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1 Introduction to Topology in Euclidean Spaces Analysis 3

1 Introduction to Topology in Euclidean Spaces

1.1 Norms and metrics

Definition 1.1 (The n-dimensional Euclidean space). The space we will work with in this
course, the n-dimensional Euclidean space is defined as follows:

R™ := {($1,$2, - 'wTd) T ER

1§i§d} '
Definition 1.2 (Norm). A Norm on R” is a function||-|| : R™ — [0, oo] such that for all x € R™
and a € R,

() llz +yll <[zl +lyll (triangle inequality);

(2) |lrx|| = r||z| (absolute homogeneity);

(3) if[|z|| = 0 then & = 0 (positive definiteness).

Definition 1.3 (Euclidean norm). The Eulidean norm is defined as:

This norm is also called the standard norm on R™, and it is the norm we will use throughout
this course.

Definition 1.4 (L” norm). Another example of a norm, which is slightly less important for the
purposes of this course, but is still very relevant in functional analysis is the LP norm, given by

]l = llzll, :=

Definition 1.5 (Equivalent norms). Suppose that p and ¢ are two norms on R"™. Then p and
q are called equivalent if there exist positive real constants ¢ and C such that for every vector
x € R™ we have

cq(z) < p(z) < Cq(x).
Remark 1.1. Equivalence of norms is an equivalence relation. In R™ all norms are equivalenct.

Definition 1.6 (Metric). A metric on R” is a function d: R™ x R™ — [0, oo] such that for all
z,y,z € R",

(1) d(z,y) =0 if and only if x = y;
(2) d(z,y) = d(y,x) (symmetry);
(3) d(z,z) < d(x,y)+ d(y, z) (triangle inequality).

Definition 1.7 (Euclidean metric). The Euclidean metric is defined as:

da(Pr, Py) =[Py — Pyly = \/(x1 — 22)2 — (y1 — y2)%.

Remark 1.2. The Euclidean metric is induced by the Euclidean norm, which means that it
can be expressed using the Eucidean norm. Indeed do(Py, ) =||P1 — Pa||,. We can similarly
induce the LP metric using L? norms.
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Remark 1.3. We can go one step further, and notice that the Euclidean norm is induced by
the standard inner product defined on R™ given by

n
(w,y) =Y wyi, Yo,y R
i=i
On the other hand, not all L? norms are induced by an inner product. The only LP norm which
is induced by an inner product is the L? norm.

Remark 1.4. Similar to Definition 1.5, there exist multiple notions of equivalence of metrics.
However, unlike norms, not all metrics on R” are equivalent, but all metrics induced by norms,
are equivalent.

Definition 1.8 (Angle between vectors). From the Cauchy—Schwartz inequality we have that
for all z,y € R"
i< By
Tl Nyl

£(z,1) i= avccos (%) .

Remark 1.5. Recall that if z,y € R" and § = Z(z,y) then as this may be useful sometimes.

which allows us to define

Iz +yll = \AI%H2 +yl* + 2l [lyl| cos(6)
Iz =yl = \ﬂlfvll2 +lyl* = 2ll]lllyl| cos(6)

as this may be useful sometimes.

1.2 Sequences

Definition 1.9 (Convergence). Up until now we didn’t have many problems using subscript for
indexes of sequences, but now since we have coordinates we must denote a sequence in another
similar way called SWPeTsiPt a5 guch (27)°°,. We define convergence of such sequences in the
following way:

n—oo n—o0

lim 2" =2 <«<— W(lim x?:xl>

Definition 1.10 (Cauchy sequence). A sequence ()0 is called a Cauchy sequence if and
only if

lim [z — 2™ = 0.
n,m—00

1.3 Definitions

Definition 1.11 (Complete metric space). A complete metric space is a metric space M such
that every Cauchy sequence in M converges to some limit in M.

Definition 1.12 (Open set). An open set in a Euclidean space is a subset U such that for any
x € U exists € > 0 such that any y such that any y € B.(z) satisfies y € U

Definition 1.13 (Neighbourhood). In a topological space X a space a neighbourhood of a
point x € X is a subset such that there exists an open set U such that pe U C V.

