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0 Introduction Field Theory

0 Introduction
Definition 0.1 (Finite field extension). Let E and F be fields. We say that E/F is a finite
field extension if

(1) FCFE

(2) dimp(F) < o0

Remark 0.1. Under certain conditions the fundamental theorem of Galois theory says that
there exists a bijection between {F CLCFE|Lisa ﬁeld} and the set of subgroups of the
automorphism group Aut(E/F) := {a € Aut(E) | a|p = idp}.

Remark 0.2. We can apply this theory when considering straightedge and compass construc-
tions.

Example 0.1. Given a set of points in the plane so that (0,0) € S. We can

(1) construct an edge between any two points in S

(2) construct a circle with center s € S.
We can construct points in the following ways:

(1) intersection of two lines;
(2) intersection of two circles;

(3) intersection of a line and a circle.

Each point that we can construct in a finite sequence of these steps is called a constructable
point (from S).

Question. Which points can be constructed from S?

Remark 0.3. We will see that (v/2,0) can be constructed from S = {(0,0), (1,0)} but (v/2,0)
cannot.

Remark 0.4. Let F be a field a chararcteristic 0. The roots of the polynomial p(z) = 2?+bx+c

are given by
b+ Vb2 —4c

12 =
' 2

There exists a finite field extension so that
(1) dimp(E) = 2.
(2) there exists a € F so that E = F(a);
(3) a®
(4) the polynomial splits into linear factors over E. This means that the roots of p(z) are in
E.
In fact (1) follows from (2) and (3).

Remark 0.5. Let F' be a field with char(F) = 0 and let h be a polynomial of with deg(h) < 4.
Then there exists a finite field extension E/F, elements aj,...,a; € E and natural number
mi,...,mg so that

1) ( ) splits into linear factors over E;
) E=F(ay,...,a);
(3) for all 1 <k < i we have a;" € F.
We will show that if deg(h) > 5 then this property does not hold always.

(
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1 Field extensions and basic definitions Field Theory

1 Field extensions and basic definitions
1.1 The field
Definition 1.1 (Field). A field is triplet (F,+,*) so that

(1) (F,+) is an abelian group, its unit is denoted by Op;

(2) (F'\ {0}, %) is a group, its unit is denoted by 1p;

(3) the distributive property hold. For any a,b,c € F we have

a(b+ c) = ab + ac.

Equivalently, a field is a commutative ring with unit where every nonzero element is a unit.

Remark 1.1. Another equivalent definition for a field, is a commutative ring with unit R, such
that its only proper ideal is the zero ideal.

Example 1.1. We have that Q C R C C and all of them are fields with the standard operations.

Example 1.2. The set Q(i) = {x € C|3a,b € Q s.t. x =a+bi} is a field with the induced
operations from C. It is clear that Q(¢) is a commutative ring so we can see it is a field by
showing that every nonzero element is invertible. Indeed if a + bi % 0 then

) a b .
et G Tt T

which completes the proof.

Example 1.3. Let p be prime number. Then F), := Z/(p) is a field with p elements where (p)
is the ideal generated by p. Moreover, it is the unique field with p elements up to isomorphism.

Example 1.4. Let R be a commutative ring with unit and let I < R. Then R/I is a field if
and only if I is a maximal ideal.

Example 1.5. Let R be an integral domain. Then there exists a field R C F' so that x € F is
of the form 7 for a,b € R and F is called the field of fractions of R.

Definition 1.2 (Characteristic of a field). Let F' be a field. The characteristic of F' denoted
char(F) is defined to be the order of 1 in the abelian group (F,+) if the order is finite, or 0 if
it is infinite.

Example 1.6. We have that
(1) char(Q) = char(R) = char(C) = 0;
(2) char(Fy) = p.
Exercise 1.1. Let F' be a field. Show that char(F) is either 0 or a prime number.

Solution. Assume that char(F) # 0. It suffices to show that char(F') is a prime number. By
definition char(F') < oo and we may denote char(F) = m. Suppose next that m = ning for two
natural numbers nj,ng € Z,. We now have that 0 = char(F) = ning2 and since F is a field it
is in particular an integral domain and thus n; = 0 or no = 0. This is a contradiction which
completes the proof.

Definition 1.3 (Subfield). Let E be a field. A subset F' C E is called a subfield if it is a field
under the induced (+, *) operations.



1 Field extensions and basic definitions Field Theory

Proposition 1.1. Let E be a subfield of F. Then O = 0p and 1 = 1p and char(E) = char(F).

Definition 1.4 (Generated subfield). Let F' be a field and let S C F. The subfield generated
by S is the intersection of all subsets of F' that contain S. This intersection is not empty since
S C I and it is a field since an intersection of fields is a field.

Definition 1.5 (Prime subfield). Let F' be a field. The prime subfield of F' is defined to be the
subfield generated by {1p}.

Remark 1.2. Field isomorphisms, homomorphisms and endomorphisms are defined the same
way the are defined for fields. In particular we require ¢(1p ) = 1p, and thus homomorphisms
of fields are always injections.

Exercise 1.2. Let F' be a field with char(F) = p. Show that the prime subfield of F' is
isomorphic to F),. Moreover, show that if char(F) = 0 then the prime subfield is isomorphic to

Q.

Solution. Suppose that char(F) = p < co. Define a map ¢: Z — F by p: 1 — 1p and
extended so that
P! n—=lp+---+1p.
n times

Then since char(F') = p we have that ker(¢) = pZ. Thus from the first isomorphism theorem
F, :=7/pZ = im(yp) C F.

Since F), = im(yp) we obtain that im(y) is a subfield of F. Since its generated by 1, it is by
definition the prime subfield of F', which completes this part of the proof.

Next suppose that char(F) = 0. Let P denote the prime subfield of F'. Construct a similar
homomorphism ¢: P — Q with ¢(1r) = 1 and extend the map so that it preserves addition
and the inverse operation. Any homomorphism of fields is injective, and thus ¢ is injective.
Since for any ¢ € Q we have

. a times
a times

—
—_——
<1F‘|‘"‘+1F> 80(1F+"'+1F> a
2

lp+---+1F B -
—_—————

b times

o (lpt-t1p) P
~————

b times

so it is clear that ¢ is surjective. Thus ¢ isomorphism which completes the proof.

1.2 Field extensions

Definition 1.6 (Field extension). Let F' and E be fields. We say that E is a field extension of
F and denote E/F if F C E.

Proposition 1.2. Let E/F be a field extension. Then E is a vector space over F. In particular
we have +p = +g|rp and scalar multiplication is the restriction of x: E x E — E to the set
F x E.

Definition 1.7 (Degree of a field extension). Let E/F be a field extension. The degree of
E/F is denoted [E : F| and defined by dimg(E). The extension is called a finite extension if
[E : F| < oo and otherwise an infinite extension.

Example 1.7. We have that [C : R] = 2 and [R : Q] = oo. The second follows from the fact Q
is countable and thus any vector space of finite dimension over Q is countable.
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Theorem 1.3. Let F be a field and let h(z) € F[z] be a nonconstant polynomial. Then there
exists a field extension E/F so that h has a root in E and [E : F] < deg(h).

Proof. Let g(x) be an irreducable factor of h(z). It suffices to find a field extension E/F where
g(z) has a root and [F : F| = deg(g).

Since F[z] is a PID and g(z) is irreducable then (g(z)) < Fl[z] is a maximal ideal. In
particular E := F[z]/ (9(z)) is a field. Denote the quotient map p: F[z] — E. The kernel of p
is (g(x)) and in particular it doesn’t contain any invertible elements. Thus p|r is an injection
and then p(F) is a subfield of E' which is isomorphic to F'. We may assume that F' is a subfield
of E and p|p = idp. We denote

g(x) = apz™ 4+ -+ ag € Flx]
where a, # 0 and then
9 (p(@)) = anp(@)" + -+ + arp(z) + ap = p (ana™ + -+ + ag) = p (9(z)) = 0.

"=1) is a basis of

Thus p(z) € E is a root of g. We now need to show that p(1),p
over F' where n = deg(g) which will show that [E : F| = deg(g).
Let d(z) € F[z]. There exist r,s € F[z] so that deg(r) < n and

(x),...,p(x

d(z) = s(x)g(z) + r(z)
and so we get that

p(d(@)) = p (r(@)) € spang {p(1),.., p(a" )}

and in particular {p(1),...,p(z"" ')} spans E as a vector space over F. These elements are
also linearly independent since if by, ...,b,_1 € F' and

bop(0) + - - by_1p(z" 1) =0

then
plbo+---+ bnfliﬁn_l) =0

which implies that by +-- -+ b, 12"~ ! € (g(x)) but this is not possible since all the polynomials
in (g(a:)) are of degree greater or equal to n, which completes the proof. O

Theorem 1.4. Let F C E C K be fields. Then [K : F| = [K : E|[E : F].

Proof. Assume that [E : F] = oo or [K : E] = oo then obviously [K : F] = co. Assume now
that [E : F] = m and [K : E] = n are finite. Let a1,...,a, be a basis of E over F and
B1,...,0n be a basis of K over E. It suffices to show that the sequence

(aibj)i<i<m
1<j<n

is a basis of K over F', which follows from linear algebra arguments. O

Definition 1.8 (Finitely generated field extension). Let E/F be a field extension and let S be
a subset of E. We denote F(S) the smallest subfield of E generated by S U F. Suppose that
S = {a1,...,a,}. We sometimes denote F(ay,...,ay) instead of F(S). We say that E/F is
finitely generated if there exists a finite S C E so that E = F(S).

Exercise 1.3. Let E/F be a field extension and let S = {ay,...,a,} C F. Show that

F(S):{M‘p,qeﬁ’[sl,...,sn] andq#O}.

6
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1.3 Algebraic extensions

Definition 1.9 (Algebraic element). Let E/F be a field extension and let « € E. We say
that « is algebraic over F' if there exists a polynomial g(x) # 0 with coeffcients in F' so that

g(a) =0.

Definition 1.10 (Transcendental number). Let E/F be a field extension and let o € E. We
say that « is transcendental if it is not algebraic.

Remark 1.3. Since a polynomial of degree n there exist at most n roots and Q|z] is countable,
there exist at most a countable amount of algebraic numbers of any field extension over Q[x]
and in particular C contains transcendental numbers over Q.

Definition 1.11 (Liouville number). An irrational real number z is said to be a Liouville

1

number if for every integer n > 1 there exist integers p and ¢ > 2 so that ‘x — %‘ < g

Theorem 1.5 (Liouville’s theorem). Liouville numbers are transcendental.

Proof. Let x be a Liouville number. Assume by contradiction that x is an algebraic number.
Since x is a Liouville number, it is irrational so by a theorem not shown here there exists ¢ > 0
and n € Z, so that
v p‘ 5 £

q|  q"
for every pair p,q € Z with ¢ # 0. Let » > 1 so that 2" > ¢!, Since z is a Liouville number
there exist p,q € Z with ¢ > 1 so that

p 1 1 c
r——| < < < —
q qn+1 — 2rqn — qn
which is a contradiction. Thus z is transcendental. O

Exercise 1.4. Show that Liouville’s constant

oo
a= Z 10~*
k=1

is transcendental over QQ.

Solution. We can show that Liouville’s constant is a Liouville’ number and thus by Theorem 1.5
it is transcendental.

Definition 1.12 (Minimal polynomial of an algebraic number). Let E/F be a field extension
and let a € E be an algebraic number. The minimal polynomial of « over F' denoted my () is
the minimal monic polynomial with respect to degree in F'[z] that vanishes at a.

Remark 1.4 (Degree of algebraic element). The degree of m,/(z) is called the degree of o over
F and denoted by degp(a) or deg(«).

Remark 1.5. The minimal polynomial of « is unique and it generates the ideal

{9(2) € Fla] | g(a) = 0} < Flz].

Assume that it is not unique, for example let f, g be monic polynomials of degree n that vanish
at . Then f — g is a polynomial of degree < n that with root a so there exists a monic
polynomial of degree < n which implies the uniqueness of the minimal polynomial.

Example 1.8. The minimal polynomial of i € C over Q is m;(x) = 22 + 1.
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Proposition 1.6. Let E/F be a fields extension, let « € E and let g(x) € Flz| be a monic
polynomial that vanishes at «. Then g(x) is the minimal polynomial of o over F if and only if
g(x) is irreducable.

Theorem 1.7 (Eisenstein’s criterion). Suppose we have the following polynomial with integer
coefficients:
Q(x) = apx™ + an12" "+ ayz + ao.

If there exists a prime number p such that the following three conditions all apply:
(1) p divides each a; for 0 <i < n;
(2) p does not divide ay,;
(3) p* does not divide ay;

then @ is irreducible over the rational numbers.

Corollary 1.8. Let p be a prime number. Then the polynomial

P
g(m):z_l =2 4.t +1eZq)

is irreducible over Q|x].

Proof. We know that f(x) is irreducible if and only if f(x+1) is irreducible and indeed according
to Theorem 1.7 the polynomial

(z+1)P -1 P\ i1
1 = - = i
glx+1) . ;:1 e
is irreducible. O

27
Corollary 1.9. Let p be a prime number. Then the minimal polynomial of e » € C over Q is
PP 41

Proposition 1.10. Let E/F be a field extension and let a € E be algebraic over F. Then
(1) F(a) = Fla]/ (ma(@)):
(2) [F(a) : F] = deg(a).
Proof.
(1) Define a homomorphism of rings with unit
p: Fla] = F(o)

by saying it is the identity on F and setting ¢(x) = «. This homomorphism is the
evaluation function at . In this way we have ker(p) = (maq(z)) and since mq(z) is
irreducible the ideal (mq(z)) is maximal which implies that F[z]/ (mq(z)) is a field.
From the first isomorphism theorem we get that ¢ induces an isomorphism

Bt Fla)/ (ma(@) = im(p) C Fla).
We have that im(¢p) is a subfield of F'(«) that contains F' and « and thus is equal to F'(«).

(2) This follows from (1) since
degp F[l‘]/ (ma(l‘)) = deg (ma(‘r))

8
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O

Corollary 1.11. Let E/F be a field extension and let o be algebraic over F of degree n. Then
La,...,a" ! is a basis of F(a) as a vector space over F.

Proof. We will show that 1, q,...,a" ! are linearly independent over F. Let cg,...,ch_1 € F
be such that
col+ca+--+cp1a,-1=0

we can define a polynomial

g(@) =co+c1x+ -+ ey

and since g(a) = 0 and deg(g) < deg (ma(x)> we get that g(x) is the zero polynomial.

Next since that [F(a) : F] = n we have necessarily that 1,c,...,a" ! is a basis which

completes the proof. O

Proposition 1.12. Let E/F be a field extension and o € F. Then « is algebraic over F if and
only if [F(a) : F] < oc.

Proof. We saw that if o is algebraic then [F(a) : F] = deg(a) < oo.
Next suppose that [F(a) : F] < oo. Then 1,a,...,a™ are necessarily linearly dependent
over F', which means that there exist bg,...,b, € F not all zero such that

bo + b+ -+ - b’ =0
and thus « is a algebraic over F'. O
Definition 1.13 (Algebraic and transcendental extensions). Let E/F be a field extension.
(1) We say that E/F is an algebraic extension if every z € E is algebraic over F.
(2) We say that E/F is a transcendental extension if it is not an algebraic extension.

(3) We say that E//F is a pure transcendental extension if every x € E is transcendental over
F.

Remark 1.6. The union of an increasing sequence of algebraic extensions (with respect to
containment) is algebraic.

Proposition 1.13. Let E/F be a field extension. Then the following conditions are equivalent:
(1) E/F is finite;
(2) E/F is finitely generated and algebraic;
(3) There exist alegbraic numbers ay,...,ar € E over F so that E = F(aq,...,a).

Moreover, if (3) is satisfied and for all 1 < i < n we have m; = [F(a) : F] then we also have
that [E : F| < mymg---my.

Proof.
(1 — 2) Every finite extension is finitely generated (for example by the basis of E over F').
(2 — 3) Obvious.
(3—1) For all 1 <i <k we denote

(a) F; = F(a1,...,a;—;) and in particular F} = F};



1 Field extensions and basic definitions Field Theory

(b) m; = [F(a) : F] and n; = [Fy(o) : Fi].

Since m; is the degree of the minimal polynomial of «; over F' and n; is the degree of
the minimal polynomial over a; over F;, and since F' C F;, we get that m; > n; for all
1 <17 <n. Thus we have

[EF]:[EFk][Fka,l][FQFl]:nlnkSmlmk<oo

O]

Corollary 1.14. Let E/F be a field extension and let a, € E be algebraic over F so that
B8#0. Then a+ «, aff and % are all algebraic.

Proof. The numbers a+ «, aff and % are all elements in F'(«, ) and by Theorem 1.13 we have
that

[F(a, ) : F] < degp(a)degp(B),
which completes the proof O

Corollary 1.15. Let E/F be a field extension. Then the collection of algebraic elements of E
over I' is a subfield of E that contains F'.

Exercise 1.5. Denote Q the set of complex numbers that are algebraic over Q. Show that

[Q: Q] = co. Also show that [R : Q] = cc.

