Then M is called complemented if for every submodule N of M there exists a submodule L

such that M = N %t L.

Proposition 1.3 (Properties of complemented modules). Let R be a ring and M a left or right
complemented R-module. Then:

(1) Every submodule of M is complemented.

(2) If M # 0 then M contains a simple submodule.

(8) M is generated by its simple submodules.
Proof.

(1)

Let N be a submodule of M and L a submodule of N. We have to show that there exists
int
a submodule K of N such that N = L & K. Since M is complemented, there exists a

int int
submodule E of M such that M = N @ E. It follows by Theorem 1.2 that L+ F =L & F,
which is a submodule of M. Since M is complemented, there exists a submodule D of M

int int
such that M = D & (L ) E). Since L C N, we get that:

int

int int int int int
N=NNM=NnNnDa&(LoE)=NnNn(LeD®dE)=L&d(Nn(DaE),

where the second to last transition is commutativity of the direct sum, and the last
transition is the modular property of the lattice of submodules (see Section 1.3). Hence,

int
we can take K := N N (D @& FE), which completes the proof.

Assume that M # 0 and choose some nonzero m € M. By Zorn’s lemma, there exists
a submodule N of M which is maximal with respect to the property that it does not
contain m. Since m ¢ N, we get that M # N. Since M is complemented, there exists a

t
submodule L of M such that M = L % N. We claim that L is simple. Assume, by way of
contradiction, that L is not simple. Since L is complemented (by (1)), there exist nonzero

int
submodules L; and Ly of L such that L = L1 & Ly. It follows that:

int

int
(L1 ® N)N (Ly & N) = N,
int int int int
som ¢ (L1 & N)N (L & N). Thus, either m ¢ (L1 & N) or m ¢ (La & N). Since L

and Lo are nonzero, we get a contradiction to the maximality of N with respect to the
property of not containing m.

If M = 0 then M is semisimple (this completes the proof). Assume that M # 0. Let
N be the submodule of M which is generated by all simple submodules of M. Assume,
by way of contradiction, that M ## N. Since M is complemented, there exists a nonzero

int
submodule L of M such that M = L léla N. By (1) we get that L is complemented, and by
(2) we get that L contains a simple submodule K. By the definition of N, we must have
K C NN L =0, which is a contradiction (recall a simple submodule is nonzero).
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Remark 1.10. Note that the zero module is a semisimple but not simple.

Theorem 1.4 (Characterization of semisimple modules). Let R be a ring and M a left or right
R-module. Then the following conditions are equivalent:

(1) M is semisimple.

(2) M is an internal direct sum of some simple submodules of it.

(3) M =3 .c; M; where {M; | i € I} is the set of simple submodules of M.
(4) M is complemented.

Proof. We can assume that M # 0 (because in that case the statement is trivial). The impli-
cations (1) = (2) = (3) are clear. We will now show (3) = (4). Let N be a submodule
int
of M. Define: T :={J CI|N+>,.;M; = N& (®ierM;)}. T is not empty since § € T.
Moreover, T is closed to the union of ascending chains of sets in 7. Thus we can apply Zorn’s
lemma and get that there exists a maximal element J € T" with respect to inclusion. It is now
int int
enough to show that M = N @& (@;erM;), since them M is complemented which completes
the proof. Assume otherwise. By (3), there exists j € I such that N; is not contained in

int int

N @ (®ierM;), in particular, j ¢ J. Theorem 1.2 implies that:

int int int int int
N= > M=(N& (®euyM) & Nj=N& (Diesug M),

in contradiction to the maximality of J. This contradiction completes the proof of the im-
plication (3) == (4). Note that in the proof of (3) == (4), if we choose N = 0, then

t
we have shown that M = %ie 1M;, which means that M is semisimple hence the implication
(3) = (1) is now proved. We now have the implications (1) <= (2) < (3) = (4), but
the implication (4) = (3) follows from Theorem 1.3. O

Corollary 1.5. A submodule of a semisimple module is semisimple.

Proof. This follows immediately from the characterization of semisimple modules as comple-
mented modules. Since any submodule of a complemented module is itself complemented, the
proof is complete. O

Exercise 1.10. Let M be a semisimple module. Then the following are equivalent:
(1) M is Artinian.
(2) M is Noetherian.
(3) M is isomorphic to a finite direct sum of simple modules.