Definition 1.14 (Closed set). A closed set E in a Euclidean space X is a subset of X such
that:

n M—oo

(") CE 2" ——x = z € k.
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Definition 1.15 (Compact set). A set X C R™ is called compact if every open cover of X has
a finite subcover.

Definition 1.16 (Sequencially compact set). A set X C R" is called sequentially compact if
every sequence (z")p2; C X has a subsequence (2"#)7°, that converges to a point z in X.

Remark 1.6. In Euclidean spaces, being sequentially compact is equivalent to being compact.
In the following definitions, let E be a subset of a Euclidean space.

Definition 1.17 (Closure). The closure of a set £ C R" is can be
CI(FE) = {x ’ I(z") s.b. 2 5 x}

Proposition 1.1. The closure of E C R" is the smallest closed subset of R™ containing E.

Definition 1.18 (Interior). The interior of E' is defined as:
Int(E) = {z|3r > 0s.t. B (z) C X}
Definition 1.19 (Boundary). The boundary of FE is defined as:

OE={z eR"|Vr>03x € XAy € X s.t. y,z € By(z)}

1.4 Continuous functions

Definition 1.20 (Continuous function). A function f: C{R} — cﬁg is said to be continuous at

z € A if for every & > 0 there exists § > 0 such that for every ||lz — y|| < 6

[f(y) - fla)]| <e
and we say that a function is continuous on X if it is continuous for every =z € X.

Remark 1.7. An important, equivalent, more general definition for continuity is that if f is a
function from A to B then if U is an open set in B implies f~!(U) is an open set we say that
f is continuous on A.

Definition 1.21 (Uniformly continuous function). A function f: Czﬂ% — cﬁg is said uniformly

continuous on X C A if for every € > 0 there exists § > 0 such that for ev?ary |z -yl <d

|f(z) = fly)|| <e

Definition 1.22 (Connectedness). A set A C R is said to be connected if it cannot be written
as a union of two or more disjoint nonempty open subsets. A set that is not connected is said
to be disconnected.

Example 1.1. Any interval I C R is connected.

Example 1.2. The set A = (0,1) U (2,3) C R is disconnected because it can be written as the
union of (0,1) and (2, 3).

Definition 1.23 (Path). A path from z € X to y € X is a continuous function f: [0,1] — X
such that f(0) =0 and f(1) =y.

Definition 1.24 (Path connectedness). A set A C R™ is said to be path connected if there
exists a path between any two points x,y € A.
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1.5 Convex sets
Definition 1.25 (Convex set). A set C' C R” is called convex if and only if
Ve,ye C Vtel0,1] te+(1—-thy=y+tlx—y) el

Definition 1.26 (Convex combination). Given a finite set of points {z;};_; C R", a convex
combination of these points is a point of the form

Q121 + 0x9 + -+ + QpTy
where {a;}; | satisfy a; > 0 for all 1 < i < n and also
a1 +aoag+ -+ a, =1.

Remark 1.8. Every convex combination of two point lies on the line segment that connects
them.

Definition 1.27 (Convex hull). Let A C R™ be a set. The convex hull of A is defined as

Conv(A) = ﬂ S.
ACS

S convex

Remark 1.9. This is the smallest convex set containing A.

Proposition 1.2. Let A C R" be convex. Then every convex combination of elements of A is
contained in A.

Proof. to be added. O

Proposition 1.3. Let A C R™. Then the set of all convex combinations of points in A is equal
to the set Conv(A).

Proof. to be added. O

Theorem 1.4 (Carathéodory’s theorem). Let A C R™, and let x € Conv(A). Then x is a
linear combination of at most n + 1 points in A.

Proof. to be added. O

Definition 1.28 (Convex function). Let A C R™ be convex. Then the function f: A — R is
said to be convex if for any z,y € A and 0 < A < 1 it satisfies:

fAz+ 1 =Ny) <Af(x) + (1= A)f(y)

That is, for any two points in A, for any point z on the line segement connecting them, we have

f(z) <=z

Remark 1.10. If the inquality above is also a strong inequality, the function is said to be
stricly convex.