Remark 1.7. By Theorem 1.15 the set Q is a field. It is sometimes called the algebraic closure
of Q.

Corollary 1.16. Let E/F and L/E be algebraic field extensions. Then L/F is algebraic.

Proof. Let a € L. It suffices to show that [F(a) : F] < 00. Let
fx)=a"+apn 12" 1 4+ ayz 4 ag

be the minimal polynomial of « over E. We denote {ag,...,an,—1} A C E. Since f is also the
minimal polynomial of o over F'(A) we have that [F'({a} U A) : F(A)] = n. Thus we obtain

[F(a): F] < [F({a}UA): F] = [F{a}UA): F(A)] [F(4): F] < x

which completes the proof. ]

Definition 1.14 (Simple field extension). A field extension E/F is called simple if there exists
an element o € E so that £ = F(«). In this case we call o the primitive element of the
extension.

Definition 1.15. Let F be a field. The field of rational functions over F' is denoted by F(x)
or equivalently the fraction field of F[z].

Exercise 1.6. Let E/F be a simple field extension. Show that one of the following is always
satisfied.

(1) E/F is a finite algebraic extension;

(2) There exists an isomoprhism ¢: F(z) — E which is the identity on F'.
Exercise 1.7. Let F(a)/F be a simple field extension. Show that F'(«)/F is finite if and only
if F(a) = Fla).

10
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1.4 The multiplicative group of a finite field

Lemma 1.17. Let G be a finite abelian group of order n. Suppose that G is not cyclic. Then
there exists 0 < m < n so that for all g € G we have g™ = 1.

Proof. From the classification theorem for finitely generated abelian groups there exists a finite
sequence of natural numbers 1 < mj | mg | --- | my so that

G2 Oy X - X Coy.

Since G is not cyclic we get k > 1, and thus |G| > my. Since g"* =1 for all g € G the proof is
complete. 0

Corollary 1.18. Let F be a field and let G < F* be finite where F* is the multiplicative group
structure of the field. Then G is cyclic, and in particular the multiplicative group structure of
a finite field is cyclic.

Proof. Assume by contradiction that G is not cyclic and denote |G| = n. From Theorem 1.17
there exists 1 < m < n so that ¢"* =1 for all g € G. This means that each polynomial ™ — 1
has m < n differenet roots which is a contradiciton. O

1.5 Algebraically closed fields

Definition 1.16 (Algebraically closed field). A field F is said to be an algebraically closed field
if each nonconstant polynomial f € F[z] has a root in F.

Proposition 1.19. Let F' be a field. The following conditions are equivalent:
(1) F is an algebraically closed field;
(2) every irreducible polynomial in Fx| is of degree 1;

(3) every nonconstant monic polynomial f € Flz| splits into linear factors f(x) = (z —
a1) - (x—ay) for ai,...,a, € F.

Proof.

(1 - 2) Let f € Flx]. Suppose f is constant, then it is either invertible or the zero polynoimal
and thus it is not irreducible. Suppose deg f > 2 then since F' is an algebraically closed
field it has a root @ € F and thus f(z) = (z — a)g(z) where g(z) € F|z] and degg > 1.
In particular, f is not irreducible which completes the proof.

(2 — 3) Since every irreducible polynomial in F[z] is of degree 1 every polynomial f(z) so that
deg f > 2 can be written as a product of nonconstant polynomials of smaller degrees.
Thus we can prove (3) by induction on the degree of f.

(3 = 1) Immediate.

O]

Remark 1.8. We have already seen proofs for the fundamental theorem of algebra in other
courses such as topology, and complex analysis, and thus we omitted the proof of this theorem
in class. However, we will not omit its following two corollaries.

Corollary 1.20. Any real irreducible polynoimal f € R[z] is of degree deg f < 2.

11
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Proof. Let f € R[z| be irreducible. Let a € C be a root of f as a polynomial in C[z]. Then we

have
deg f = [R(a):R] <[C:R] =2

which completes the proof. O

Corollary 1.21. Every real polynomial is a product of real polynomials of degree at most 2. In
particular, every real polynomial of an odd degree has a root.

12
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2 Ruler and compass constructions

2.1 The system

We start by setting S = Sy = {(0, 0), (1, 0)} which could be any two points in the plane because
they only serve as giving as the unit distance.

Ruler: Given two different points in S we can draw a straight line between them of an arbitrary
size.

Compass: Given three points in p,q,r € S so that ¢ # r we can draw the circle with center p
and radius |r — q|.

Denote by S; the set points given from the following types of intersections:
(1) intersection of two constructible straight lines;
(2) intersection of two constructible circles;
(3) intersection of a constructible line and a constructible circle.

The set S is called the set of constructible points from Sy in one step. For each k > 1 we
denote Sy, the set of constructible points from Si_1 in one step. We want to analyze the sets

(1) Sk and T, := {lp — q| | p,q € Sk }:
(2) Soo = Upso Sk and T == {lp —q| | p,q € S };

(B3) TE:={zeR||z| €T} ={z €R| (,0) € Sw }.

2.2 Simple constructions

Remark 2.1. In the following constructions 0 := (0,0) always denotes the origin.

Remark 2.2. Although I have drawn the z-axis, I can’t use it to create points without justi-
fication since this was not part of the rules. The justification is simple: every time we want to
use the z-axis, we “draw” an infinite line segment passing through (0,0) and (1,0).

Example 2.1. Let r,s € T,. Then r + s,|r — s| € T. Without loss of generality assume
O0<s<r.

Example 2.2. Let (z,0) € S. Then (32,0) € S.

13
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Example 2.3. Let (z,y) € Sw. Then the line perpendicular to the x-axis that passes through

(z,y) is constructible.
Suppose y = 0 and then (z,y) = (x,0). This case can either be shown directly or we can

just you combine the results from Example 2.1 and Example 2.2.

[

In the general case we can draw a circle around (z,y) with any radius greater than y, and then
apply Example 2.2 on the two new points gained from the intersection with the z-axis.

&
<
. >

Y
8

T+ e

Oe
8
|
N

Corollary 2.1. S, =TE x TE.

Proof. This is an immediate corollary to Example 2.3 since any point (z,y) € S implies
(2,0),(0,y) € So and thus x,y € TE. The other side of the inclusion follows from a simple
construction. Let (z,y) € TEX x TE. Then (x,0),(0,y) € Ss and we can see that (z,7) € Suo
by noticing that it is the intersection of the circle of radius |z — 0| and center y and the circle
of radius |y — 0] and center x.

14
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Field Theory

(z,y)

K

O]

Example 2.4. Let s,7 € Tx. Then rs € T and if 7 # 0 then € T,. We may assume
that s, # 0. From Example 2.1 and Example 2.2 and Example 2.3 we know that the points
A = (0,0), B =(1,0), C = (1,s) and D = (r,0) are construcible. We can now draw a line
passing through A and C and a line perpendicular to the z-axis passing through D. We will
denote their intersection point by F. The triangles AABC and AADFE are similar, and so

AB AD 1

Biciﬁ - — — DE=rs

s  DE

which completes the proof. Below is a diagram to visualize the process.

Eq(n sT)
s
(1,5) C
s
A 1 D .
oy ———— >
0 (1,0) 7 (r,0)
In order to show that € Ti, we use a very similar construction
Eq(r, s)
s
(1,2) C
A 1 B D .
oy ———— >
0 (1,0) 7 (r,0)

which completes the proof.
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Example 2.5. Let ¢ € Tw. Then /¢ € T. From the Example 2.4 we can assume that r < 1
(we have already seen that if 1/t € Ty, then t € Ty,). We know from earlier examples that

the point (%, 0) can be constructed. We now construct the point (1,y) by letting it be the
intersection of the line perpendicular to the z-axis passing through (1,0) and the circle with

radius <t and center (<5, 0). We can see this in the following diagram.

This shows that y is construcible and from the pythagorean theorem we have that

c+1 c+1\2 c+1\2 c+1\2
o 52) () = oo () () 0o

which completes the proof.
Corollary 2.2. T is a field.
Proof. We have seen that 0,1 € T and we have shown in examples that if 7,5 € TZ then
r=+s,rs € TE and if r # 0 that s/r € TE. O
2.3 Lines and circles
Definition 2.1 (F-lines and F-circles). Let F' C R be a field.

(1) A line L C R? is called an F-line if its equation is # = a or y = ax + b for a,b € F.

(2) A circle C C R? is called an F-circle if its equation is (z —a)?+ (y —b)? = c for a,b,c € F.

Remark 2.3. Let Sy C F' x F for some field F. Then each point that is constructible from Sy
in one step is either an intersection of two F-lines, an intersection of F'-circles or an intersection
of an F-line and an F'-circle.

Lemma 2.3. Let F' C R be a field, let L1 # Lo be F-lines and let Cy # Co be F-circles. Then
(1) Ly N Ly = 0 or they intersect at one point in F x F.

(2) LiNCy =0 or they intersect at two points or less and there exists 0 < o € F so that each
intersection point is an element of F(y/a) X F(y/a).

(3) C1NCq =0 or they intersect at two points or less and there exists 0 < o € F so that each
intersection point is an element of F(y/a) X F(y/a).

Proof. We are only going to prove case (2) under the assumption that the equation of L; is
y = ax + b for a,b € F. The equation of C; is (z — ¢)? + (y — d)? = e for ¢,d,e € F. In order
to solve for the intersection points we need to substitute y in ax + b in the equation of the
circle, and after some algebraic manipulations we see that intersection points must satisfy the
equation

(a® +1)a? = 2(c+ald — b))z = e — ¢ — (d — b)?

16
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and so the intersection is nonempty if and only if this equation has a real solution, and in this
case there exist a, 8 € F so that 0 < 8 and the solutions are o & /3. We conclude that

xzaiﬂéF(ﬂ) andy:a:anbGF(\/B)

which completes the proof. O

Theorem 2.4. Let (0,0),(1,0) € Sy C R%. We denote Fy := Q(Ty). Then a real number o €
R>q is constructible from Sy if and only if there exists a tower of fields Fy C Fy C--- C Fj, CR
so that a € Fy, and for all 1 <1i < k there exists 0 < a; € F;_1 so that F; = Fi_l(\/OTi).

Proof. The previous lemma shows that this condition is necessary. Theorem 2.2 shows that the
constructible numbers are a field and Example 2.5 shows that if elements of a field £ C R are
constructible and 0 < a € FE then /« is constructible, and then from Theorem 2.2 we have
that E(y/«) is a field. Thus we can use induction on k to show that for every 1 < i < k that
the elements of F; are constructible which completes the proof. O

Corollary 2.5. Let Sy = {(0,0), (1,0)}. Then a necessary condition for some o € R>q to be
constructible is that [Q(c) : Q] = 2" for some k > 0.

Remark 2.4. In this stage we still don’t know that if « is constructible from Sy = Fy x Fy
then there exists a tower of fields Fy C F} C --- C Fj, = F(a) so that for all 1 <14 < k we have
[F; : F;_1] = 2 but it is a corollary of Theorem 2.4.

Remark 2.5. In later sections we will see a concrete example of some a € R such that
[Q(a) : Q] =4 but « is not constructible from Sy = {(0,0),(1,0)}.

Example 2.6. We know that 7 is transcendental over Q and thus /7 is transcendental over
Q. This implies that we can’t construct using a ruler and a compass a square with area 7.

Example 2.7. The polynomial 2 — 2 is irreducible over Q by Eisenstein’s criterion and thus
it is the minimal polynomial of ¥/2 € R. We get that [Q(+v/2) : Q] = 3 which shows that we
can’t draw the edge of a cube with volume 2.

Definition 2.2 (Fermat number). A Fermat number is a number of the form F, = 22" + 1,
where n is a positive integer.

Definition 2.3 (Fermat prime). Since if 2¥ + 1 is prime for a natural number k > 0 it follows
that k itself is a power of two, any prime number of the form 2¥ + 1 is called a Fermat prime.

Remark 2.6. The only known Fermat primes are 3, 5, 17, 257 and 65537. Moreover, it is
unknown whether there are finitely or inifinitely many Fermat primes.

Example 2.8. Let p be an odd prime. We will show that if cos(27/p) is constructible then p
is a Fermat prime. We can see this by first denoting n = e®* and a = 2?”. We have seen earlier

in Theorem 1.9 that [Q(n) : Q] = p — 1. We see that
n4+nt=e4 e =2cos(a) = n?—2cos(a)y+1=0

which means that 7 is a root of 22 —2 cos(a)z+1 € Q(cos(c)), and thus [Q(n) : Q(cos())] < 2.
On the other hand we have that Q(cos(er)) € R and since n ¢ R that Q(n) € R so finally
[Q(n) : Q(cos(a))] = 2. We have that

:p—l =2

which implies that [Q(cos ) : Q] = %1 Thus if cos(«) is constructible then there exists 0 < s
so that % = 2% and thus p = 25! + 1 which completes the proof.

17
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Remark 2.7. We will see later that the other direction of the proposition also holds. If p is a
Fermat prime then cos(27/p) is constructible from Sy = {(0,0), (1,0)}.

Exercise 2.1. Let p be an odd prime. Show that cos(27/p) is constructible if and only if it is
possible to construct the vertices of a regular p-sided polygon, or equivalently, if and only if p
is a Fermat prime.

18
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3 Introduction to Galois theory

3.1 Splitting fields

Definition 3.1 (Splitting over a field). Let F be a field and let g(z) € F[z] be a polynomial
of degree n. Then g is said to split over F' if there exist a1,...,a, € F not necessarily distinct
so that

glx)=clzr —aq)(x —ag) - (x — an).

Definition 3.2 (Splitting field). Let F' be a field and let g(z) € F[z] of degree n. A field
extension F/F is said to be a splitting field for g over F' if

(1) g splits in E;
(2) if F C L C E then g does not split in L.

Remark 3.1. Condition (2) in Definition 3.2 means that F is the minimal field where g splits,
with respect to containment of fields.

Remark 3.2. The splitting field of a polynomial is unique up to isomorphism.

Proposition 3.1. Let F be a field and let g(x) € F[z] be a polynomial of degree n. Then there
exists a field extension E/F that is a splitting field of g over F. Moreover, [E : F] < nl.

Proof. We will prove this by induction on n. When n = 1 then g(z) is a linear polynomial and
thus F' is the splitting field of g over F'. Assume that 2 < n and that the proposition holds for
polynomials of degree less than n.

Let a be a root of g. We have seen in Theorem 1.3 that there exists a simple field extension
L/F so that L = F(a) and [L : F] < n. We denote h(z) = g(z)/(x — a) € L[z]. From the
induction hypothesis there exists a splitting field E of h over L and [E : L] < (n — 1)!, so we
have that

[E:F|=[E:L]L:F]<nl

and we want to show that E is a splitting field of g over F', so it is left to show that E is the
minimal field where g splits. Assume, by way of contradiction, that FF C M C FE and g splits
in M. Then M contains all the roots of ¢ and in particular o € M. Since g splits over M,
it follows that A splits in M. From the previous two statements, and from the fact E is the
splitting field of h over L = F(a) it follows that £ C M. This contradiction completes the
proof. O

Example 3.1. Let f(z) = 2® — 2 € Q[z]. The roots of f in C are «, aw, aw? where @ = V2
and w = 5. Thus Q(a, w) is the splitting field of f over Q. Notice that we have

[Q(a,w) : Q] = [Q(a,fw) : Q(a)] [Q(a) : Q] )

From Eisenstein’s criterion we have that f(z) = 2% — 2 is irreducible and is the minimal poly-
nomial of & so [Q(«a) : Q] = 3. Since w is a root of % =22+ 1+ 1 € Q(a)[r] we get that
[Q(a, w) : Q(a)] < 2 s0 since clearly w ¢ Q(a) we get

[Qa, w) : Q] = [Q(ar,w) : Q(a)] [Qa) : Q] = 6.

3

=2

Definition 3.3 (Primitive nth root of unity). A primitive nth root of unity is a complex number
¢ satisfying (" =1and ¢¥ # 1 forall 1 < k < n.

Remark 3.3. Note that a primitive nth root of unity is not necessarily unique.
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Example 3.2. Let E/F be a field extension so that £ = F(«) and let a be a primitive nth
root of unity. Then {1, Q... ,a”fl} is the set of roots of the polynomial 2" — 1 and thus the
splitting field of 2" — 1 is F(«) and [F(«) : F] < n.

Example 3.3. We know that for any prime p € N we have for all 1 < k < p—1 that p | (z)
This implies an identity that is colloquially known as the “freshman’s dream” identity. It states
that if F' is a field of prime characteristic p then for any a,b € F we get

P

p . s
b)P = P = aP 4+ P
(a+ ) Zz; <i>a af +
and in particular if f(z) = 2P — a € F[z] and E = F(b) is a simple field extension of F' where
b is a root of f, then O? = a, and thus f(x) = 2P — b? = (x — b)P. This implies that E is the
splitting field of f.

Exercise 3.1. In example Example 3.3 show that if b ¢ F then f is irreducible over F' and
thus [E : F] = p.