Remark 1.11. From now on we mainly use the term “semisimple module” and not the term
“complemented module”, since they are the same thing.
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1.3 Lattices*

This subsection is outside the scope of the course, but since we have use the modular property
of the lattice of submodules in Theorem 1.3, we might as well learn about it.

Definition 1.15 (Lattice, as a poset). A partially order set (L, <) is called a lattice if any
pair of elements {a, b} has a unique join (least upper bound) and a unique meet (greatest lower
bound).

Remark 1.12. The join of a and b is denoted by a Vb and a Ab. We will soon show an example
of a lattice, think why both the names, and the notations make sense (think what are the meet
and the join in the lattice of subsets of R with respect to set inclusion).

Example 1.18. Consider the set of natural numbers where the order a < b is defined by
a | b (a divides b). In this case, the join would be a V b = lecm(a,b) and the meet would be
a A v=ged(a,b).

Example 1.19 (Lattice of subgroups). The subgroups of a group G ordered by inclusion form
a lattice, in which case we have HAK = HNK and HV K = (HUK), for any two subgroups
H K <G.

Example 1.20 (Lattice of submodules). The submodules of a module M ordered by inclusion
form a lattice, in which case we have NA K = NN K and NV K = N + K, for any two
submodules N, K of M.

Example 1.21 (Lattice of ideals). Let Z(R) be the set of all ideals of the ring R. Under the
partial order of set inclusion the bottom element (denoted by L) is the zero ideal {0}, and the
top elements (denoted by T) is the ring itself R. The join of ideals is I V J = I 4+ J, and the
meet of idealsis IANJ =1NJ.

Remark 1.13. We can also view lattices as algebraic structures.

Definition 1.16 (Lattice). A lattice is an algebraic structure (L,V,A), consisting of a set
L, and two binary, commutative and associative operations V and A on L which satisfy the
following axioms (sometimes called absorption laws):

aV(aNb)=a aN(aVb)=a
Remark 1.14. From the axioms of the lattice follow the two “idempotent laws”:
aVa=a aNa=a

It also follows that both (L,V) and (L,A) are semilattices (semilattices are defined by the
structure induced on these structures by the bigger structure (L, V, A)).

Exercise 1.11. Think why Definition 1.15 and Definition 1.16 are equivalent definitions.

Remark 1.15 (Bounded lattice). A bounded lattice is a lattice which has a top element,
denoted by 1 or T, and a bottom element, denoted by 0 or L. This makes Z(R) (defined in
Example 1.21) a bounded lattice. Note that in bounded lattices the 0 element is the identity
element of the join operation, and the 1 element is the identity for the meet operation. It can be
shown that a partially ordered set is a bounded lattice if and only if every finite set of elements
(including the empty set) has a join and a meet.

Remark 1.16 (Complete lattice). A poset is called a complete lattice if all its subsets have
both a join and a meet. Hence every complete lattice is a bounded lattice.
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Definition 1.17 (Distributive lattice). A lattice (L, A, V) is said to be a distributive lattice if
it satifies the following distributive axioms:

aV(bAec)=(aVb)A(aVc) aN(bVe)=(aAb)V(aAc)
Remark 1.17. It turns out that each distributive law in Definition 1.17 implies the other.

Definition 1.18 (Modular lattice). A modular lattice is a lattice (L, A, V) which satisfies the
modular law:
a<b = aV(xAb)=(aVzx)ADb,

where x,a,b are aribtrary elements in the lattice, < is the partial order (see Exercise 1.11).

Remark 1.18. It turns out that the lattice of submodules of a module M with respect to
set inclusion is a modular lattice that is not distributive. In this case the modular property

becomes:
LCN = L+(KNnN)=(L+K)NN,

where L, N, K are clearly submodules of M. By commutativity we get that:
LCN = L+(NNK)=Nn(L+K),

which is exactly what we used in Theorem 1.3.