Theorem 1.5 (Jensen’s inequality). Let f be a convex function, and let {c;};_ | be coefficients
of some convexr combination. Then Jensen’s inequality is satisfied:

FAY Joumi | <D aif(a).
=1 =1
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2 Differentiability

2.1 Definitions

Definition 2.1 (Linear map). Let A € R™*". We define the linear map T4 : R" — R™ as such:

T(z) = Ax.

Definition 2.2 (Hilbert—Schmidt norm). Let £(R™,R™) = R™*™ denote the space of linear
maps from R” to R™. We can make this space into a normed space by defining the Hilbert—

Schmidt norm as follows

1Tl = Vor(APA) = > ().
i.j

Remark 2.1. The Hilbert-Schmidt norm is induced by the inner product (A4, B) = tr(BT, A)
for real matrices. Generally, the inner product is given by (A, B) = tr(B*, A) for bounded

operators on Hilbert spaces.

Definition 2.3 (Operator norm). Let T: V' — W be a linear transformation between inner

product spaces, we define the operator norm to be:

1Ty
1Tl =T = sup
op w20 ||Vl

and T is said to be bounded if | T|| < oco.

Proposition 2.1. Let T: R® — R™ be a linear map. Then

Iy < I Tls = F <.
i’j

Proof. By definition since the ith entry of the vector Tz is Z?zl a;j;r; we get

2

m n
2
IT)> =" D aija
i=1 \j=1
Then from the Cauchy—Schwartz inequality we get
2
m n m n n
2
|Ta|® = ary | <D\ doal | doai | < | Dod
i=1 \j=1 i=1 \j=1 j=1 4.J

Then we can take the root on both sides and get

2
1Tzl < || Doa | Nl D a3 Nz =T llgs -lell < oo
i

1,

and since this holds for all = we get [|T']|,, <||T|lgg ‘|||l < oo which completes the proof. [

op —

Remark 2.2. In general, the Hilbert—Schmidt norm is defined only for bounded operators, but
in the case of linear maps T: R™ — R we get that T is automaticall bounded, since it attains

a maximum on S" ! as T is continuous and S™~! is compact.
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Corollary 2.2. We now obtain that

|T(z) = T(y)|| <ITlopllz = yl-
This means that T is continuous and even Lipschitz continuous on its domain.

Remark 2.3. As norms on R” x R™ = R™ ", the Hilbert—-Schmidt norm and the operator
norms are equivalent.

Definition 2.4 (Affine function). An affine function is a function fo the form:
Tap(x) = Az +b
such that A € R™*™ and b € v € R™.

Definition 2.5 (Differentiable function). Let U C R™ be an open set, and let f: U — R™.
Given a € U we say that f is differentiable at a if there exists a linear transformation 7': R® —

R™ such that
o f@ B = (@) +Th)
im
h—0 Al
We say that f is differentiable if f is differentiable at every a € U.

=0.

Remark 2.4. Note that since U is open there exists a ¢ small enough such that B(a,d) C U.

Remark 2.5. We can also say that f is differentiable at a if there exists an “error” function

€(h) defined around 0 such that f(a+ h) = f(a) + Th + e(h) and

e(h) _
h=o ||h|

If e(h) satisfies the above function we say that e(h) = o (|h]]).

Remark 2.6. We denote T from Definition 2.5 by df(a). It known also known as the differential
of f at a.

Remark 2.7. The operator df is a linear map df: R" — L(R",R™) where L(R",R™) is the
space of linear maps from R™ to R™. This means that df(a) is a linear map df(a): R" — R™
(as we know), and therefore df(a)(h) € R™.

Remark 2.8. Since f: R" — R™, we can consider the Eulicdean spaces with their standard
inner product, and we denote the matrix representation of the differential (this depends on the
basis we choose for the Euclidean spaces, usually we choose the standard basis), also known as
the total derivative of f at a, by Df(a).