Definition 3.4 (Algebraic closure). Let F' be a field. An algebraic extension E/F is said to
be an algebraic closure of F' if

(1) E/F is algebraic;
(2) E is an algebraically closed field;
Exercise 3.2. Show that (1) 4 (2) imply that if ¥ C L C E then L is not algebraically closed.

Lemma 3.2. Let E/F be an algebraic extension. Suppose that every f(x) € F[x] splits over
E. Then E is an algebraic closure of F.

Proof. Tt suffices to show that E is an algebraically closed field. Let f(x) € E[x] be a noncon-
stant polynomial. Let L/FE be an algebraic extension of E so that f has a root o € L. Since
L/E and E/F are algebraic extensions, the extension L/F' is algebraic and in particular « is
algebraic over F. Let m(x) € F[z] be the minimal polynomial of « over F', and let h(z) € E[z]
be an irreducible element (over E) of f(z) so that A(a) = 0. Then h(z) is the minimal polyno-
mial of o over E. This means that h(x) divides m(z). From the assumption we get that m(x)
splits over E and thus h(z) also splits over E and in particular « € F and f(z) has a root in
E. O

Proposition 3.3. Let F' be a field. Then there exists an algebraic closure of F.

Proof. Let {fa | @ <k} be an indexing of the elements of F[z]. We may assume that  is an
infinite cardinal, and hence a limit ordinal. For all a < k we define an extension of F' in the
following way:

(1) Fp = F;
(2) if @« = B+ 1 is a successor ordinal then F, is the splitting field of fz over Fpg;

(3) if v is a limit ordinal then F, = |J Fp;
B<a
and we want to say that Fj is the algebraic closure of F'. From Theorem 3.2 it suffices to show
that F,;/F is an algebraic extension. We will show by transfinite induction that for all a < k
the extension F,/F is an algebraic extension. For the base v = 0 it is clear that F,/F = F/F
is algebraic. Suppose that « is a successor ordinal so that a = § + 1. From the induction
hypothesis Fig/F is algebraic. By definition of Fy, Fi,/Fp is algebraic. Thus Fy/F' is algebraic.
Suppose that « is a limit ordinal. Then F, /F is algebraic since an increasing union of algebraic
extensions is an algebraic extension. This completes the proof. O
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Lemma 3.4. Let o: E — L be an isomorphism of fields. Let f(z) = 2" +a, 12" ' +---4ag €
E[z] be drreducible, and denote g(x) = o(f) = a" + o(ap—1)x" ' + -+ + o(ag) € L[z]. Let
E(a) = E and L(b) = L be field extensions so that a is a root of f and b is a root of g. Then
there exists a unique isomorphism o: E — L so that G|g = o and &(a) = b. This could be
summarized by the following commutative diagram:

I Fla)

e
H
L
a

Proof.

Uniqueness: We have that {1,a,...,a" '} is a basis of E over E and thus 7| and o(a)
uniquely determine &.

Existence: There exist isomorphisms 71: E — E[z]/ (f(x)) so that for every e € E we have
mi(e) == e+ (f(z)) and m1(a) = z + (f(z)) and 72: L — L[z]/ (9(x)) defined similarly.
Also we define 73: Elz]/ (f(z)) — Llz]/ (9(z)) by h+ (f(2)) + o(h) + (9(z)). In this
way we have that 7, Lo 73 071 is the desired isomorphism.
O

Proposition 3.5. Let F' be a field. Let E and L be algebraic closures of F'. Then there exists
some isomorphism (not necessarily unique) p: E — L so that p|p = idp.

Proof. Let {aa |a < R} where & is an infinite cardinal be an indexing of the elements of E.
For all a < k we inductively define a field F' C F,, C E in the following way:

(1) Fo:=F;
(2) if @« =+ 1 then F, = F(ag);

(3) if « is a limit orindal then F, = |J Fp.
B<a
It is clear that EY = F},. For every 3 < k we denote mg the minimal polynomial of ag over Fp.
Then degmg = [FﬂH : Fﬁ]. We can now define an embedding p,: F, — L for every a < & so
that for all 8 < a < k we have p,| Fs = Pg (this means that pg C po). If po has already been
defined then we denote L, = im(pq).

(1) po =idF;

(2) if a = B+1 is a successor ordinal then since L is algebraically closed we can choose bg € L
which is the root of the irreducible polynomial pg(mg) € Lg[z] (it is irreducible since
pglF, is an isomorphism and mg is irreducible). From Theorem 3.4, there exists a unique
extension of pg to an isomorphism

po: Fo = Falag) = Lp(bs) C L
so that p,(ag) = bg;

(3) if o is a limit ordinal then we let p, = | pg.
B<a
Denote p := p,. We get that p: F, = E — L is an embedding of F in L so that p|r = idp,
which also respects the field operations. It is left to show that p is surjective. Let b € L and let
g be the minimal polynomial of b over p(E). We have that p~!(g) (we map x to x) splits over
E (since FE is algebraically closed), and thus g splits over p(F) and in particular b € p(E). O
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Exercise 3.3. Let 0: F' — E be an isomorphism of fields. Let g(x) € Fx] and h(z) = o(g) €
E[z]. Let L/F and M/E be the splitting fields of g and f. Then o extends (not uniquely) to
an isomorphism o: M — L.

Corollary 3.6. Let F' be a field. Let E/F and L/F be splitting fields of the same polynomial
f € Flz]. Then there exists an isomorphism o: E — L so that o|p = idp.

Remark 3.4. Let p € N be prime and let E be a finite field of size p”. Then the set F' =
{0,1,2,...,p— 1} C FE is a subfield of F, and there exists a unique isomorphism p: Z/pZ =
F, — F.

Lemma 3.7. Let p be prime. Let E be a field with p"™ elements and identify I, as a subfield of
E. Then E is the splitting field (over F,) of the polynomial 2" — x € F[z].

Proof. The multiplicative group E* is of size p” — 1, and thus from Cauchy’s theorem for all
a € E* we have a?"~! = 1. Since we also have that 0?"~! = 0 it follows that all elements of E
are roots of the polynomial x(z?"~! — 1) = 2" — z € F[z]. Since |E| = p", and a polynomial
of degree m has at most m roots, it follows that 2" — z splits over E. We get that E is the
splitting field of 2" — x over F,, which completes the proof. ]

Corollary 3.8. Let p € N be prime and 1 < n € N. Then every two fields of order p™ are
isomorphic.

Proof. The two fields are both splitting fields of 2P" — x over F,, which is embedded uniquely
in both of them. The result now follows directly from Theorem 3.6. O

Remark 3.5. This shows that any field of size p™ is unique. In the next section we will show
that there exists a field of size p™ for any prime p and natural number n > 1.

3.2 The automorphism group of a field

Definition 3.5 (Automorphism group). Let L be a field. The automorphism group of L is
given by
Aut(L) := {o: L — L | o is an isomorphism }

with the group operation being function composition.

Example 3.4. We will show that Aut(Q) = {idg}. Let 0 € Aut(Q). We must have ¢(0) = 0
and (1) = 1 and thus for any n € N

on)=c(l+1+---4+1)=0c(l)+-0(l)=14+14---+1=mn,
N——’ N——’

—_————
n times n times n times
and from other properties of isomorphisms we get o(—n) = —o(n) = —n. From this follows

that for any a/b € Q we have o(a/b) = o(a)/o(b) = a/b, which implies that o = idg.
Example 3.5. Let p € N be a prime number. Then Aut(F,) = {idg, }.

Example 3.6. We want to find Aut(R). Let o € Aut(R). In particular o|g is an isomorphism
of Q and thus o|gp = idg. We will show that o preserves the order of the real numbers. Let
x,y € R so that < y. There exists m € R so that y — x = m?. Hence

o(y —z) = o(m?) = a(y) —o(z) = (o(m))* >0 = o(y) > o(a).

22



8 Introduction to Galois theory Field Theory

We will now show that o = idg. Let z € R, and let {yn} -, ,{zn},—; C R be sequences of
rational numbers that converge to = from above and from below respectively. We then have
that

Yn <x <z = 0(yn) < o(z) <o(zy)
= lim o(y,

)
= z<o(x)<z
= o(z) ==x.

Definition 3.6 (Frobenius’ endormophism). Let L be a field of prime characteristic p. The
map ¢: L — L given by = — 2P is an embedding called Frobenius’s endomorphism

Exercise 3.4. Verify that Frobenius’ endomorphism is injective.

Example 3.7. Let F be a finite field. Then any injective function from F' to F' is surjective
and thus ¢ € Aut(F). If |F| = p then from Fermat’s little theorem we get that ¢ = id, but
when |F'| > p we have ¢ # id since there are exactly p elements that satisfy 2P = x, namely the
elements of the prime subfield.

Example 3.8. Let ' = F,(t) be a simple extension of the field with p elements. Then we get
that ¢(F) = F,(t*) C F,(t), so ¢ is not surjective.

3.3 The automorphism group of a field extension

Definition 3.7 (Automorphism group of a field extension). Let E/F be a field extension. The
automorphism group of the extension E/F is given by

Aut(E/F) := {0 € Aut(E) | o|p = idp}.
Exercise 3.5. Verify that Aut(E/F) is a subgroup of Aut(E).

Example 3.9. Let us find the automorphism group Aut(C/R). The automorphism we may
think about is the identity map id: C — C. Indeed id € Aut(C/R), but this doesn’t really help
us find the other automorphisms. In order to find the other automorphisms, we note that for
o € Aut(C/R) we have o(22+1) = 0 if and only if z € {—i, i}, and since o(2?+1) = (0(x))2+1
for any z € C, we must have o ({—i, z}) = {—4,i}. In the case (i) = i, we obtain o = id, and
in the case (i) = —i we obtain o0 = 7, where 7 is the complex conjugation map. Both of these
are automorphisms of C that fix R and thus Aut(C/R) = {id, 7}.

Lemma 3.9. Let E = F(«) be a simple field extension. Then any o € Aut(E/F) is uniquely
determined by the image of «.

Proof. Let 0,7 € Aut(E/F) be such that o(«a) = 7(«). Let e € E, then there exist f,g € F|a]
so that g(a) # 0 and e = f(«a)/g(c). We now have that

ey — 2U(@) _ flol@) _ frle) _ (i) _
o(9(@) ~ glo(a) ~ glr(@) ~ rlgla))

which completes the proof. O

Exercise 3.6. Let £ = F(ay,...,a,) be a field extension. Then any o € Aut(E/F) is deter-
mined uniquely by the images of aq,...,a,.

Lemma 3.10. Let E = F(«) be a simple algebraic field extension. Let m(x) € Flx| be the
minimal polynomial of o over F. Then
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(1) for all o € Aut(E/F), o(a) is a root of m(x);
(2) for all roots € E of m(x) there exists a unique o € Aut(E/F) so that o(a) = f3.
Proof.
(1) Since m(z) € F[z] we have o (m(z)) = m(o(z)), hence 0 = 5(0) = o (m(a)) = m (o(a)).
(2) Existence follows from Theorem 3.4 and the uniqueness follows from Theorem 3.9.
O

Corollary 3.11. Let E = F(«) be a simple algebraic extension and let m(x) € F[x] be the
minimal polynomial of a. Then

(1) there exists a bijective correspondece between elements of Aut(E/F) and the distinct roots
of m(zx) in E (multiple roots count as a single root);

(2) we have |Aut(E/F)| < [E : F] and equality holds if and only if m(z) splits into distinct
linear factors over E.

Proof.
(1) This follows directly from Theorem 3.10.

(2) We have that [E : F] = deg (m(az)), and by Theorem 3.10, an automorphism o €
Aut(E/F) sends a (a root of m(z)) to another root of m(x). We also know that o is
determined by where it sends a (remember, E/F is a simple extension), and therefore
|Aut(E/F)| is at most the number of distinct roots of m(z) which is less or equal to
deg (m(z)) = [E : F]. Moreover, an equality holds if and only if all roots of m(z) are in
E, or in other words, when m(z) splits into distinct linear factors over E.

O]

Remark 3.6. Theorem 3.11 is very important for the devlopement of Galois theory. We will
later see that in what we call “Galois extensions” we always have the equality |Aut(E/F)| = [E :
F]. That is because we explicitly require, in the case of this simple extension F'(a) for example,
for the minimal polynomial m(z) to split into distinct linear factors over E (in particular we
require it does not have multiple roots).

Example 3.10. Consider the polynomial p(z) = 2% — 2 € Q[z]. Its roots are z; = +/2 and
two other complex roots 22, z3 € C \ (Q(v/2)/Q). Since by Theorem 3.10 any automorphism in
Aut(Q(v/2)/Q) must send z; to some root of p in Q(+/2)/Q, and since 22, 23 € C\ (Q(/2)/Q),
we conclude that Aut(Q(+/2)/Q) = {id}.

Remark 3.7. I suggest trying to visualize Example 3.10. Hold a mental image of Q C Q(3/2) C
C in your head, fix Q and see how Q(+/2) \ Q is also fixed in place for all ¢ € Aut(Q(+/2)/Q).
Now try to visualize how many embeddings of Q(+/2)/Q that fix Q are there in C in total (this
time we can send /2 to other roots as well because the embeddings are not required to be
automorphisms of E).

Example 3.11. Let F}, be a field of prime characteristic p, and denote F' := F,(tP) for P ¢ F),.
Now denote E := F\(t), and notice that £ = F,(t). We have that a? — t# = (z — t)P € F[x]
is the minimal polynomial of ¢, and since E/F is simple we conclude [E : F| = p. However,
since any o € Aut(E/F) must send ¢ to another root of 2P — t? = (x — ¢)P, it follows that
o(t) = t, and since E = F(t), the automorphism is determined to be the identity map, and thus
|Aut(F,(t)/F,(t7))| =|{id}| =1 <n=[E: F].
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Theorem 3.12. Let F' be a field, let g(x) € Flz| and let E be the splitting field of g over F.
Let aq, ..., ay be the distinct roots of g in EE. Then

(1) there exists an injective homomorphism p: Aut(E/F) — Sym{aq,...,an} = Sp;
(2) |Aut(E/F)| divides n!.

Proof.
(1) Verify that the map ¢: 0+ 0]{q,,....a,} is the desired homomorphism.

(2) This part follows from (1) and from Lagrange’s theorem since
|Aut(E/F)| =|im | ||Sn| = nl.

O

Remark 3.8. In the setting of Theorem 3.11 we had that £ = F(a) is a simple extension,
and m(a) is its minimal polynomial. Now in Theorem 3.12 we have that g(z) € F[x] is some
polynomial and F is its splitting field. These are different settings because for example we saw
in Example 3.10 that Q(+/2) is not the splitting field of any polynomial g(z) € Q[z].

Question. Theorem 3.12 is another step in developing Galois theory. We now require F to be
the splitting field of a polynomial g € F[z]. Under this extra condition g must split into linear
factors (not necessarily distinct yet, so it could be of the form g(x) = (x — 1)?). However, if
g(z) does not have multiple roots, will the equality from Theorem 3.11 always hold?

Example 3.12. Let E/Q be the splitting field of 2% —2 € Q[z]. Denote o = /2 and w = *7/3,
We know that £ = Q(a,w). We have seen in Example 3.1 that [E' : Q] = 6. The complex
conjugation map 7 satisfies

(o) = a,
7(aw) = aw = aw?,
7(oaw?) = aw® = aw,

so 7 permutates the roots {a, auw, aw2}, and thus 7|g € Aut(E/Q). Similarly, by Theorem 3.4
we can show that exists automorphisms such that n(a) = aw and ((a) = aw? (which unlike
in Theorem 3.4 are not necessarily unique as the extension is not necessarily simple). Thus
{id, o,n,¢} C Aut(E/Q), and since by Theorem 3.12 we get that Aut(E/Q) is isomorphic to a
subgroup of S3 we conclude that Aut(E/Q) = Ss.

Exercise 3.7. Let f € Q[z] and let E be the splitting field of f over Q. Then 7|5 € Aut(E/Q).

Remark 3.9. Let £ = F(a) be a simple field extension such that « is a primitive nth root
of unity. Then if m; = ma (mod n), we have o™ = o2, and thus for any m € Z/nZ, the
expression o' is well defined.

Exercise 3.8. Show that

{am‘m € (Z/nZ)X} = {B € E'| B is a primitive nth root of unity} .

In particular, there are exactly ¢(n) (Euler’s totient function of n) primitive nth roots of unity.
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Example 3.13. Let F = F(«) be a simple field extension such that « is a primitive nth root
of unity and let 0 € Aut(E/F). Then o(«) is also a primitive nth root of unity, and we can
define the map

Y Aw(E/F) — (Z/nZ)"

by ¢(o) = m if and only if o(a) = ™. Since any o € Aut(E/F) is determined by the image of
a, it follows that v is injective, and since it is also a homomorphism, we get that Aut(E/F) is
isomorphic to a subgroup of (Z / nZ) .