10
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2 Wedderburn structure theorem

Definition 2.1 (The o map setting). Let n > 2, let R be a ring, and let My,..., M, be right
R-modules. Let M = @} M;, and let p;: M; — M be the inclusions, and m;: M — M; be
the projections. Moreover, denote «; ; := m; o a0 p; € Homp(Mj, M;). For o € Endp(M) and
m € M denote:
my > i1 o, (my)
a(m) = (vijh<ijen | @ | = :
My, > i1 Omj(my)

Note the analogy with ordinary matrix-vector multiplication, where the entries «; ; are maps
applied to the components m;. For o, 8 € Endg(M) denote:

n
(oo B)i<ij<n = Z Qi ; © Br.j,
k=1

which is analogous to matrix multiplication. Conversely, for every 1 < ¢,7 < n let ;; €
Homp(M;, M;). We can then define a map a: M — M by: for every m = (my,...,my)T € M,

> j—1 75 (m;)
a(m) := :
D=1 Vng (M)

The map « is an R-endomorphism of M and for every 1 < ,7 < n we have o;; = v; j. Let B
be the set of n x n matrices X such that for every 1 <4, j < n, we have:

X ; € Hom(M;, M;).
Let ¢: Endr(M) — E be the map defined by: for every a € Endr(M), we have:
Pla) = (aij)icij<n:
The map v is an isomorphism of rings, where E is endowed with matrix-like operations:

 Addition is defined as follows: for every 1 < i,j < n and all elements o = (; j)1<i j<n
and 8 = (Bi,j)lgi,jgn of F, then:

(a+ B)ij = aij+ Biy-

 Multiplication is defined as follows: for every 1 < ,j < n and all elements o = (v j)1<i j<n
and 3 = (Bi)1<i j<n of E, then:

(aB)ij = Z Qi © Brj-

k=1
Corollary 2.1. Let M be an Artinian semisimple right R-module. Then:
Endgr(M) = My, (D1) X -+ x My, (Dg).

Proof. Since M is semisimple and Artinian:

k
M= M),
i=1

11
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with simple and pairwise nonisomorphic modules (if the sum were infinite we could show M is
not Artinian by considering less and less coordinates). By Schur’s lemma, D; := Endg(M;) is
a division algebra, and for every 1 < i # j < n, we have Hompg(Mj, M;) = 0. Using the matrix
description, we get that:

EndR(M) = Mnl(Dl) X oo X Mnk(Dk>

O]

Definition 2.2 (Simple ring). A nonzero ring R is called simple if R and 0 are the only two-sided
ideals.

Example 2.1. A division ring is a simple ring.

Example 2.2. We claim that if R is a simple ring then M, (R) is a simple ring.

We have to show that for every nonzero X € M, (R), the two-sided ideal generated by X
is equal to M, (R).

Let X € M,(R) be a nonzero element and fix 1 < k,j < n such that z := Xj,; # 0.

For every 1 <i,j < nand every t € R, let ¢; ;(t) be the matrix with ¢ on the (7, j)th entry
and 0 elsewhere.

In order to finish the proof, it is enough to show that for every 1 <4, j < n, we have that
e;;(1) belongs to the two sided ideal generated by X.

Since R is a simple ring there exist r1,s1,...,"m, Sm € R such that:
L=ras1+ -+ rm@sm = e;;(1) = eip(r1)Xepj(s1) + -+ eip(rm) Xerj(sm),

and this completes the proof.

Exercise 2.1. Let D be a field and V an Rg-dimensional D-module. Prove that:

(1)

(2)
3)

The set I := {a € Endp(V) | dim(im ) < oo} is a nonzero proper two sided ideal of the
space E := Endp(V).

R := FE/I is a simple ring.

Rp does not contain a simple R-module.

Proof.

(1)

Note that a modules over a field is a vector space. Let a € Endp(V') be an endomorphism
which projects onto a 1 dimensional subspace of V. Since dimima = 1 < oo we have
a € I hence I # 0.

Let o € I and 3,y € E. We have that im(a o 8) C im(«) hence dim(a o ) < oo and so
ao € I. We also have that im(y o a) = y(im «), and since dim(im o) < oo, and v is a
linear map, we get that dim(vy o &) < oo and hence yo « € I.

Additionally, I is additively closed since im(a + ) C ima + im 3.
The ideal I is proper since dim(idy ) = Ng hence idy ¢ V.