Proposition 2.3 (The chain rule). Let f be differentiable at a, and suppose that g is differen-
tiable at b := f(a). Then go f is differentiable at a and

(go f)(a) =g'(f(a)f'(a) ord(go f)(a) =dg(b) o df(a).

Remark 2.9. The chain rule may not seem very intuitive when stated with formulas. Notice
that all we say, is that if there exists two functions, f differentiable at a, ¢ differentiable at f(a),
then the differential of g o f is given by applying the differential of f at a, and then applying
on that the differential of g at f(a). That should be intuitive.

10
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Example 2.1. We want to compute the differential of the function f: R® — R defined by
x + ||x||. First, we notice that it is the composition of the functions

h(z) = (z,2) = 2T Iz
g(t) =Vt
so it may help to compute the differential of quadratic forms ¢(z) = 27 Qx for Q € R™ ™. Recall

that any quadratic form corresponds uniquely to a symmetric matrix so that ¢(z) = 27 Az where
A € R" is symmetric. Then since A is symmetric we have

q(z 4+ h) — q(z) = 2T Ah + hT Az + hT Ah = 227 Ah + hT Ah

and clearly hT Ah € o(|h||) and 227 Ah is linear in h so dg(x)(h) = 227 Ah and in particular for
h(z) = 21 Iz we get dh(z) = 227. We know that dg(z) = 1/2/z and so from the chain rule

T
02z7 =

g o)) = dglf (@) 0 dh(a) = L o2 = L

so df(z) = 2T/2|.

Definition 2.6 (Directional derivative). Let f: U — R with U C R", let a € U and let
0 # v € R™. Then, if the following limit exists:

we say that f is differentiable in the direction of v, and D, f(a) is called the directional derivative
of f at a.

Definition 2.7 (Differentiation along a curve). Let v: (a,b) — R™ so that y(ty) = xg € U for
to € (a,b) and U C R™. If the derivative

d(fo~)
7 (to)

exists, we say that it is the derivative of f along the curve . This is a generalization of
directional derivatives.

Remark 2.10. Note that if £ = {ey,...,e,} is the standard basis for R™ then we may denote
the directional derivative of f at a in the direction of e; in one of the following ways:

De.f(a) = Dif(a) = §i<a> = furla).

These are also called the partial derivatives of f.

Proposition 2.4. If f: (}é — R for is differentiable at a then:
C n

Dy f(a) = Df(a)v
for every v € R™.
Remark 2.11. The proof is using the fact that:
fla+h) = f(a) + Df(a)h + o(h).
An important corollary of this proposition is
D.f() = Df(ajo =3 5 @

11
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Definition 2.8 (Gradient). For a linear function f: R"™ — R, the differential at a is a map
df(a): R™ — R. Therefore from the Riesz representation theorem there exists a vector v, € R"
so that df(a)(h) = (vq, h) for all h € R". We define V f(a) = v,. This is called to gradient of
fata

Remark 2.12. In orthonormal coordinates, the gradient of f at a point is the transpose of the
total derivative at that point.

)
8901

0 0

vitw = sy = (L - L) -
1 Tn
8f
87:1:”@)
Remark 2.13. Notice that we get the biggest value for ||v|| = 1 when
Vi)
IV f(a)l

which implies that the direction of the gradient is the direction of the steepest ascent. Con-
versely, the direction orthogonal to it, is the direction of least change. For instance, we saw in
Example 2.1 that the total derivative of the norm at a point is in the direction of the unit vector
that connectes the origin and that point going outwards. Thus, the gradient is also a vector in
that direction and this fits with our intuition that this is the direction of maximal change.

Proposition 2.5. Let f: U — R for U C R™ be differentiable in U. Then if f has a local
minimum or mazimum at a € U then V f(a) = 0.

Remark 2.14. This is simply a reiteration of Fermat’s theorem for the n-dimensional case.

Proposition 2.6. A linear function f: R"™ — R™ is differentiable at a € U if and only if
fi = f om; is differentiable for every 1 < i < n where 7; is the projection function on the ith
coordinate.