Example 3.14. Let p be a prime number and let 7 € C be a primitive pth root of unity. We
have seen that the minimal polynomial of n over Q is

P —1
— — p1 — —pk
gbp(x)—x_l—x +-Frz+1l= H (x —n").
1<k<p—1

In particular all roots of ¢,(z) are elements of Q(n). Thus,

p—1<|Aut(Q(n)/Q)| <p-1

where the first inequality follows from the existence of an automorphism that sends 7 to any
other one of p — 1 roots, and the second inequality follows from the fact Aut(Q(n)/Q) is iso-
morphic to a subgroup of (Z / pZ) . Thus

|Aut(Q(n)/Q)| =p -1,

and

Aut(Q(n)/Q) = (Z/pZ) ™ = Cp_1.

Example 3.15. Let p > 3 be a prime number and let  be defined like in Example 3.14. Since
n¢Rand n+n~!eR, we get that

Q(n) 2 QU +n7h).
On the other hand, n is a root of
fl@)=(z—n)(@—n"") =2~ (n+n "z +1,

and thus [Q(n) : Q(n+n~')] = 2. Then since o € Aut(Q(n)/Q) must send 7 to a root of its
minimal polynomial we also have Aut(Q(n)/Q) = {idg(), 7} where 7 is the restriction of the
complex conjugation map to Q(n).
3.4 Galois correspondence

Definition 3.8 (Galois correspondence). Let E/F be a field extension and let G = Aut(E/F).
For any subfield FF C M C FE, The Galois correspondence sends M to the group

G(M) := Aut(E/M) < Aut(E/F).

For any subgroup H < G := Aut(E/F), the Galois correspondence sends H to the fixed field
of H
F(H):={z€E| (Vo€ H)o(z)=ux}.

The correspondence is given by:

{M\FQMgEisasubﬁeld}é{H\HgG}.
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Example 3.16. Let FF = R and £ = C. Then G = Aut(E/F) = {id, 7}, and we have
F ({id}) = C and F (G) = R, and there aren’t any more subfields. G(R) = G and G(C) = {id}.

Proposition 3.13. With regards to the notations above,
(1) F(H) is a field contained in E and containing F';
(2) B = F ({idg});

(3) if Hi < Hy then F(H1) O F(H3).

Proof.

(1) Any o € G fixes the elements of F' and thus FF C F(H). For any 0 € G and for all x,y € F
if o(x) = x and o(y) = y, then o(x +y) = v £ y and o(zy) = zy and o(z/y) = z/y (if
y # 0). We get that F(H) is closed under addition multiplication multiplication and
division and contains 0 and 1, so F(H) is a subfield of E.

(2) Immediate.

(3) In particular Hy C Hs, and thus F(Hy) 2 F(Hs).

Exercise 3.9. With regards to the notations above,
(1) G(M) is a subgroup of G;
(2) G(FE) = {id} and G(F) = G;
(3) if My C My then G(M;) 2 G(Ma).

Remark 3.10. Notice that the exercise is almost symmetrical to Theorem 3.13, except that in
part (2) of Theorem 3.13 we did not claim that 7(G) = F. Indeed, this claim is false.

Example 3.17. We see that Aut(Q(+/2)/Q) = {id} since +/2 is the only root of 3 — 2 in
Q(V/2). Thus we have F ({id}) = F(G) = Q(V2) # Q.

Example 3.18. Let E/F be as in Example 3.11. We have seen that F is the splitting field of
2P —tP over F', and that G := Aut(E/F) = {idg}. In particular we obtain that 7(G) = E # F.

Proposition 3.14. With regards to the notations abowve,
(1) for any subfield M we have M C F (G(M));
(2) for any H < G we have H C G (F(H)).
Proof.
(1) Let m € M. Then for any o € G(M), o(m) = m, and thus m € F (G(M)).

(2) Let 0 € H. Then for any a € F(H), o(a) = a, and thus ¢ € G (F(M)).

Exercise 3.10. Show that the following claims hold.
(1) For any subfield M we have G(M) = G(F (G(M))).
(2) For any subfield H < G we have F(M) = F(G (F(H))).
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Lemma 3.15. Every quadratic extension K/Q is of the form Q(+/r) for some squarefree integer
reZ\{0,1}.

Proof. Let K be a quadratic extension of Q, this means that [K : Q] = 2. Then there exists an
element o € K \ Q such that K = Q(«) and the minimal polynomial of o over Q has degree 2.
Thus, the minimal polynomial has the form

f(z) = 2% 4+ bz + c € Q[z],
for some b, ¢ € Q. The roots of this polynomial are

bV —de
- ==

Let d = b® — 4c € Q be the discriminant. Then o € Q(v/d), so Q(a) € Q(+/d). Conversely,
since vVd = +(2a4b) € Q(a), we have Q(v/d) C Q(«). Hence Q(a) = (\f) It is left to show
that Q(Vd) = Q(v/r) for a squareless r € Z \ {0,1}. Write d = % € Q with a,b € Z where b is

a perfect square. Then
a \/E

so Q(vd) = Q(y/a). Let r be the squarefree part of a, so a = rs® for some s € Z. Then

Q(Va) = Q(Vr),

since v/a = sy/r with s € Q. Therefore, K = Q(/r) for some squarefree integer r € Z \
{0,1}. O

Example 3.19. Let Q(\/§, \/3)/(@ We notice that (@(\@7 \/§) = Q(ﬂ, \/6) = Q(\/g, \/6)
(I) Assume, by way of contradiction, that v/3 € Q(v/2). Then v/3 = a+bv/2 for some a,b € Q

and
2
3= (a—l—bﬂ) — a2 4+ 2% + 2abV2

which implies that ab = 0, but since 3 # a? for any a € Q and 3 # 2b? for any b € Q we
get a contradiction and thus v/3 ¢ Q(v/2). We get that

Q(v2.v3): Q] = [Q(V2.v3): Q(vV2)| [Q(vD) 1 Q] =2-2=2
and thus from Theorem 3.11 we get that ‘Aut(@(\/i, \/g)/(@)‘ <4

(I) If E = F(a) is a field extension of degree 2 and o € F then the minimal polynomial
of a over F is 22 — a? = (z — a)(x + «), and thus there exists ¢ € Aut(E/F) so that
o(a) = —a and Aut(E/F) = {idg,c}.

(ITIT) From (II) we get that there exists o € Aut(Q(v/2,v/3)/Q(v2)) < Aut(Q(v/2,v3)/Q)
such that o(v/3) = —v/3 and 0(v/2) = /2, and thus o(v/6) = —v/6. Similarly, there exist
7,1 € Aut(Q(v/2,v3)/Q) so that

7'(\/5):—\/5 and T(\/§>:\/§ and 7'(\/6)2—\/6,
n(x@):—\/i and n(\/§>=—\/§ and 77(\/6)2\/6,

so necessarily from (I) we conclude Aut(Q(v/2,v/3)/Q) = {id, o, 7,n}. Since all elements
of the automorphism group Aut(Q(v/2,v/3)/Q) are of order < 2, it is a Boolean group,
and in particular it is an abelian group so it is the inner direct product of (o) and (7).

Aut(Q(v2,V3)/Q) = (o) x (1) = Co x Co.
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(IV) If Q € M € Q(+v/2,v/3) then M = Q(y/r) for some squarefree integer 2 < r € Z. We want
to show that r € {2,3,6}. Assume that \/r € Q(v/2,v3), then for any automorphism
p € Aut(Q(v2,v/3)/Q), we have that u(y/r) = £+/r. There exist a,b,c,d € Q so that

Vr=a+bv/2+ V3 + dVe.

As we saw there exists id # p € Aut(Q(v/2,v3)/Q(y/7)) so that u(/r) = r. fp =0
then

a+bV2+eV3+dVe=r=puVr)=a+bV/2—cV3—dV6 = c=d=0,

which implies
\/;:cH—b\fZ — r=b0/2 = r=2.

where the last step follows from the fact that r is squarefree. Similarly if 4 = 7 then r = 3
and if p = n then r = 6.

(V) The subgroups and subfields form lattices, and the Galois correspondence gives a bijection
between them. We can see this in the following diagram:

Q Aut(Q(v2,3)/Q)

In this case, F and G are the inverse of each other and invert the containment order. Note that
the fact these are all the subfield of Q(v/2,+/3) follows from (V).

Example 3.20. Let n € C be the primitive 5th root of unity.

(0) We saw in Example 3.14 that [Q(n) : Q] = 4 and that

Aut (Q(n) : Q) = (2/5Z) = Cu.

We will find a generator for Aut (Q(7)/Q). Let o € Aut (Q(n)/Q) be the automorphism

that satsifies (1) = 7. Such an automorphism must exist since 1 is a root of m; :11 which
is the minimal polynomial of 1. We see that

a(n) =1,
o*(n) =n*,
a(n) =n’,
ot(n) =,

so (o) = Aut (Q(n)/Q).
(I) We have seen in Example 3.15 that
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and thus from

1=[Qm): Q] = [Q@m) : QM +717H)] [Q@m -+ Q

=2

we get [Q(n +n7 Q] = 2, so it is a quadratic extension and thus there exists a square-
free integer 2 < r € Z so that

Q(vr) =Qn+n1.

(IT) We want to show that Q(y/r) is the only subfield that is properly contained in (not equal)
Q(n) which contains Q.

Let Q € M € Q(n). Then
4=[Q(m):Q] =[QMm): M][M:Q] = [M:Q]=2.

\ﬁ/—/‘v—/
1< 1<

This implies that there exists a squarefree integer s # 0,1 so that N = Q(y/s) (s may be
negative). If s # r, then from the same arguments as in Example 3.19 (we didn’t use the
fact that the roots are real) we could obtain that Aut (Q(n)/Q) = Cs x Cy, which is a
contradiction.

(III) In this case we also get that F and G are the inverse of each other:

Q(n)<€---------------- > {id}
Qn+n") (o)
Q=e--------- > (o)

Exercise 3.11. Show that the Galois correspondence induces a bijection between the lattice of
the subgroups of Aut(FE/G) and the lattice of the subfields of E over Q where E is the splitting
field of 22 — 2 over Q.

Remark 3.11. We have seen examples where F and G were the inverse of each other like
Example 3.19 and Example 3.20, and examples where they weren’t like Example 3.17 and
Example 3.18. We want to figure out what was the difference between these examples.

o In Example 3.19 and Example 3.20 the extensions were the splitting fields of polynomials
with distinct roots (all roots were simple - with multiplicity 1).

+ In Example 3.17 the extension Q(+/2)/Q is not the splitting field of 2® — 2 € Q[x] since it
does not contain the complex roots (although all roots of 23 — 2 are distinct/simple).

o In Example 3.18 the extension was E/F where F is of prime characteristic p and £ = F(«)
for some a ¢ F' such that of € F. Here E is the splitting polynomial of 2P — aP, but all
roots of #P — aP are equal - they are not distinct/simple.
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4 Separable extensions

4.1 Separable polynomials and separable extensions

Definition 4.1 (Simple and multiple roots). Let E/F be the splitting field over F' of a poly-
nomial 0 # g(z) € Flz]. Let o € E be a root of g(x). The multiplicity of « is the maximal
value of k > 1 so that (z — a)* divides g (in E[z]). If the multiplicity of o is 1 then « is said
to be a simple root. Otherwise it is said to be a multiple root.

Definition 4.2 (Separable polynomial). Let F' be a field and 0 # g(x) € F[z]. Then g is called
separable if there exists a splitting field E/F of g over F' so that g doesn’t have multiple roots.

Remark 4.1. If g is separable with regards to some spliting field, then g is separable in all
fields in which it splits.

Definition 4.3 (Derivative). Let g(z) = > ja;z' € F[z] be a polynomial. The derivative of
g is

d(x) = Ziaixi_l.

Remark 4.2. If char(F) = 0, then deg(¢’) = deg(p) — 1. If char(F) > 0 the degree might be
smaller.

Example 4.1. When g(z) = 2P € F,[z] we have ¢/(z) = pzP~! = 0. Thus deg(g) = p but
deg(g’) = 0.
Exercise 4.1. Show that the derivative is linear.

Solution. Let g,h € F[z] be so that g(z) = > ja;z" and h(z) = Y* bz’ and let ¢ € F.
We have that

(cg)'(z) = Zicaixi_l = cZiai:ri_l =c(q')(z)
i=1 i=1

and
n

(g+h) = Z i(a; + b))zt = Z iaztl Z bzl = (9) + (h).
i=1 i=1 i=1

This shows that the derivative is linear which completes the proof.

Lemma 4.1. Let F be a field, let 0 # g(x) € F[z], let L be the splitting field of g over F and
let a € L be a root of g. Then « is a multiple root if and only if v is a root of ¢'.

Proof. Let @ = a, ..., a, be the distinct roots of g in L and let ey, ..., e, be their multiplicities.
Then there exists 0 # C' € F so that

g@) = C[J@ —an)®,
i=1

and thus from the product rule:

g@)=CY |elw—a) " [[(x—ay) |,

i=1 i£j

and so

J(a) = C’Z ei(ay — a;)% H(oq —a)% | =C [ ei(ar —ar)* ™! H(OQ — )
i—1 it 1]

so ¢'(a) = 0 if and only if e; > 1. O
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Remark 4.3. Let g,h € F[x] be polynomials. If E/F is a field extension of F', then when we
apply Eulid’s algorithm we would get the same polynomials in both fields, and thus ged(g, h) = r
in both F[x] and Elz].

Corollary 4.2. Let g,h € F[z] be polynoimals and let E/F be a field extension of F. Then g
and h are coprime over E if and only if they are coprime over F'.

Exercise 4.2. Let F be a field and let h, g € F[x]. Suppose that h splits in F'. Then g and h
are coprime if and only if they don’t have a common root.

Solution. Suppose that g and h are coprime. Assume, by way of contradiction, that they have
a common root r € F. Then (z — r) divides both ¢g and h and thus it must divide ged(g, h) in
contradiction to ged(g, h) = 1.

Next suppose that g and h don’t have a common root. Let ged(g, h) = r. Assume, by way
of contradiction, that r # 1. Then since r | h and h splits in F' we get that r must split in F.
Let z € F be a root of r, so that p := (x — 2) | r. By properties of ged it follows that p | h and
p | g so they have a common root which is a contradiction.

Corollary 4.3. Let 0 # h € F[x]. Then h is separable if and only if h and h' are coprime in

Proof. Let E be the splitting field of A over F. Then by definition h is is separable if and only if
h doesn’t have multiple roots. Then h doesn’t have multiple roots if and only if » and A’ don’t
have common roots, so combining this with Exercise 4.2 we get that h is separable if and only
if h and I/ are coprime in E. From Theorem 4.2 we now get that h is separable if and only if
h and b/ are coprime in F[x]. O

Corollary 4.4. Let F be a field of characteristic 0. Let h € Flx] be irreducible. Then h is
separable.

Proof. Since h is irreducible every divisor of h of degree less than deg(h) is invertible. Since
charF' = 0 we obtain that deg(ged(h,h’)) < deg(h’) = deg(h) — 1 < deg(h), so the greatest
common divisor of h and A’ is invertible. Hence ged(h,h’) =1 so h and h’ are coprime. Then
from Theorem 4.3 we obtain that h is separable, which completes the proof. O

Example 4.2. Let F' be a field of prime characteristic p and let a € F' be so that there does
not exist b € F so that a = bP. We have seen in Exercise 3.1 that h(z) = aP — a is irreducible
in Flz]. Since i’ = 0 we get that h and h’ are not coprime in F[z]. This shows that h is not
separable.

Remark 4.4. Let F be a field of characteristic p. We want to understand the polynomials
g € Flz] which are irreducible and nonseparable. Since g is irreducible, every polynomial of
degree less than deg(g) that is not the zero polynomial is coprime to g. In particular if g’ # 0
then g and ¢’ are coprime, so Theorem 4.3 implies that g is separable, which is a contradiction.
The implication is that all irreducible and nonseparable polynomials g € F[x] satisfy ¢’ = 0, so
they must be of the form

n
g(x) = Z a;x’P.
i=0

If we denote h(z) := > I, a;z", we can even write g(z) = h(z?). We can even show that h(x)
is irreducible. Assume, by way of contradiction, that there exist hy, hy € Flz]|\ F so that

h(z) = hi(z)ha(z).

Then g(x) = hi(2P)ha(2P) where both hj 2(2P) € Flx]\ F. However, g is irreducible, so we get a
contradiction. Therefore all irreducible and nonseparable polynomials in a field of characteristic
p are of the form g(z) = h(zP) for some irreducible polynomial h(z) = > ; a;z’ € F[z].
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Proposition 4.5. Let F' be a field of a prime characterstic p, and let f € Flx] be an arbi-
trary irreductble polynomial. Then there exists a number e > 0, and an irreducible, separable
polynomial h(z) € F[z]| so that

(1) f(z) = h(a™);

(2) the multiplicity of each of the roots of f is p°.

Corollary 4.6. Let F be a field and let g € F[x] be irreducible. Then any root r in some
splitting field of g over F' has has the same multiplicity.

4.2 Finite fields

Proposition 4.7. Let p be a prime number. Then for all n > 1 there exists a unique (up to
isomorphism) field F' of order p™.