12
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(2) By the correspondence theorem we must show that any ideal J 2 I in E must be equal
to E. Let o € J\ I, then dimim o = Ny, hence there exists some subspace U C V such
that the restriction « |;: U — im « is an isomorphism, hence dim U = 8j. Note that by
the above claims, we have that there exist isomorphisms ¢: V — U and ¢: ima — V.
Note that we have that:

(oP)oaod=idy,

where P: V — im « is the projection map. Since both ¢ o P and ¢ are elements in F, we
get that idy € (a) C J, hence J = E, which completes the proof.

(3) A simple submodule of R corresponds to a minimal right ideal of R. We know from (2)

that R has no nontrivial two sided ideals, but since it tells us nothing about the existence
of right ideals, we have to do the work.
Let 0 # a € R = E/I meaning ima = Xy. Let ima = W) @ Wy so that dimW; =
dim Wy = Ng. Let 8 be the projection of o onto W1y, so that dimim 8 = dimW; = Ny
hence 0 # B8 € R. The inclusion SR C aR is obvious, and the inclusion is strict since
a ¢ BR (because by construction we would get dim W < ®g). This implies that there is
not minimal right ideal in R, hence Rp has no simple submodules.

O]

Exercise 2.2. Let n > 1 and D be a division ring. View the elements of D" as rows of elements
in R. Prove that:

(1) D™ is a simple right M, (D)-module.
(3) dimpua,, p,,(pm)(D") =n.
Proof.

(1) Let 0 # v € D™. We must show that v - M, (D) = D". Since D is a division ring, the

conclusion is trivial.
(2)
(3)
O

Lemma 2.2. Let R be a simple ring. If R contains a simple right submodule M (equivalently,
left), then all the simple submodules of Rp are isomorphic to M and Rp (equivalently, rR) is
semisimple.

Proof. For every r € R we know that rM is a submodule of Rr. If rM # 0, then the map
x +— rzx is a nonzero R-homomorphism from the simple right R-module M onto the right R-
module rM so it must be an isomorphism. Since ) .M is a nonzero two sided ideal of the
simple ring R, it must be equal to R. Thus, Rp is an inner direct sum of the simple submodules
isomorphic to M. In particular, R is semisimple and every sime submodule of Rp is isomorphic
to M. 0

Definition 2.3 (p-isomorphism). Let p: R — S be an isomorphism of rings. Let M be a right
R-module and N a right S-module.

(1) A bijective map ¥: M — N is called a p-isomorphism if for every » € R and m € M, we
have that ¢ (mr) = ¥(m)p(r).

13
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(2) We say that M and N are p-isomorphic if there exists a p-isomorphism between them.

Remark 2.1. Let p: R — S be an isomorphism of rings, and : M — N a p-isomorphism
of right modules. The map v¢: Endg(M) — Endg(N) defined by 9(a) := 1) o a o9~} for

every a € Endg(M), is an isomorphism of rings. Moreover, v is a t-isomorphism from the
left Endg(M)-module M to the left Endg(/N) module N. Indeed, for every a € Endgr (M) and
every m € M, we have:

U(a(r) =voaod™ (¥(m)) = (a)(d(m)).

Lemma 2.3. Let ny,ng > 2 and Dy and D2 be division algebras. If M,,(D1) = M,,(D2) then
D1 =2 Dy and n1 = ns.

Proof. Let p: My, (D1) — M,,(Ds2) be an isomorphism. For every 1 < r < 2, we have that M,
is a simple ring so:

L= {X € My, (D)) | (V2 < i <y and V1 < j < ny)Xi; = 0}

is a minimal right ideal of M,, (D,). Since M,, (D,) is simple, every minimal right ideal of
M, (D,) is isomorphic to L, as an M, (D,)-module. Since 1) sends a minimal right ideal of
M, (D) to a minimal right ideal of M,,(D2), we get that L; and Lg are p-isomorphic, and:

D1 = EndMnl(D1)(L1) =~ Endan(Dz)(Lg) = D2.

Let 1: EndMnl(Dl)(Ll) — EndMHQ(DQ)(Lg) be the isomorphism induced by . Since L1 and Lo

are also 1-isomorphic:
ny = dimEndMnl(Dl)(Ll)(Ll) = dimEndMnQ(D2>(L2)(L2) = ng,
which completes the proof. O

Example 2.3. Theorem 2.3 is false over general rings. For example, My(FF) = My(M2(F)).