Proof. Let n > 1. We have seen that any field of order p” is isomorphic to the splitting field of
xP" — z over F,. We now prove existence. Denote h(z) = P — z. Let E be the splitting field
of h(z). Since h'(x) = —1 we conclude that h and A’ are coprime and thus h(z) is separable.
By definition of seperability we get that

L={acE|h(a)=0}CE

is a set of cardinality p™. Notice that 0,1 € L and that it is closed under addition and multipli-
cation, since for all a,b € L we have

hla+b) = (a+b)F" —(a+b)=a” +b" —a—b=0
h(a-b) = (a-b)P" —(a-b)=0

A nonempty subset of a finite field that contains 0 and 1 and is closed under addition and
multiplication is a subfield so L is a field of order p™ which completes the proof. O

Remark 4.5. Notice that since h(z) splits in L we actually have that L = E.

Definition 4.4 (Perfect field). A field F is said to be perfect if any irreducible polynomial
g(x) € F[x] is separable.

Example 4.3. According to Theorem 4.4 any field of characteristic 0 is perfect.

Remark 4.6. The next proposition shows that any finite field is perfect and any field of rational
functions F'(z) where char(F') = p is not perfect.

Proposition 4.8. Let F' be a field of charateristic p > 0. Then F is perfect if and only if the
endomorphism of Frobenius is surjective.

Proof. Suppose that ¢, is not surjective, and let b € F'\ ¢,(F). We have seen in Example 4.2
that P — b is irreducible and also nonseparable so F' is not perfect.

Next suppose that ¢, is surjective. Let g(z) € F[z] be irreducible. Then from Theorem 4.5
there exists an irreducible and separable h(z) € F[z] and a number e > 0 so that g(z) = h(z?").
Denote h(z) = Y1 a;z’. If we show that p® = 1 then g(x) = h(x) is separable which completes
the proof. Since ¢, is surjective, for all 0 < i < n there exists b; € F' so that (b;)P" = a;. We
get that

e

p

g(x) = h(zP") Zal " — Z <b¢xi)pe = ibmi ,
i=0

=0

where the last transition follows from the fact F' has characteristic p. Since g(x) is irreducible
we get that p© = 1, so g(x) = h(z) is separable, which completes the proof. O

Remark 4.7. Every finite field is perfect.
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4.3 Embeddings of field extensions

Definition 4.5 (Separable element). Let E//F be an algebraic field extension. Then o € F' is
said to be separable over F' if its minimal polynomial is separable.

Definition 4.6 (Separable extension). A field extension E/F is said to be separable if all of
its elements are separable.

Example 4.4. Let F be a field with characteristic 0. Then any algebraic extension of F' is
separable.

Definition 4.7. Let E/F be a finite extension, let ¢: F' — Q be an embedding of F' in an
algebraically closed field 2. Denote

ip(E/F) =#{¢: E— Q| ¢lr = o}

Remark 4.8. We will soon see that i, o(E/F) is not dependent on ¢ or €. It is only dependent
on F/F.

Lemma 4.9. Let E = F(a) be a finite simple field extension. Let Q be an algebraically closed
field and let p: F' — Q be an embedding. Let mq(z) € F[x] be the minimal polynomial of a over
F. Then i, o(E/F) is equal to the number of different embeddings of E in the splitting field of
mq over F'. In particular if E/F is a simple algebraic extension then

(1) iy (E/F) is not dependent on ¢ or on §);
(2) ipa(E/F) < [E: F;
(3) in (2) there is equality if and only if mq(z) is separable.

Proof. We know that if ¢: F — ) is an extension of ¢ then ¢(a) is a root of p(m,) and that
the number of different roots of ¢(m,) in Q is equal to the number of distinct roots of m,(x)
in the splitting field of m, over F'. Theorem 3.4 shows that ¢ is determined by the image of a
and that if b € Q is a root of p(m,) then ¢ is extendable to an embdedding ¢: E — Q so that
o(a) = b.

Since each embedding is determined by m,(a), which must be a root of m,, we immediately
get i, o(E/F) < deg(m,) = [E : F], and equality holds if and only if m, has no multiple roots
(is seperable). O

Remark 4.9 (Intuition for i(E/F')). We know that i(E/F) is the number of F-embeddings of F
in an algebraic closure of F' which we denote Q2. For example, the inclusion map i: E/F — 2 is
always such an embedding (this may be the reason for the notation too). In general, if we have a
simple field extension F'(a)/F (though this is true for nonsimple extensions as well), for example
Q(¥/2)/Q, and we want to understand what i(Q(+/2)/Q) is, we first find an algebraically closed
field containing Q(+/2)/Q, for example C. Then we notice the most imporatant fact, that any
F-embedding o fixes F, so it must send roots of the minimal polynomial of ¥/2 over Q to other
roots. Therefore, for any F-embedding o we obtain o(+/2) € {z1, 20, 23}, where 21, 2, 23 are
the roots of 23 — 2. Since o is determined by the value of o(3/2) we get i(Q(v/2)/Q) = 3.
Make sure you can visualize the embeddings, each as a union of QQ and a “line” passing through
a different root of 2% — 2. Make sure you understand why there are 3 and not 6 embeddings
(answer: because we can only send roots to roots).

Example 4.5. Since 22 + 1 is separable and [C : R] = 2 we can use Theorem 4.9 to conclude
that i(C/R) = 2, which are exactly the identity and complex cojugation (both interchange the
roots of 2% + 1).
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Example 4.6. Recall Example 3.11. In that case, since any embedding sends a root of the
minimal polynomial to another root of the minimal polynomial, and is determined by it, and
the minimal polynomial only has one root t we conclude that i(F),(t)/F,(t?)) = 1. However,
[Fp(t) : Fp(t?)] = p, because the minimal polynomial of ¢ over F,(t*) is o — t¥ = (x — t)P of
degree p. In this case we have 1 = i(F,(t)/F,(tP)) < [Fy(t) : F,(tP)] = p, since the point p is a
multiple root of the minimal polynomial.

Proposition 4.10. Let E/F be a finite field extension.

(1) Let p1: F — Q1 and po: F' — Qy where 1, Qo are algebraically closed. Then i, o, =

Lpa, Qo

(2) If F C L CE then

i(E/F) = i(E/L) -i(L/F).

(3) 1<i(E/F)<[E:F).

Proof.

(1) +(2)

The proof is by induction on [E : F| such that the base case is [E : F| = 2 and in this
case the extension is simple and thus (1) follows from the previous lemma (Theorem 4.9)
and also if F C L C FE then L = F or L = F and the proposition is trivial.

Assume that n = [E' : F] > 2 and we have shown the proposition holds for k£ < n. Suppose
that there does not exist a subfield F¥ C L C E then E/F is a simple extension and the
proof is like in the base case. Otherwise, there exists ¥ C L C E. Forall 1 < i < r let
p;: F'— Q; be an embedding of F' in an algebraically closed field €2;. For all 1 < ¢ <r
we denote

Ai={¢: L= Q| ¢lr =i}
Bz:{(ﬁ E%Q‘VB‘F—@’L]}

For all ¢ € A; we denote

Then we have

Bi= | | Cy,
PEA;

Since [E : F| > [E : L] from the induction hypothesis we know that iyq,(E/L) is
independent of ¢ and §; so we can simply write iy o,(E/L) = i(E/L). Moreover, |A;| is
independent of ¢; and ; and it is simply equal to i(L/F'). Then using these observations
we get

ipo0(E/F) =) iyo,(B/L)= ) i(E/L)=i(E/L) i(L/F),

YEA; YEA;

which completes the proof.

Suppose that £ = F(ai,...,a;) and for all 1 < j < k —1 denote L; := F(ai,...,a;).
Then from (2) we obtain that

i(E/F)=i(E/Lk-1)-i(L1/L) < [E: Lga]---[L1: L] = [E: F],

>1 >1

where the inequality follows from Theorem 4.9. This completes the proof.
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Proposition 4.11. Let E/F be a finite field extension. Then the following conditions are
equivalent:

(1) There exist ay,...,a; € E separable over F so that E = F(aq,...,a).
(3) E/F is a separable extension.
Proof.

(1 -2) For all 0 < i < k denote L; := F(ay,...,a;) and in particular denote Ly := F. Since
any a; is separable over F', the minimal polynomial of a; over F' denoted by m; r has no
multiple roots. Also denote by m; 1, , the minimal polynomial of a; over L;. We get that
m; 1, , divides m; r so it must also have no multiple roots. Thus each a; is separable over
L;_1 so

i(E/F)=i(E/Lg-1)---i(L1/F)=[E: Li_q]---[L1: F] = [E: F],
where the second transition follows from part (3) of Theorem 4.9.

(2 — 3) Assume, by way of contradiction, that there exists 5 € E which is not separable over F.
Then, from Theorem 4.9 we get

(E/F) =i(E/F(f))-i(F(B)/F) <|E:F(B)]-[F(P): F] = [E: F]

<[E:F(B)]  <[F(B):F]

which is a contradiction to (2) which completes the proof.

(3 — 1) Immediate.

Corollary 4.12. The splitting field of a separable polynomial is a separable extension.

Proof. Let E be a splitting field of a separable polynomial f € F[z]| and let a be a root of f.
Then the minimal polynomial of a over F' is seprable, since it divides f which is seprable. The
result follows since E = F(ay,...,a;) where ay,...,aj are the roots of f in E. O

Corollary 4.13. If E/L and L/F are finite extensions, then E/F is separable if and only if
E/L and L/F are separable.

Proof. Suppose that E/F is separable. If a € F is seprable over F, then it is clearly seprable
over L. This implies that E/L and L/F' are separable.
Suppose next that E/L and L/F are separable. This implies that

[E:F|=[E:L]-[L:F]=1iF/L)-i(L/F)=1iE/F).
Thus from Theorem 4.11 we get that E//F is separable, which completes the proof. O
Exercise 4.3. Prove Theorem 4.13 for E/L and L/E not necessarily finite.

Corollary 4.14. A field is prefect if and only if all of its algebraic extensions are separable.
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5 Normal and Galois extensions

5.1 Normal extensions

Definition 5.1 (Normal extension). An algebraic field extension E/F is said to be normal if
every irreducible polynomial (over F') which has a root in E, splits over E.

Example 5.1. The extension Q(\S/i) /Q is not normal since the minimal polynomial of /2 has
complex roots.

Example 5.2. The extension Q(1/2)/Q is normal.
Lemma 5.1. Every finite field extension E/F satisifes }Aut(E/F)} <i(E/F).
Proof. Let 2 be an algebraic closure of . Then
Aw(E/F) C{p: E = Q| ¢|p =idp}
which is of size i(E/F). O

Remark 5.1. Geometrically, it is healthy to visualize any element in Aut(E/F), as an F-
embedding o of F in an algebraically closed €2, such that o(E) = E. Visualizing is also going
to help in the following important proposition.

Proposition 5.2. Let E/F be a finite field extension. The following conditions are equivalent:
(1) E/F is normal.
(2) |Aut(E/F)| =i(E/F).
(3) E is the splitting field of some polynomial g € Fx].

Proof.

(1 — 3) Suppose that £ = F(ay,...,a;). Denote the minimal polynomial of a; over F' by f; for
all 1 <14 < k. Then f; is irreducible over F' and has a root in E and thus splits in E. This
means that E is the splitting field of the polynomial f; - fo--- fi.

(3 —2) Let ai,...,q be the roots of g. In particular F = F(aq,...,ax). Let Q be an algebraic
closure of E. It suffices to show that if p: F — Q is an embedding such that pr = idp,
then p € Aut(E/F). Since p(g) = g we get that p is a permutation on the roots of g, and
thus

p(E)=p(F(ai,...,)) = F (p(ar),...,p(ar)) C E.
Moreover,
[E: F] = [p(E): p(F)] = [p(E) : F]
and since p(F) C E we get that p(E) = E and therefore p € (Aut(E/F)).

(2 — 1) Assume, by way of contradiction, that there exists g € F[x] which is irreducible over F,
has a root « in E, and does not split over E. Let ) be an algebraic closure of E. We
know that

Aut(E/F) C{p: E—= Q| pp=idp},
and so in order to get a contradiction it suffices to show that there exists p: E — € so
that o = idp and p(F) # E.

Let g € Q\ E be aroot of g. From Theorem 3.4 we know that there exists an isomorphism
: F(a) = F(B) so that ¥|p = id and ¥ (a) = 5. We can extend 1 to an embedding ¢ of
E in Q (since 1 < iy o(E/F())). Now, ¢|r = ¢|rp =idp but ¢(E) 3 ¢(a) = ¢¥(a) =
which implies that ¢(F) # E, and completes the proof.
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O

Corollary 5.3. Let E/F be a finite normal extension and let F C L C E be an intermediate
field. Then E/L is normal.

Proof. There exists g(x) € F[z] so that E is the splitting field of g over F. We know that E is
also the splitting field of f over L and thus E/L is normal. O

Corollary 5.4. Let F C E C L be field extensions such that E/F is a normal finite extension.
Then for every o € Aut(L/F), we have o(E) = E.

Proof. Assume, by way of contradiction, that there exists o € Aut(L/F) so that o(F) # E.
Since [F : F] = [o(F) : F] it is not possible that o(E) C E so there exists o € E so that
o(a) ¢ E. Let my(z) € F[z] be the minimal polynomial of o over F'. Since m,/(x) is irreducible
and has a root @ € F and F/F is normal, we get that mq(z) splits in E. Let aq,...,ar € E
be the roots of m(z). Since my(x) € Flx] and o € Aut(L/F) we get that

o(ma(a)) = ma(o(a)) =0,

so o(a) is a root of mq(z), but all roots of m,(x) are in E so o(a) € E. This contradiction
completes the proof. O

Example 5.3. Let E/F := Q(i,v/2)/Q be a finite field extension. It is normal with minimal
polynomial m(z) = (2 4+ 1)(x? — 2), and it is also separable as the splitting field of a seprable
polynomial. From separability we get i(F/F) = [E : F] = 4, and from normality we get
|Aut(E/F)| = i(E/F), and thus |Aut(E/F)| = 4. By Theorem 5.4, we must have o(i) € {—i,7}
and 0(v/2) € {V/2, -2} for all ¢ € Aut(E/F), and therefore these automorphisms form exactly
the group Aut(E/F), and it can easily be shown that Aut(E/F) = Cy x Cs.

Lemma 5.5. Fvery quadratic field extension is normal.

Proof. Let E/F be a quadratic field extension. That is, [E : F] = 2. Let m(z) be an irreducible
polynomial with a root o € E'\ F. Since E/F is quadratic, we have deg(m) = 2 so

m(z) = az® + bx + ¢ € Fla].

Now, denote the other root of m(z) by o’. We know that « + o’ = —bso o’ = —a—b € E.
This means that m(x) splits over E so E/F is normal. O

Question. Let F/L and L/F be normal extensions. Is E/F necessarily normal?

Answer. No! Let

F:=Q and L:=Q(V2) and FE:=Q(V?2).

The extensions E//L and L/F are normal since by Theorem 5.5 any quadratic field extension
is normal. However E/F is not normal since the minimal polynomial of v/2 over F is z* — 2
(irreducible from Eisenstein’s criterion), and it has a root in E, but not all of its roots are in E
since some of them are complex. Therefore F/F' is not normal.

Remark 5.2. Note that when we consider E/F := Q(v/2)/Q, it becomes very easy to under-
stand it is not a normal extension when we visualize things. The minimal polynomial of v/2 is
x* —2, and it has complex roots. We can see that we can embed Q(+/2) in C by sending v/2 to
one of the complex roots, so clearly }Aut(E /F )‘ < i(E/F), so the extension is not normal.
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5.2 Galois extensions

Definition 5.2 (Galois extension). A field extension E/F is said to be a Galois extension if it
is separable and normal.

Remark 5.3. If E/F is a Galois extension then the automorphism group Aut(E/F') is called
the Galois group of E/F and we denote it by Gal(E/F).

Remark 5.4. Note that a Galois extension is also implicitly required to be algebraic, since we
require it to be normal.

Remark 5.5. Note that if F C L C E are fields and E/F is a Galois extension, then by
Theorem 4.13 and Theorem 5.3 we get that E/L is a Galois extension.

Proposition 5.6. Let E/F be a finite field extension. Then the following conditions are
equivalent:

(1) E/F is a Galois extension.

(2) |Aut(E/F)| =i(E/F) =[E: F].

(8) E is the splitting field of a separable polynomial g € F[x].
Proof.

(1 <+ 2) We have seen in Theorem 4.11 and Theorem 5.2 that
1 < Aut(E/F)<i(E/F)<IL: K]

and that the second inequality is an equality if and only if E/F is normal, and the third
inequality is an equality if and only if F/F is separable. This is the inequality at the
center of all things.

(3 —+ 1) Let g € Fx] be a separable polynomial so that E is the splitting field of g over F. Every
splitting field is immediately a normal extension. If a is a root of g then the minimal
polynomial of a over F' divides g, and thus that minimal polynomial is separable and so
a is a separable element. Since the extension E/F is generated by roots of g, and an
extension generated by separable elements is separable, we conclude that E/F is normal
and separable, thus it is Galois.