Lemma 2.4. Let Ry,..., R, and S1,...,S, be simple rings and denote R := Ry X --- X R,
and S := 51 X -+ x Sy, and suppose that R =2 S. Then m = n and there exists a permutation
o € Sym(n) such that for every 1 < i < m, the map 1 induces an isomorphism of rings
¢i: R, — So(i)-

Proof. We can view R (respectively, S) as an inner direct product of the R;s (respectively,
of the Sjs). In particular, we identify each R; (respectively, each S;) as a two sided ideal
of R (respectively, S). Since each R; (respectively, each S;) is a simple ring, the sets X :=
{Ri |1<i< m} and Y := {Sj |11<j< n} are the sets of minimal two sided ideals of R and
S respectively. Moreover, | X| = m and |Y| = n. Since ¢ is an isomorphism of rings, m = n and
there exists o € Sym(m) such that for every 1 < i < m, we have R; = S,(;). Let 1 <i <m and
let ¥;: R; — S (i) be the map induced by 9. Since ¢ is a homomorphism of rings, ) preserves
addition and multiplication. It is left to show that for every 1 < i < m, we have §;(1g,) =1 oy
Since the f; respect multiplication and are surjective, 3;(1g,) is an element of the ring S,
such that for every s € S,(;) we have sB;(1g,) = s. In particular, by taking s := lg, . we get
that:
Bi(1r) = 1s,, Bi(1r,) = 1s,

which completes the proof. O

14



2  Wedderburn structure theorem Noncommutative algebra

Corollary 2.5. Let my,...,m, and nq,...,ns be positive integers, and let D1,...,D, and
Fh, ..., Es be division algebras such that:

My (Dy) X -+ X My, (D) = My, (Ey) X -+ X M, (Es).

Then r = s and there exists a permutation o € Sym(r) such that for every 1 < i < r we have
na(i) and Dl = Ea(i)'

Proof. Immediate by Theorem 2.3 and Theorem 2.4. 0

Definition 2.4. A ring R is called a right (equivalently, left) Artinian/Noetherian/semisimple
ring if R is Artinian/Noetherian/semisimple as a right (equivalently, left) R-module.

Example 2.4. Here are some claims based on the previous definition:
(1) The ring Z is not semisimple.
(2) The ring R := Z/6Z is not simple. It is semisimple since Rr = Z/27Z & Z/3Z.

(3) In Exercise 2.1, we constructed a simple ring that does not contain a minimal ideal. It
follows that this ring is not semisimple.

(4) For every n > 1 and any division ring D, we have that M, (D) is right semisimple. Indeed,
as a right module it is isomorphic to a direct sum of n copies of D™ where there elements
of D™ are viewed as rows and M, (D) act by multiplication from the right.

(5) Similarly, for every n > 1 and any division ring D we have that M, (D) is right semisimple.
(6) If Ry,..., R, are semisimple rings, so is Ry X --- X R,.
Lemma 2.6.
(1) A right semisimple ring is right Artinian.
(2) A left semisimple ring is left Artinian.

(3) A simple ring is right (equivalently, left) semisimple if and only if it is right (equivalently,
left) Artinian.

Proof.

(1) The module Rp is generated by its simple submodules. In particular, there are finitely
many simple submodules M, ..., M} such that 1p € Zle My,. It follows that R =

{1 Rr|re R} C Zle Mj,. Since Rp is generated by finitely many simple submodules, R
is right Artinian.

(2) Analogous to (1).

(3) By (1), if R is semisimple it is Artinian. Assume that R is simple and Artinian. Since R
is Artinian, Rg contains a minimal submodule M. This claim follows from Theorem 2.2.

O

Theorem 2.7 (Wedderburn structure theorem). Let R be a ring. The following properties are
equivalent:

(1) R is a right semisimple ring.

(2) R is a left semisimple ring.

15
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(3) There exist positive integers ni,...,n, and division algebras Dy, ..., Dy such that R =
Mn1 (Dl) X X Mnk(Dk)

Moreover, if (3) holds, then ny, ... ,nk are unique and D1, ..., Dy are unique up to isomorphism.
Proof. O

Corollary 2.8. An Artinian simple ring is isomorphic to My (D) for unique n > 2 and unique
(up to isomorphism) division algebra D.

Corollary 2.9. There exists a simple ring which is not semisimple.

Proof. The ring R = E/I defined in Exercise 2.1 is simple (as shown in part (2) of the exercise),
but since it is shown in part (3) that it is not Artinian, it cannot satisfy condition (3) in the
Wedderburn structure theorem, hence it cannot be semisimple. O
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3 Radicals

Definition 3.1 (Radical of a module). Let R be a ring and M be a left (or right) R-module.
The radical of M is defined to be the intersection of all maximal modules of M. If none exist,
then we define it to be M.

Remark 3.1. We denote the radical of M by Rad M.
Example 3.1. We have the following radicals:
(1) RadQq = 0.
(2) RadQz = Q.
(3) Rad(Z/67Z) = 27,/67 N 37Z/6Z = 0.
(4) Rad Z/187 = 27,187 M 37,/187Z = 67/ 18Z.

Exercise 3.1. Let n > 1, and let D be a division ring. Denote by R = M, (D). Show that
Radr R = Rad Rg = 0.

Lemma 3.1. Let R be a ring and o: M — N an R-homomorphism. Then o(Rad M) C Rad N.

Proof. We have that:
o '(Rad N) = N o 'L,

L maximal in N

and thus we simply need to show that if L is a maximal module of N, then a~!(L) contains
Rad M. Let L be a maximal submodule of N. « induces an injective R-homomorphism:

a: M/a"Y(L) — N/L,
where N/L is a simple ideal, hence there are only two possiblities:
(1) ima& = 0 and then o (L) = M.

(2) @ is an isomorphism, and hence P := a~!(L) is a maximal submodule of M and so
RadM C P =a !(L).

This completes the proof. ]
Corollary 3.2. Let R be a ring. Then Rad Rr and Radr R are two-sided ideals.

Proof. Without loss of generality we will only prove the case for Rad Rp. It is clear that Rad R
is a right ideal. Thus it suffices to show that for every r € R,

rRad Rr C Rad Rp.

This follows from Theorem 3.1 since the map Rr — Rpg which sends * — rx is an R-
homomorphism. O

Lemma 3.3. Let R be a ring and M be an R-module. Then for every m € M the following
conditions are equivalent:

(1) m € Rad M.
(2) For every N < M, if M is generated by N U {m} then N = M.

Proof.

17
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1) = (2

Let N be a submodule of M such that N U {m} generates M. Assume, by way of
contradiction, that M = N. Since N U{m} generates M, we conclude that m ¢ N, hence
M # N. Denote:

X::{L<M|N§Landm¢L}.

The set X is nonempty since N € L and it is closed under unions of increasing chains,
and hence by Zorn’s lemma there exists a maximal element P. We know that M ¢ X
and hence P # M. P is a maximal submodule with respect to the property of containing
N and not containing m. We will now show that P is a maximal submodule of M in
contradiction to:

P D Rad M and m ¢ P and m ¢ Rad M,

where the first inclusion follows from P being a maximal submodule. Assume that exists
P < Q < M with P # @. Then since P is maximal in X, we get that Q ¢ X, but
N C P CQ and som € Q. This implies that Q = M since M is generated by N {m}.

Let m € M be an element that satisfies the property in (2). Let L be a maximal submodule
of M. We need to show that m € L. Assume, by way of contradiction, that m ¢ L. Then,
by maximality of L, the submodule generated by LU{m} is M. By assumption on m, we
get M = L. This contradiction completes the proof.

O]

Lemma 3.4 (Nakayama’s lemma). Let R be a ring, let M be an R-module, and let P < M.
Then:

(1) Assume that for every N < M, if P+ N = M then N = M. Then P C Rad M.

(2) If P C RadM and M or P are finitely generated as modules over R, then for every

submodule N < M, if M = P+ N then M = N.

Proof.

(1)

(2)

We need to show that if N is a maximal submodule of M, then P < N. Since N # M
(by definition) the assumption of (1) shows that P+ N # M. From maximality of N, we
get N = P 4+ N, which means that P < N.