(1 — 3) Assume that E' = F(aq,...,qk) and for all 1 <i < k denote m; the minimal polynomial
of a; over F. Since E/F is seprable we get that m; is separable. Since E/F' is normal
and «; is a root of the irreducible polynomial m; then E contains all roots of m; for all
1 < ¢ < k. By a reordering of the elements we can assume that there exists 1 < j < k
so that my,...,m; are distinct and {my,...,my} = {ml,...,mj}. f1<r#£s<jy
then m, and mg are distinct irreducible polynomials over F' and thus they don’t have a
common root in E. We obtain that F is the splitting field of the separable polynomial
mimsg - - mj.

O]
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6 The Fundamental Theorem of Galois Theory

6.1 A different criterion for a finite Galois extension

Theorem 6.1 (Artin). Let E be a field and let G < Aut(E) be a finite group. Denote the fized
field of G by F:={x € E | (Vo € G)o(z) =x}. Then [E: F] =|G]|.

Proof. Since by definition of F' we have that G < Aut(E/F) we can immediately obtain that
|G| < [E : F]. Tt is left to show that |G| > [E : F]. Suppose that G = {o1,...,0m} (so that
|G| = m). We need to show that if aq,..., @41 € F then there exist x1,...,2m,m4+1 € F not
all 0 so that ayx1 + -+ + amr1Tm+1 = 0. (this is simply saying that a1, ..., a,41 are linearly
dependent over F'). Consider the system of equations:

(o) + -+ o1(mt1)Tmer =0
0'2(011)331 +---+ O'Q(Oéerl):L'erl =0

om(ar)zr + - 4 om(Qmg1)Tmy1 =0

This system of equations has a nontrivial solutions since there are more variables (1, ..., Zm11)
than equations (m equations). Choose a nontrivial solution with the smallest number of nonzero
coordinates, and denote it (y1, ..., Yk, 0,...,0) (without loss of generality we assume the nonzero
entries are the first entries). We can multiply this solution by a scalar so that y; = 1 so we
may assume y; = 1. If yo,...,yx € F then the proof is complete. We will show that necessarily
Y2,...,Yr € F which will complete the proof. Assume, by way of contradiction, that there
exists 2 < j < k so that y; € £\ F. Without loss of generality y» € E'\ F. By definition of F’
there exists o € G so that o(y2) # y2. We notice that (o(y1),0(y2),...,0(yk),0,...,0) is also
a solution to the system of equations, since for any 1 < ¢ < m there exists 1 < 57 < m so that

a_lai =0 80

-1

oi(ar)o(y1) + - + oilms1)o(Yms1) =0 (o (Uz'(Oél)U(yl))+"'+071(0i(04m+1)0(ym+1))>

[y

oMoy + -+ 0 (@ am ) ymi1))

(oj(a)yr + - + 0j(mt1)Ym+1)
(0) = 0.

I
)

/N N

g
g

Thus (y1 —o(y1),y2—0(y2), ...,y —0(yx),0,...,0) is also a solution but y; —o(y;) =1—-1=0
and thus this solution has less than k£ nonzero entries in contradiction to the minimality of k.
This contradiction implies that yo, ..., yr € F. This completes the proof. ]

Remark 6.1. If one pictures the lattices of subgroups and subfields as in Example 3.19 or
Example 3.20, then if H is a subgroup corresponding to a subfield M, then Artin’s theorem
shows that|H| is equal to [E : M], and this is true for all corresponding subgroups and subfields.

Corollary 6.2 (Artin’s criterion). Let E/F be a finite field extension. Then E/F is a Galois
extension if and only if F is the fized field of Aut(E/F).

Proof. Denote the fixed field of Aut(E/F) by FF C L C E. Then

L=F « [B:L=[E:F] <& |Au(B/F)| = [E: F] <& E/F is Galois,

where (1) follows from Theorem 6.1 and (2) follows from Theorem 5.6. O
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6.2 The fundamental theorem of Galois theory
Remark 6.2. Let E//F be a field extension and denote G = Aut(E/F). Recall we have the
Galois correspondence

{M|F§M§Eisasubﬁeld}é{H|H§G}.

with the functions
G(M) :=Aut(E/M) < Aut(E/F)
F(H):={ze€E| (Vo€ H)o(z)=u}.

Theorem 6.3 (Fundamental theorem of Galois theory, part A). Let E/F be a finite Galois
extension. Denote G = Gal(E/F). Then the maps F and G are bijections, inverse of each
other, and reverse the containment order. That is,

(1) For every intermediate field F C M C E, we have that F (G(M)) = M.
(2) For every subgroup H < G, we have that G (F(H)) = H.

(3) If My C My are intermediate fields, then G(Ms) C G(Mj).

(4) If Hy < Hy are subgroups of G, then F(Hz) C F(Hy).

(5) If M = F(H), then [E : M| =|H|.

Proof. We have already seen (3) 4 (4) earlier, and (5) follows from Artin’s theorem. We will
proceed to show (1) and (2).

(1) Let F C M C E be an intermediate field. We know that M C F(G(M)) so it suffices to
show that [E : M] = [E : F (G(M))]. Indeed,
€y
£ M) 2 |calE/m)| 2 (£ F (G0n)),

where (1) holds since E/M is a finite Galois extension, and (2) holds since we know that
G(M) is finite which means we can use Artin’s theorem.

(2) Let H < G. Since E/F is a finite extension, its Galois group G = Gal(E/F) is a finite
group, and thus H is also finite. We know that H C G (f(H)) and thus it suffices to
show that |H| = |G (F(H)) |. Indeed,

1) Y (B F) Q\Gal(e/F(H ]—]g

9

where (1) follow from Artin’s theorem (which is applicable since H is finite), and (2) holds
since E/F(H) is a finite Galois extension.

O

Corollary 6.4. Let E/F be a finite Galois extension and let H < G = Gal(E/F). Denote
M = F(H). Then the degree of the extension M/F is equal to the index of H in G as groups.
That is,

[M:F|=|G: H].

Proof. We have
[E : F] |G |

[M: F)| = =[G : H]
where the middle equality follows from Artin’s theorem, which we can apply since L/M and
L/K are finite Galois extensions. O
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Lemma 6.5. Let E/F be a field extension and let G = Aut(E/F). For all H < G and all
o € G we have F(cHo™ ') = o(F(H)).

Proof. Let z € L. Then

reF (O'H0'71>

I

Vhe H cho (z)==x

I

Vhe H hol(z)=o0"Y(x)

l

o Yz) € F(H)

l

z€o(F(H)).
O

Lemma 6.6. Let E/F be a finite Galois extension with Galois group G = Gal(E/F). Let
F C M C E be an intermediate field and denote H = G(M). Then M/F is normal if and only
if for all 0 € G we have o(M) = M.

Proof. We have seen in Theorem 5.4 that if E/F is a finite field extension (not necessarily
Galois) and F C M C E such that M/F is a normal extension then for all o € Aut(E/F) we
have o(M) = M.

We now show the opposite direction. Assume, by way of contradiction, that M/F is not a
normal extension and let 2 be an algebraic closure of E. We have seen in Theorem 5.2 that
when M /F is not normal there exists an embedding p: M — Q so that p|p = id and p(M) # M.
We also know that we can extend p to an embedding p: E — Q. Since E/F is a finite Galois
extension, it is a finite normal extension, so we can recall Theorem 5.4 and similarly obtain
that p(F) = E and thus p € Gal(E/F). However, now for o := p € Gal(E/F) we have that
o(M) = p(M) # M, in contradiction to what was given. This contradiction implies that M/F
is a normal extension which completes the proof. ]

Theorem 6.7 (Fundamental theorem of Galois, part B). Let E/F be a finite Galois extension
with Galois group G = Gal(E/F). Let F C M C E be an intermediate field and let H = G(M).
Then M/F is a Galois extension if and only if H is normal in G. Moreover, if H < G then
the restriction homomorphism m: Gal(E/F) — Gal(M/F) which maps o — o|y is surjective,
ker(m) = H, and there exists an isomorphism which gives Gal(M/F) = G/H.

Remark 6.3. Note that in Theorem 6.7 we have that M/F is a Galois extension if and only
if H is normal in G. However since we know that F/F is seperable, it follows that M/F is
seperable, so this statement is equivalent to saying that M /F' is a normal extension if and only
if H is normal in G.
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Proof of Theorem 6.7.

Ha G

VoeG oHo '=H

ﬂ by Theorem 6.3

Vo€ G F(oHo ') = F(H)
II by Theorem 6.5
Voe G o(F(H))=FH)

VoeG o(M)=M

II by Theorem 6.6

M/F is a normal extension

Assume that M/F is normal. Then clearly 7 is a homomorphism and ker(7) = H. We have
that “
lim(m)| =|G/H| =[G : H] = [M : F] =|Gal(M/F)|.

where (x) follows from Theorem 6.3. This implies that 7 is surjective. From the first isomor-
phism theorem for groups we get G/H = Gal(M/F') which completes the proof. O

Example 6.1. Let E/Q be the splitting field of 22 —2 and let G = Gal(E/Q). Denote w = ¢>™/3

and o = v/2 and

Ty =« T = aw Ty = aw?.

We get the lattices
Qa,w)<---------e e - > {id}

where the thick red lines mean that N := ((xox122)) < G and that Q(w)/Q is correpondingly
a normal field extension. We can see that G = S3 = Sym({zo,x1,z2}), which implies that
N = As. The notation (z1x2) etc. is the notation for permutations. For example ((zgx1)) is all
field automorphisms ¢ € Aut(E/Q) such that exists o € ((xox1)) so that p(z;) = o(z;).

Corollary 6.8. Denote Sy = {(O, 0), (1, 0)} and let p be an odd prime. Then we can construct
from Sy a perfect p-gon if and only if p is a Fermat prime.

Proof. We have seen in Example 2.8 that when p is an odd prime that the condition that p is
a Fermat prime is necessary for a p-gon to be construcible. We will show that this condition is
also sufficient. Let p be a Fermat prime, it suffices to show that cos(27/p) is constructible.
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Let 7 € C be a primitive root of unity of order p. Thus, we have the identity n +7~! =

2cos(2m/p). We know that Q(n)/Q is a Galois extension with a cyclic Galois group of order
p— 1. Denote Gg := Gal(Q(n)/Q). Since p is a Fermat prime there exists a tower of subgroups

1=G, < <Gy <Gy,

so that for all 1 <7 < m — 1 we have G;_1/G; = Z/27, and in particular [G;_1 : G;] = 2. For
all 1 <14 <m denote F(G;) := F;. Then from the fundamental theorem of Galois we get that

Q=FCFHC---CF,=0Q(),

and from Artin’s theorem we get that [Fjq : F;] = 2 for all 0 < i < m—1. Also, since any cyclic
group has at most one cyclic group of order 2, we can conclude that F,,_1 is the unique subfield of

Q(n) so that [Q(n) : F—1] = 2. Since [Q(n) : Q(n+n~1)] = 2 it follows that F,,,_1 = Q(n+n~1).
Recall that Q(n 4+ n~!') = Q(cos(27)/p), so we can write Fy, 1 = Q(cos(27)/p). Finally, we
conclude that there is a tower of fields

Fo CFLC---CFyp9CFyp_1=Q(cos(2m)/p)

and [Fj11 : F;] =2 for all 0 < ¢ < m — 2. According to Theorem 2.4 we get that cos(2m/p) is
constructible, which completes the proof. ]

Remark 6.4. In Theorem 6.8 we claimed that [F;11 : F;] = 2 follows from Artin’s theorem
without explaining too much. We will now show a more general claim.

Proposition 6.9. Let E be a field and let 1 < H < G < Aut(E) be finite groups. Denote the
fized field of H and G by E™ and EC respectively. Then [Ef : E¢] = |% =[H:qG].
Proof. By Artin’s theorem we have [E : Ef] =|H| and [E : E®] =|G|. Now we simply have

.G
[EH:EG]—w—E—[E:G],

which completes the proof. O
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7 Corollaries from Galois theory

7.1 Ruler and compass constructions

Remark 7.1. Let Sy = {(0,0),(1,0)}. We have seen that a p-gon (for an odd prime number
p) is constructible if and only if p is a Fermat prime. In this section we will generalize this, and
find a necessary and sufficient condition for an n-gon to be constructible.

Definition 7.1 (Cyclotomic polynomial). Let € C be a primitve nth root of unity for some
natural number n > 1, and let A := {n? | d € (Z/nZ)*} be the set of all primitive nth roots of
unity. Then the nth cyclotomic polynomial is given by:

ou(2) = [[@-)= [] (@—n".

acA de(Z/nZ)
Remark 7.2. Our current goal is to show that ®,(z) € Z[z].

Lemma 7.1. Let f,g € Z[x] be polynomials and suppose that g is monic, such that g | f in
Q[z]. Then f/g € Z[x].

Proof. We show this by induction on k& = deg(f) — deg(g). If £ = 0 then f = ag for a € Q.
Since ¢ is monic and f € Z[z] it follows that o € Z and thus f/g = a € Z]x].
Suppose that 0 < k and that we have shown the lemma for values less than k. Write

f(x) =apz" + -+ a1z +ao

so that a, # 0. Define h(z) := f(z) — an2z¥g(z) € Z[z]. We have deg(h) < n and g | h in Q[z].
Therefore we can use the induction hypothesis to obtain

h

k h
f—wzanaﬁk—k—EZ[x].
g

g g

Lemma 7.2. For alln > 1 we have ®,(x) € Z[z].

Proof. We will prove this by induction on n. We have that ®;(x) =z — 1 € Z[z]. Assume that
we have shown the lemma for values less than n > 0. We notice that

" —1= H (x —a) = Hfbd(x) = <H @Ax)) -, ().

acC dln d|n
at=1 d<n

By the induction hypothesis [ ] 4, ®4() is @ monic polynomial in Z[x], and then by Theorem 7.1

d<n
we get that @, (X) € Z[x]. O

Exercise 7.1. Let f(x), g(z) € Q[x] be monic polynomials so that f-g € Z[x]. Then f, g € Z[z].

Theorem 7.3. The cyclotomic polynomials {@n(x)}zo: are irreducible over Q.

1

Proof. Because ®,,(x) is monic, Gauss’s lemma shows that ®,,(z) is irreducible over Z if and
only if it is irreducible over Q. Denote some primitive nth root of unity by 7. Let g(x) be the
minimal polynomial of 7 over Q. We want to show that g = ®,. We know that ¢g | ®,, over
Q and that ®,, is separable (because ™ — 1 is separable). Thus since g and ®,, are monic, it
suffices to show that every root of ®,, is a root of g. In other words, we need to show that for
each 1 < d < n that is coprime to n, that n? is a root of ¢g. Since d is a product of primes
(not necessarily different), it suffices to show that for any prime p coprime to n, that 7P is a
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root of g while only using the fact 7 is a root and a primitive nth root of unity. Then we could
obtain that since 7?! is an nth root of unity, and a root of ¢ that (n**)"? is also a root of g, and

similarly that nd = (npP1-Pr) = ((U)pl)pé‘ is a root of g.
Since g | ®,, there exists h(x) € Q[z] such that
@, (z) = g(x)h(z),

so from from Exercise 7.1 we can conclude that g, h € Z[z] are monic. Let p be a prime that is
coprime to n. We will show that n? is a root of g(z). Since n? is a root of ®,(x), it must be
either a root of h(x) or of g(x). Assume, by way of contradiction, that n? is a root of h(x). The
assumption implies that 7 is a root of h(zP). Thus by definition of g we get that g(z) | h(zP)
over Q, so by applying Theorem 7.1, we get that there exists k(x) € Z[z| so that

h(a?) = g(a)k(a).

If we consider this equation modulu p (by treating these functions as functions h, g, k € F,[x]),
we would get the following equation:

(h())" = h(aP) = g(2)k().

Since Fp[z] is a principal ideal domain and in particular a unit factorization domain, there exists
a common irreducible factor of h(x) and g(z) which we will denote by I(z). We get that

[(2)* | M(z)g(x) = Pu(z).

This implies that ®, () is nonseparable. However, ®,,(z) | 2" —1 € F,[r] and thus 2" —1 € F,[z]
is nonseparable. Since n and p are coprime we get that

ged(z™ — 1, (z" — 1)) = ged(z™ — 1,nz" 1) =1,

which by Theorem 4.3 means that 2™ —1 € F,[z] is separable so this is a contradiction to 2™ — 1
being nonseparable. This contradiction completes the proof. ]

Corollary 7.4. Let n > 2 and let n € C be a primitive nth root. Then Q(n)/Q is a Galois
extension of degree p(n) where ¢ is Euler’s function, and we have Gal(Q(n)/Q) = (Z/nZ)X.

Proof. The extension Q(n) is the splitting field of the separable cyclotomic polynomial ®,,(z)
and thus Q(n)/Q is a Galois extension. Theorem 7.3 shows that ®,(z) is irreducible so

|Gal(Q(n)/Q)| = [Q(n) : Q] = p(n) = [(Z/nZ)"].

Define the map ®: Gal(Q(n)/Q) — (Z/nZ) “ by (o) = [a] € (z/nZ) * where a is the exponent
of n in o(n) = n® This is a well defined group homomorphism, and since |Gal(Q(n)/Q)| =
|(Z/nZ)*|, it suffices to show that it is injective. Indeed, it is injective since if ®(o) = P(7)
then o(n) = 7(n), but since 0,7 € Gal(Q(n)/Q), they are determined by their value at 7, so
o = 1. This shows that ® is an automorphism and completes the proof. O

Remark 7.3 (Group theory reminder). Let p be prime and let G be a finite group of order
1 < p™. Then Z(G) # {id} and in particular there exists a sequence of normal subgroups

{1d}=G0<1 G1<1"'<1 Gm:G

so that [G; : Gj—1 = p] for all 1 < i < m. This is a particular case of the Jordan-Hélder
theorem.

Theorem 7.5 (Gauss—Wantzel). Let S = {(0,0),(1,0)}. Then we can construct a perferct
n-gon if and only if n =2"" -p1---pp for 0 < m and p1,...,px are distinct Fermat primes.

46



7 Corollaries from Galois theory Field Theory

Proof. Denote 1 := €2>™/™ so that 2cos(2w/n) = 1+ 1!, Recall an n-gon is constructible if
and only if cos(27/n) is constructible. We know that Q(n)/Q is an abelian Galois extension (its
Galois group is abelian), so every subgroup H of Gal(Q(n)/Q) is normal, so by the fundamental
theorem of Galois the fixed field of H is a normal extension of Q. In particular Q(cos(27/n))Q
is normal (and it is separable) so it is a Galois extension. Before continuing we will prove a
short lemma.

Lemma 7.6. Under the notations of the theorem so far, cos(2m/n) if constructible if and only

if [Q(n) : Q] is a power of 2.

Proof. We will start by proving that cos(2m/n) is constructible if and only if [Q(cos(27/n)) : Q]
is a power of 2. One direction follows from Theorem 2.5, so we will only show that if cos(27/n)
is constructible then [Q(cos(27/n)) : Q] is a power of 2.

Denote G := Gal (Q(cos(27/n))/Q) and suppose that |G| = 2™. By Remark 7.3 there exists
an increasing sequence of normal subgroups

{id}:GQQ Gi< -+« GmZG,
so that [G; : G;—1 = 2] for all 1 < i < m. Therefore, by the fundamental theorem
Q=F(Gn) CF(Gp-1) C--- CF(Go) = Q(cos(2m/n))

is a tower of fields so that [F; : F;_1] = 2 for all 1 <4 < m. Then by applying Theorem 2.4 we
get that cos(2m/n) is constructible.

Now since [Q(cos(27/n)) : Q] is a power of 2 if and only if [Q(n) : Q] is a power of 2 (because
[Q(n) : Q(cos(27/n))] = [Q(n) : Q(n +n~1)] = 2), we conclude that cos(27/n) is constructible
if and only if [Q(n) : Q] = ¢(n) is a power of 2, which completes the lemma. O

Factorize n into its prime factors n = 2% - pit---pir, and note that since ¢ is multiplicative

we get

p(n) = (2") - o(7") - o(p]7).
We know that ¢(2F) = 2max{k=10} 5o it is always a power of 2. We also know that o(p;') =
(p; — 1)pfi~". Therefore (n) is a power of two if and only if (p; — 1)pf" " is a power of two for
all 1 < i < r, and this happens if and only if s; = 1 and p; is a Fermat prime for all 1 < i < r.
This completes the proof. ]

7.2 Simple extensions and the primitive element theorem

Theorem 7.7. A finite field extension E/F is simple if and only if it has a finite amount of
intermediate fields.

Proof. Assume that E/F has a finite amount of intermediate fields. We will show that E/F
is simple. If F' is finite, then E is finite, and thus the multiplicative group of E is cyclic (see
Theorem 1.18). If « is a generator of E* then E = F(«). Therefore, we may assume that F
is infinite. Since E/F is generated by a finite amount of elements over F' it suffices to show
that if o, 8 € F then there exists 7 € F so that F(«, ) = F(y). For every § € F we know
that F'(a + 9/) is an intermediate field of the extension. Since F is infinite, there exist distinct
01,02 € F so that L := F(a+ 618) = F(a+ §28). If we denote ~; := a+ 6;8 for i = 1,2 then
by a simple arithmetic calculation we can obtain that

TN
= L

and thus clearly also o € L and so L = F(y1) = F(«, ) which completes this part of the proof.
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Assume next that E = F(«) is a simple extension. Let g(x) € F[x] be the minimal polyno-
mial of a over F'. We will show that there exists an injective map from the set of intermediate
fields of E//F to the set of monic polynomials that divide g(z), which is a finite set, which will
complete the proof. Let FF C L C E be an intermediate field. Let h € L[X] be the minimal
polynomial of a over L. Write it by

h(:E) ="+ bm_lxm_l + -+ bg.

Notice that since F = L(«) we have that [E : L] = m. Denote M := F(by—1,...,by). Clearly
M C L. However, h(xz) € M]|x] is irreducible and F = M («). Therefore [E : M| = m. Thus
we must have M = L. We conclude that every intermediate field i C L C FE is generated by
the coefficients of a monic polynomial in E[z] that divides g(x). Thus the map that sends each
intermediate field to its corresponding polynomial is injective which completes the proof. O

Lemma 7.8. Let E/F be a finite separable extension. Then there exists a field E C M such
that M/ F is a finite Galois extension.

Proof. Let E = F(ay,...,qa) and let g; be the minimal polynomial of a; over F. Denote by
M the splitting field of ¢ = hiha---h; over F where {g1,...,9x} = {h1,...,} for distinct
h;. Then M is a normal extension. We also have that M is separable since the roots of g are
separable and M is finitely generated over F' by the roots of g. ]

Corollary 7.9 (Primitive element theorem). Every finite separable field extension is simple.
In particular, every finite extension of a field of characteristic zero is simple.

Proof. Let E/F be a finite separable extension. Let E C M be so that M/F is a finite Galois
extension (by Theorem 7.8). Then Gal(M/F) is finite so it must have a finite amount of sub-
groups. From fundamental theorem of Galois theory, M/F has a finite amount of intermediate
fields, which means that E/F has a finite amount of intermediate fields, so by Theorem 7.7
E/F is a simple extension. O

Example 7.1. The simplest nonsimple algebraic extension is K (x,y)/K (2P, yP) where K is an
algebraically closed field of characteristic p. We notice that [K(x,y) : K(zP,yP)] = p? since a
basis for K (z,y) over K (zP,yP) is given by the set

a={aylo<ij<p-1}

and |A| = p?. However, for each o € K(z,y) we notice that o? € K (2P,y?). This implies that
[K (2P, yP) () : K(aP,yP)] < p, which means that it is not a simple extension. Then by the
primitive element theorem we conclude that K(z,y)/K («P,y?) is nonsimple.

7.3 The fundamental theorem of algebra

Lemma 7.10. The set of real number R does not have nontrivial extensions of an odd degree.
Proof. Assume, by way of contradiction, that E/R is of an odd degree and let o € E/R. Then
[R(a) : R] = deg(ma)

is odd. Therefore there exists an irreducible polynomial over R of an odd degree p(z). Since
deg(p) is odd it has a real root so it must be reducible. This contradiction completes the
proof. O

Lemma 7.11. Let f € C[z] be a polynomial of degree 2. Then f has a root in C.
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Proof. Follows immediately from the quadratic formula and the fact every o € C has a root
(otherwise the quadratic formula was not always defined). O

Corollary 7.12. The field of complex numbers C does not have extensions of degree 2

Theorem 7.13 (First Sylow theorem, reminder). Let G be a finite group, let p be a prime
number, and let m be the mazimal natural number so that p™ | |G|. Then G has a subgroup of
order p™.

Theorem 7.14 (Fundamental theorem of algebra). The field of complex numbers is algebraically
closed.

Proof. First we will show that every f(x) € R[] splits in C. Let f(z) € Rlz| and let E be
the splitting field of (2 + 1)f(z) over R. Since i € E the embedding R < E extends to an
embedding of C in E. We identify C as a subfield of E. The extension E/R is normal (since
it is a splitting field) and it is separable since char(R) = 0. Therefore E/R is a finite Galois
extension. Denote G := Gal(E/R). Then we have that 2 = [C: R] | [E : R] =|G]|. Let P be a
2-Sylow subgroup of G and denote M = F(P). Since P is 2-Sylow we get that [G : P] = [M : R]
is odd, but since by Theorem 7.10 R doesn’t have nontrivial extensions of an odd degree, we
get that [G: P]=1s0 G =P.

Recall that we want to show that £ = C and from Galois correspondence it is equivalent to
showing that H := G(C) = {id}. Assume, by way of contradiction, that 1 <|H|. Since H < P
it is a 2-group (its order is a power of 2) which is nontrivial, so it has a subgroup K < H of
index 2. Now we get

2=[H:K|=[F(K): F(H)]=[F(K):C],
which is a contradiction to Theorem 7.12. This completes the proof that every f(z) € Rlz]
splits in C.

Next we will show that any f € C[z] splits in C. Let f(x) € C[z]. Then f - f € Rlx]. It
follows from what we have shown that f - f splits over C, and in particular f splits over C. This
completes the proof. ]
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8 Solving equations using radicals

8.1 Radical extensions and Dedekind’s lemma

Definition 8.1 (Galois group of a polynomial). Let F' be a field, and let g(x) € F[x] be a
separable polynomial. Then the Galois group of g is defined to be Gy := Gal(E;/F'), where Ey
is the splitting field of g.

Remark 8.1. A finite Galois extension F/F is said to be abelian or cyclic if Gal(E/F) is cyclic
or abelian respectively.

Definition 8.2 (Radical extension). A finite field extension E/F is said to be a radical extension
if there exist positive natural numbers my,...,m; and elements ai,...,a; € E so that £ =
F(ai,...,a;) and for all 1 < i <k we have that a;" € F(a1,...,a;-1).

Example 8.1. The extension Q(+/2)/Q is a radical extension.

Remark 8.2. It is possible for E/F to be a finite simple radical extension, so that there does
not exist a € E so that E = F(a) and a* € F for some positive natural k. We will see this in
the following example.

Example 8.2. Consider the extension Q(+v/2,+/3)/Q. Since char(Q) = 0 this extension is
separable, and since it is finitely generated, by the primitive element theorem it must be simple.
We can also verify easily that it is a radical extension. However, there does not exist an element
a € Q(V/2,V/3) so that Q(v/2,V/3) = Q(a) and a* € Q for some positive natural k. That is
because the Galois group of Q(+/2, ¥/3) is isomorphic to C3 x C3, and the Galois group of Q(a)
would have to be isomorphic to Cy. We will see this in the following theorem

Theorem 8.1. Let F be a field that contains a primitive nth root of unity and let E = F(«) be
a simple extension such that o™ € F. Then E/F is a cyclic Galois extension of an order that
divides n.

Proof. Let n € F be a primitive nth root of unity. Then

g(x) == H (x —n'a) = 2™ — o™ € Flz]

1<i<n

and F is the splitting field of g over F' so E/F is a normal extension. Since g is separable we
conclude that E/F is a Galois extension.

Now for all o € Gal(E/F), we have that o(«) is a root of g(z), so there exists 1 <i <n
so that o(a) = an. We get that there exists a map ¢: Gal(E/F) — (n) defined by ¢(c) =
o(a)/a. Since for any o,7 € Gal(E/F) so that ¢(c) = 7' and ¢(r) = 1’ we have that
o(o7) = p(0)p(T) = 17, we get that ¢ is a homomorphism. Moreover, ¢ is injective since
o is determined by the image of a (recall that o € Gal(E/F) and E = F(«)). From the first
isomorphism theorem we get that Gal(FE/F) is isomorphic to im(¢) which is a subgroup of (1)
Thus Gal(E/F) is a cyclic group of an order that divides n. O

Exercise 8.1. Using the notation from Theorem 8.1 show that if m is the minimal positive
natural number so that o € F then [E : F] = m.

Lemma 8.2 (Dedekind’s lemma). Let F' be a field, let G be a group, and let x1,...,xx be
distinct homomorphisms from G to F*. Then x1, ..., Xk are linearly independent over F'. That
is, if a1,...,ar € F and for all g € G we have

aixi(g) + -+ apxr(g) = 0,
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Proof. We prove this by induction over k. When k = 1 the lemma is obvious. Assume that
k > 2 and that we have shown the proposition for all values n < k. Let aq,...,a; € F so that
for all g € G we have

a1xi(g) + -+ agxx(g) = 0.
We need to show that a; = --- = a; = 0. By the induction hypothesis we may assume that

all of the coefficients a1, ..., a; are nonzero so in particular as # 0. Since x1 # X2 there exists
h € G so that x1(h) # x2(h). Thus for all g € G we have

0=aixi(hg) + -+ arxr(hg) = arxi(h)x1(g9) + - - - + arx(h) xx(9)-

We now subtract from the equation the equation

0= x1(h) (ar1x1(g) + - + arxx(9)) ,
so that for all g € G we get

0= az2(x2(h) —x1(h))x2(g) + - ax(xx(h) — x1(h))xk(9)-

However this is a contradiction to the induction hyposthesis since {xo,...,xx} is a linearly
independent set of size k— 1. This contradiction implies in particular that as(x2(h)—x1(h)) =0
but since x1(h) # x2(h) we can divide by x2(h) — x1(h) and get that aa = 0. This completes
the proof since as we mentioned at the beginning of the proof if ao = 0 the induction hypothesis
immediately implies that a; = a3 = ---ax = 0 as well. ]

Theorem 8.3. Let F' be a field that contains a primitive nth root of unity, and let E/F be a
cyclic Galois extension of order n. Then there exists o € E so that E = F(a) and o™ € E.

Proof. Let n € F a primitive nth root of unity. Let o € Gal(E/F) so that (o) = Gal(E/F). We
will first show that there exists a € F so that o(a) = an~!. Notice that for all 7 € Gal(E/F)
the restriction of 7 to E* is a homomorphism from E* to E*. From Dedekind’s lemma we get

that
n . .
Z n'o’ # 0.
=1

Thus there exists v € E* so that we can define
n . .
a:=Y n'd'(y) #0.
i=1

Now,
n n

n
o(a)=> o)™ () "= D et ) =0 0 e () ="
i=1 i=1 i=1

We will now show that the minimal polynomial of « over F' is " —a™ (in particular a” € F')
and that F = F(«).

For all 1 <i < mn, ‘ ' o

o(a) =o(a)' =o'
so in particular o(a™) = o™ and in particular when 1 <1 < n we have
i=n <= o € F=F(o)) =Fix(o).

This means that " — o™ € Fz] so it suffices to show that 2™ — o™ is irreducible to show that
it is the minimal polynomial of «. Every monic polynomial of degree 1 < d < n that divides
g(x) is of the form

g(@) = (@ —an) -+ (z — an®) = ol 4 -+ at - ¢ Fla]
since a? ¢ F and 1/ € F. Since the minimal polynomial of a over F' necessarily divides g(z)

and is in F[z] it must be equal to g(x). O
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Definition 8.3 (Commutator). Let G be a group, and let g, h € G. The commutator of g and
h is the element
[9,h] =g 'h™ ' gh.

Remark 8.3. The element [g, k] is equal to the group’s identity if and only if g and h commute,
hence it is called the commutator of g and h.

Definition 8.4 (Commutator subgroup). Let G be a group. The commutator subgroup (or
the derived group) of G is defined to be the subgroup generated by all commutators of G and
we denote it by [G, G].

Remark 8.4. We also define the following recursive sequence of groups
GO .— g ¢ =[G, q) G2 .= [aW, W] G = (g gk,
and so on.
Exercise 8.2.
(1) Show that G @ G and that G/G() is abelian.
(2) Show that if N < G and G/N is abelian then GV < N.

Definition 8.5 (Solvable group). A group G is said to be solvable if here exists a subgroup
series
1=G, <G < <G1 <G =G

so that for all 0 < i < k we have G;1+1 < G; and G;/G;41 is abelian.

Exercise 8.3. Let GG be group.
(1) Let G be a solvable group. Show that for all 0 < i < k we have G < G;.
(2) Show that G is solvable if and only if G*) = 1 for some natural k.

(3) Let G be a group and let N < G. Show that G is solvable if and only if G/N and N are
solvable.

8.2 Radical extensions and solvable Galois groups

Lemma 8.4. Let F be a field, let F' C Q be an algebraically closed field, let g € F[z] and
let B = F(aq,...,ar) € Q be a splitting field of g over F. Suppose that F' C L C Q is an
intermediate field. Then L(ai,...,ax) is a splitting field of g over L and the restriction map
p: Gal(L(aq,...,ar)/L) — Gal(E/F) is injective.