If P is finitely generated as a module over R, then we get the claim from induction over
the minimal number of generators of P and the previous lemma. Next assume that M is
finitely generated and that N < M such that M = P + N. Denote the generators of M
by x1,...,x. Since M = P 4+ N we get that for any 1 < i < k there exists y; € P and
z; € N such that z; = y; + 2z;. Denote by @) the submodules of M generated by y1, ..., yk.
Then:

(1) Q€ PCRad M.
(2) @ is finitely generated.
(3) M=Q+N.
From the previous case we get that M = N, which completes the proof.

O

Example 3.2. We have that P = RadQz = Q. We have 0 # Q and 0 + P = Q. This shows
that the assumption of being finitely generated is necessary.

18
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3.1 Jabobson’s radical

Lemma 3.5 (Nakayama’s lemma). Let R # 0 be a ring with mazimal P< R. Then the following
conditions are equivalent:

(1) P C Rad Rp.

(2) If M is a finitely generated right R-module and N < M satisfies M = N + M P, then
N=M.

(3) {1+az|xeP}eR".
Proof.

(1) = (2) Let M be a finitely generated module over R. For every m € M the map a,: R =& M
given by = — mz is an R-homomorphism. Thus, by the lemma from the beginning of the
section:

MP = Z mP = Z am(P) C Rad M.
meM meM

The rest follows from Nakayama’s lemma for modules.

(2) = (3) Denote G := {1+ |z € P}. Since P is a right ideal, G is closed under multiplication
and contains 1. We will show that every element in GG has a right inverse in R. First,
Assume by way of contradiction, that z € P and that 1 + x does not have a right inverse
in R. Then I := (14 z)R # R is a right ideal and hence contained in a maximal right
ideal J. Since 1+ x € J then = ¢ J. Hence, since J is maximal Rr = J + zR. From (2)
it follows that J = Rp, which is a contradiction.

We finished showing that for any g € G there exists a right inverse in R. Now we will
prove that any g € G has a right inverse in G. Let g € G. There exist x € P and y € R
such that g =14 x and 1 = zy. Denote z := y — 1, and then:

1=14+2)(1+4+2)=14+x+ 2+ zz,

and z = —x —axz € P. Thus, y =1+ z € G. We will now show that for any g € G there
is a left inverse in G which completes this part of the proof. Let g € G, there exists h € G
inverse to g

3)

Corollary 3.6. Let R be a ring. Then Radr R = Rad Rpg.

Proof. By the left version of Nakayama’s lemma for rings (specifically (3) implies (1)), we get
that {1 +z | x € Radp R} C R*. We have seen before that Radg R is a two sided ideal, and
in particular a right ideal. By (3) implies (1) (in the right versino of Nakayama’s lemma) we
get that Radg R C Rad Rr. From symmetry, we get that other direction of containment, hence
they are equal. O

Definition 3.2 (Jacobson radical). Let R be a ring. The Jacobson radical of R is defined by:
J(R) := Radr R = Rad Rp.
Exercise 3.2. Show that if R is an Artinian ring, then R/J(R) is a semisimple ring.

Exercise 3.3. Let R be a ring. Let I be a right (or left ideal), such that all of its elements are
nilpotent. Show that I € J(R).
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3.2 Radicals in Artinian rings

Proposition 3.7. Let R be an Artinian ring. Then there exists k > 1 such that J(R)* = 0.

Proof. We know that:
.. CJ(R)>CJ(R)?CJR).

Since R is Artinian, there exists & > 1 such that J(R)* = J(R)*™™ for every m € N. In
particular, J(R)* = J(R)?*. We claim that J(R)* = 0. Denote:

X = {07“4 RR\IJ(R)k:I}.

The set X is nonempty since J(R)¥ € X. Since X is Artinian, there exists a minimal element
L in X. Since L # 0, there exists 0 # ¢ € L. Note that:

LDUJ(R)* e X,

so by minimality of L,
L=(J(R)* CIRCIL,

and so L is finitely generated as an ideal. Moreover, L = 0+ L = 0 + L.J(R)*. By Nakayama’s
lemma for rings we get that L = 0, which is a contradiction. O
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