Proof. 1t is clear that L(ay, ..., ay) is a splitting field of g over L. Let o € Gal(L(aq, ..., ax)/L).
Then o|p = idr and since E/F is normal we get that im(og) C E so we can conclude that
o|g € Gal(E/F) (since o is an F-embedding of E into €2, by defintion of normality im(F) C E).
Thus p is well defined and it is easy to verify that it is a homomorphism. In order to show that
p is injective we will show that ker(p) = {id}. Suppose that p(o) := o|g = idg € Gal(E/F). In
particular we get that a|{a17._7ak} =id |{a17__7ak} which means that o fixes no only the elements
of L (by definition) but it also fixes a1, ..., ag, so clearly o = idy,. O

Lemma 8.5. Let F' be a field and let E/F be a separable radical extension. Then E is contained
in a radical Galois extension of E.
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Proof. Since E/F is a radical extension, by definition we have
F:=Fy C Fo(an) C Fi(ag) €+ C Fpq1(ag) = F

where we denote Fyy := F and F, := F,,_1(ay,), such that o' € F;_; for all 1 < i < k. Let
m; be the minimal polynomial of «; over F, let €2 be an algebraic closure of F, and let L C
be a splitting field of mymsy---my over F. Then since L contains «aq,...,qr we get £ C L.
We notice that L is contained in any normal extension of F' that contains E (since such an
extension contains ai, ..., ay and thus the roots of mi,ma,...,my). Let E C M C L be a normal
extension of F' which is maximal with respect to containment. We want to show that M = L.
Assume, by way of contradiction, that M # L, then there exists 0 € Gal(L/F) and 1 <i < k so
that o(a;) ¢ M. Let 1 < j <k be the minimal index so that o(a;) ¢ M. We know that a;j €
F(ai,...,a5-1) (if j = 0 then F(aq,...,aj—1) = F). Thus o(a;)" € F(o(a1),...,0(ej-1))
(since o|p =idp) and F(o(o1),...,0(a;j—1)) € M from minimality of M. We get that

FCMCM(o(ay)).

These are both radical extensions, so M (o («a;))/F is a radical extension that strictly contains
M, which is a contradiction. This contradiction completes the proof. ]

Definition 8.6 (Solvable in radicals). Let F' be a field and let g(x) € F[z]. Then g is said to
be solvable in radicals if there exists a radical extension E/F so that g splits in E.

Theorem 8.6. Let F be a field of characteristic 0. Let h € F[x]. Then h is solvable in radicals
if and only if Gy, is solvable.

Proof. Let  be an algebraic closure of F'. Denote the Galois group of h by Gp. Suppose
that G}, is solvable and denote n := (degh)!. Let n € © be a primitive nth root of unity, let
L := F(n), and let M be the splitting field of h over L. Theorem 8.5 shows that Gal(M/L) has
an embedding in Gal(E/F') and thus is solvable. In particular there exists a sequence

1<« Gk<1 Gk_1<1"'<1 GOZG

so that for all 1 < ¢ < k we have that G;_1/G; is cyclic. For all 1 <i < k we denote L; = F(G;).
From the fundamental theorem of Galois we get that

L=LyCLiC--CLy=M

Additionaly, G; = Gal(M/L;) for all 0 < ¢ < k. Since G; < G;_1, part B of the fundamental
theorem of Galois implies that for all 1 < i < k that L; is a normal extension of L;_1, and

Gal(LZ-/L,-_l) = Gl_l/Gl

and thus L;/L;_1 is a cyclic Galois extension. Now since M is the splitting field over L of a

polynomial of degree n,
[L;: Li—1] | [M : L] | nl.

Since L containes the primitive n!th root of unity it containes a primitive root of unity of order
[L; : Li—1]. Thus from a theorem from the previous lecture there exists a; € L; and a natural
number r; so that L; = L;—1(a;) and a;" € L; 1. We get that the sequence

FCFmn)CLi C---CLy=m,
—~—
Lo
where L;, is the splitting field of h over L and thus contains a splitting field of h over F. This

implies that h is solvable in radicals.
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We proceed to show the other direction. Denote the splitting field of h over F' by E and
suppose that F is containd in a radical extension M. From Theorem 8.5 we can assume that M
is a Galois extension of F. It suffices to show that there exists a Galois extension L/F so that
M C L and Gal(L/F) is solvable (because Gal(E/F) is a quotient of Gal(L/F') and a quotient
of a solvable group is solvable). Let

F=MyCMC---CM,=M

where My := F and M, = M,_1(oy) for n > 1 and o' € M;_; for : > 1. A tower of fields
implies solvability by radicals. Let 2 be an algebraic closure of M and let ag € €2 be a primitive
root of unity of order
ro =1y rg.

Note that the existence of o follows from the fact char(F') = 0. Define L = M (ayp), so that L/F
is a Galois extension. That is because if M is the splitting field of the polyomial m(z) then L
is the splitting field of m(x)(z" —1). We know that Lo/F' is an abelian Galois extension with a
Galois group isomorphic to (Z/r¢Z)*. Moreover, since for all 1 <14 < r the field M;_; contains
a primitive 7;th root of unity, it follows that Gal(L;/L;_1) is cyclic. For all —1 < i < k denote
G; = G(L;), and then from the fundamental theorem of Galois theory, for all 0 <1i < k we get
G; < Gi—1 and that G;_1/G; = Gal(L;/L;_1) is abelian. This gives us a subnormal sequence

1 :Gk<l Gk,1< RN G0<1 G_1 :Gal(L/F),
with abelian quotients, and thus Gal(L/F’) is solvable. O

Exercise 8.4. Show that As is simple and not abelian. Conclude that it is not solvable.
Conclude that S5 is not solvable. Show that the groups Ss, S5, .54 are solvable.

Remark 8.5. In order to construct a polynomial which is not solvable in radicals, it suffices
to construct a polynomial with a Galois group that is isomorphic to Ss.

Exercise 8.5. Show that the only subgroup of S5 that contains a transposition (ab) and a cycle
of length 5 is S5.

Proposition 8.7. Let f € Q[z] be an irreducible polynomial of degree 5 which has exactly 3
real roots. Then the Galois group of f is isomorphic to S5. Thus Gal(L/F) is not solvable.

8.3 Galois groups of polynomials of degree n < 4

Let f(x) € Q[z] be a separable polynomial of degree n and let «1,...,q, be its roots in a
splitting field E of f. We know that the action of Gy := Gal(£/F) on the roots of f induces
an embedding

p: Gg — Sy.
We know that G is transitive if and only if f is irreducible. We would like to know when the
image of this embedding is contained in A,,.

Definition 8.7 (Vandermonde product). Let f € F[z] be a polynomial. Then the Vandermonde
product of f is defined to be the determinant of its associated Vandermonde matrix which is

A= J] (ai—ay

1<i<ji<n

Definition 8.8 (Discriminant). Let f € F[z] be a polynomial. Then its discriminant is defined
by
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Lemma 8.8. Let f € Flx] and let 0 € G¢. Then

o(A(f)) = sgu(o) - A(f),
and in particular o(D(f)) = o(A(f))? = D(f).

Proof. From multiplicity of the sign and since transpositions of the form (z 1+ 1) generate

Sh, it suffices to show the statement in the case o = (z 1+ 1). In this case we get,

o(A(f)) = ( II (- az)) (eip1 — o) = —A(f),
1<j<i<n
(7,0 #(,i+1)
which competes the proof. ]

Corollary 8.9. The following propositions hold:
(1) D(f) € F(Gf) =Q.
(2) Gy C Ay if and only if A(f) € Q.

Remark 8.6. In what follows we show that D(f) is a polynomial in the coefficients of f. We
will additionally show how to compute the Galois groups of (almost) any polynomial in Q[z] of
degree n < 4.

Example 8.3 (Polynomials of degree 2). Let f(z) = 2% + bz + a € Q[z]. Denote the roots of
f by a1 and ay. Then

(1 — a2)? = (o1 + a?) — dajag = (—b)? — 4c = b* — 4,

where the second transition follows from that fact that the sum of the roots is —b/a and a = 1.
This is the exactly the discriminant A(f). Now we have that

A(f) ¢ Q <= D(f) ¢ Q? <= f is irreducible <= G transitive <= Gy = Ss.

Example 8.4 (Polynomials of degree 3). Let f(x) = az® + bx? + cx + d € Z[x]. We know that
[ is reducible over f if and only if it has a rational root of the form % € Q where ged(r,s) = 1.
We want to show that we can deduce whether f is irreducible Suppose % is a root of f, then

r | d and s | a. That is because

3 2
O:a<2) —i—b(i) —l—c(Z)—i—d — 0=ar’ +br’s+crs® +ds

(this is the rational root theorem). Suppose f is irreducible. Then G is a isomorphic to a
transitive subgroup of S3, so Gy = S3 or Gy = A3. We will try to classify these cases.

By change of a variable y = rax 4+ s and a multiplication by a scalar we can assume that
f(x) = 23+ bx+c (alinear change in variables does not change the Galois group) where b, ¢ € Q.
Let a1, a9, as be the roots of f. We have

D(f) = (a1 — a2)*(az — az)*(az — a2)? = (a1 — a2)(as — az)(az — a2))”.
Notice that

(a1 — ag)(ag — az)(az — ag) = (OZ%OZ;; + a%al + a%az) — (a%ag + a%ag + a§a1> )

v u
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Since a7 + a9 + ag is the coefficient of the quadartic term we get that a; + as + ag = 0. We

also know that ajag + asaq + agaq = b and ajasag = —c. Notice that
u+v= Z ooy + o) = Z aiaj (o + o + o) — aoyoy, | = —3c.
1<i<j<3 1<i<j<3 B
k#i,5 - -

Similarly, we can show that uv = b% + 9¢?. Thus
D(f) = (v —u)? = (v+u)? — duv = —27¢% — 4b°.
This allows us to conclude that Gy C As if and only if D(f) = —27¢? — 4b? is a square in Q.

Example 8.5 (Polynomials of degree 4). Let E/Q be a splitting of a polynomial f € Q[z] of
degree 4 which is irreducible. Let a,...,as € E be the roots of f. Denote

U= o102 + 30y
V= 103 + ao0y

W = 104 + 203

Since
u—v=a(a —a3)+as(az —az) = (a1 — au)(ag — ag) #0,

we obtain that u # v, and similarly we can show that u, v, and w are distinct. Denote
V= {id, (12)(34), (13)(24), (14)(23) } .

Then V' < Sy and S4/V = S3 (home exercise). Denote M = Q(u,v,w). We can verify directly
that G(M) = GyNV. Now we can deduce from V' <S4 that GfNV < Gy. From the fundamental
theorem of Galois theory M/Q is a normal extension and

Gal(M/Q) = G/G(M).

Denote g(z) = (z — u)(z — v)(z — w) € M[z]. We can express the coefficients of g(x) using
the coefficients of f(x) (home exercise). By Example 8.4 we can find Gy/G(M). Since f is
irreducible, G acts transitively, and 4 | ‘G f|, we can simply classifiy all subgroups of Sy that
satisfy these conditions. The options are:

Gy | |GWM)| | |Gf/G(M)
Sy
Ay

\%4
Dy
C 4

[M : F]

| =
6
3
1
2
2

I N I TS

We can conclude that unless |G¢/G(M)| = 2, we can determine Gy. How can we differentiate
between Dy and Cy? We know that Gy NV is transitive if and only if Gy = D, if and only if
f € M[z] is irreducible, and we will not get into it but there is a way to determine this.

o6
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9 Transcendence degree

Definition 9.1 (Algebraically independent elements). Let E/F be a field extension. We say
that a1, ...,ar € F are algebraically independent over F' if for all 0 # g € F[z1,...,x,] we have

gla,...,an) #0.
Example 9.1. An element o € R is algebraically independent if and only if it is transcendental.

>~

Remark 9.1. Notice that if aj,...,ar are algebraically independent then F(aq,...,an)
F(z1,...,25).

Lemma 9.1. Let E/F be a field extension. Let ay,...,a € F be algebraically independent
over F', and suppose that aq,...,arr1 € F are algebraically dependent over F. Then ayi1 s
algebraic over F(aq,...,a).

Proof. There exists 0 # g € F[z1,...,x41] such that g(ay,...,axr1) = 0. Write

m

g= Zgi(xl, e TE) Ty
1=0

Since g # 0, there exists 0 < j < m so that g; # 0. Since a1, ..., a; are algebraically independent
over F' we get g;(ai,...,a;) # 0 and thus

0+# h(z) = Zgi(al, ap)xt € Flay, ..., a)x],
=0
and h(ag4+1) = 0, which completes the proof. O

Corollary 9.2. Let E/F be a finitely generated field extension. Then if E/F is not an algebraic
extension, there exist algebraically independent elements ay, ... ,a; € E so that E/F(aq,...,a)
is algebraic.

Lemma 9.3 (Steinitz exchange lemma). Let E/F be a finitely generated non algebraic field
extension. Let k € NT be the minimal number so that there exist ai,...,a, € E algebraically
independent over F', so that E/F(ay,...,ay) is algebraic. Let b € E be transcendental over F,
and let 1 < j < k be minimal so that a1,...,a;,b are algebraically dependent over F. Then
at,...,aj-1,b,aj41,...,a; are algebraically independent over F' and E/L is algebraic where
L=F(ai,...,aj-1,b,aj41,...,ax).

Proof. By definition of j, we get that ai,...,a;,b are algebraically dependent over F', and
that ai,...,aj—1,b are algebraically independent over F'. By Theorem 9.1 we conclude that
a;j is algebraic over F(a1,...,aj—1,b). We now have that L(a;)/L and E/L(a;) are algebraic
extension, and thus F/L is algebraic as well. Finally, if a1,...,aj-1,b,aj41,...,a; are alge-
braically dependent, then from the previous lemma we can conclude that L/M is algebraic
where M = F(ai,...,aj-1,aj41,...,ax). Since E/L and L/M are algebraic extensions we con-
clude that E/M is an algebraic extension, which is a contradiction to the minimality of k. This
contradiction completes the proof. O

Proposition 9.4. Let E/F be a finitely generated non algebraic field extesnion. Let k € N be
the minimal natural number so that there exist ay,...,ar € E algebraically independent over F
so that E /L is algebraic where L = F(aq,...,ax). Ifb1,..., by, are algebraically dependent then
m < k. Moreover, m =k if and only if E/M is algberaic where M = F(by,...,by,).

o7
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Proof. First, we will prove that for all 1 < j < min {m, k} there exist 1 <41 ; <iy; < --- <
ik—j,; SO that b1,...,bj,a;, ;,...,a;_,, are algebraically independent over F' and the extension
E/F(b1,...,bj,ai, ;... ,ai,_, ;) is algebraic.

The case j = 1 follows from the previous lemma. Assume that we have shown the statement
for 1 < j < k and show it for j + 1. This follows from applying the previous lemma for
bi,...,bj, @iy ;.. a4, and the element bj 1.

We now continue to prove the theorem. What we have shown implies that

(1) m < k since otherwise b1 is algebraic over by, ..., by.
(2) If K = m then F is algberaic over F'(by,...,by).

(3) If m < k then there exists 1 < i < k so that a; is transcendental over F'(by,...,by,) and
in particular E/F(by,...,by,) is not algebraic.

This completes the proof. O
Definition 9.2 (Transcendence degree). Let E/F be a finitely generated field extension. The
transcendence degree of F/F is the minimal k so that there exist aj,...,ar € E that are
algebraically independent over F' so that E/F(ay,...,a;) is an algebraic extension.

Definition 9.3 (Transcendence basis). Let E/F be a finitely generated field extension of tran-
scendence degree k > 1. Then any set of k algebraically independent elements over F so that
E/F(ay,...,a;) is an algebraic extension is called a transcendental basis of F over F.

Example 9.2. Let F be a field and let E = F(z1,...,xzy) be the field of rational functions over
F in n variables. Then the transcendence degree of E over F' is n. Let G be some subgroup of
Sp. Then we define an embedding p: G — Aut(E/F) in the following way: For each o € G we
define

p(0) (i) = Ta(i),
for all 1 <4 <mn. Denote H = p(G) and L = F(H). From Artin’s theorem it follows that E/F
is a Galois extension and Gal(E/L) = H.

Example 9.3. Recall Example 9.2 and consider the case G = 5,,. For all 1 < k < n define:

plzzﬂii P2 = Z T PE = Z iy - T

1<i<n 1<i; <ig<n 1<iy < <ij<n

Note that for all o € S,, and for all 1 < i < k we have p(o)(p;) = p;. Like in Example 9.2,
denote H = p(G), L = F(H), and also denote M = F(pi,...,pn). We have that M C L,
and we want to show that L = M. Since the transcendence degree of L is n, we get that L
is isomorphic to F'(x1,...,zy). The isomorphism is the map ¢: F(x1,...,2,) = F(p1,--.,pn)

given by ¢(z:) = ps.
We know that M C L and that [E : F] = |S,| = n!l. In order to show that M = L it suffices
to show that [E : M] < n!. Define

M]3 g(t) :=t"—pit" '+ 4 (1) ppy 4 (1) "y = (t — 1) (t —@2) - (t — 2).
Thus, E is the splitting field of g over M, and in particular [E : M] < nl.
Exercise 9.1. Let E//F be an extension of transcendence degree k.

(1) Suppose that FF C L C E and E/L is an algebraic extension, then the transcendence
degree of L/F is k.

(2) Suppose that E = F(ay,...,a;) and that E/F has transcendence degree k. Then E is
isomorphic to the ring of rational functions in k variables over F, and a,...,a; form a
transcendence basis of E/F.
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