Proof. Suppose that f; is differentiable for every 1 < ¢ < n then we can define a new function:

Dfi(a)v

T e Df2'(a)v

Dfm.(a)v
And see that indeed:
I£(a+h) = fla) = Th| <> |f(a+h) - f(a) — Dfi(a Z!ez )| = o(h
i=1

As wanted. On the other hand, if f is differentiable we can use the chain rule to show that each
fi is differentiable with the desired derivative. O

Definition 2.9 (Jacobian). Let f: R™ — R™ such that each of its first-order partial derivatives
exists. We define the Jacobian of f as such:

on o]
of of vTh ox1 oxy,
J frd _ _ g N — N c. .
f [83:1 8xn] T : ' :
V: fm 9fm Ofm
ox1 8xn_

12
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2.2 Properties of the operator norm

Remark 2.15. For convenience we identify any matrix A € R™*" as the operator it defines
Ty: R® — R™

Remark 2.16 (Basic properties). Recall that we defined the operator norm as

Ax
JAll =[IAll,, = sup {J Az : [lz]) = 1} = sup{””- 7 # o}.

e

We can prove that A — ||A]| is a norm, and that || A|| is the smallest constant that satisfies the
inequality || Az|| <|[|A||||z|| for all z € R™. The operator norm also satifies

[AB| <[ Al Bl

because we have

|(AB)z|| < A||Bz|| < AB|jz| .

Remark 2.17. The following proposition may seem like an insignificant lemma, but it is actu-
ally useful and its geometric meaning should also be memorable. It characterizes the invertible
matrices as matrices that can’t downscale vectors “too much”.

Proposition 2.7. A matriz A € R"*" is invertible if and only if there exists a constant ¢ > 0
such that ||Ax|| > c||z|| for all x € R™. Moreover, if A is invertible the constant ¢ = HA_lH_l is
the biggest constant that satisfies that inequality.

Proof. Suppose A is invertible, then we have
Jall =|| 4" Ax || < |47 -1l

and because HA*IH % 0 we get that
cllz| <[|Az]]

for c = HA_1H_1 for all x € R™. It is the biggest constant the satisfies this inequality because
-1
rlz < ||Az|| <= HA‘leH <7 |Az|| = r< HA—1H —c.
Next suppose there exists ¢ > 0 such that || Az|| > ¢||z| for all z € R". From this we get that
Az =0 <= (|z]| <[|Az|| =0 = ¢|lz||=0 = x =0,
which shows that A is invertible. O

Proposition 2.8. Let A,B € R" ™. If A is invertible and ||A — B|| < %HAilel, then B is
also invertible, andHB_IH < 2HA_1H.

Proof. We want to somehow get to B — A so we may notice that for all x € R™ we have that
Bx = Ax — (A — B)x.
Thus,

IBal) > |z (4 - B)e| > | A=l - ]|a=] el = A el

From the previous proposition, we get that B is invertible and that HB‘lH < 2HA_1H which
completes the proof.

13
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Definition 2.10 (General linear group). We denote GL(R™) the collection of invertible matrices
in R™*™,

Remark 2.18. It is clear that the set GL(R"™) coupled with matrix multiplication forms a
group.

Proposition 2.9. The group GL(R"™) is an open set in R™*™, and the operations of multipli-
cation and inverse are continuous.

Proof.

(1) Open Set: Let A € GL(R™). According to Theorem 2.8 we have that for r = %HAflﬂf1
that B(A,r) C GL(R"), so GL(R") is indeed open in R".

(2) Continuity of Multiplication: To prove that the operator m: GL(R") x GL(R") —

k—o0

GL(R™) given by m(A, B) = AB is continuous, let Ay k220 4 and By, £2°°% B. Then
k—r00
1Ak B — AB|| = || A4By, = A4B + A4 B — AB|| < || Ag|||| By — Bl +||Ax, = Al|| Bl == 0.

Notice that we used the fact that a convergent sequence is bounded.

(3) Continuity of Inverse: To prove that the operator A — A~! is continuous let A €
GL(R™), let € > 0 and choose § = min{%”A‘lH_l,%HA_2H_1} - €. Now for any B

such that B € B(A,J) we get that B is invertible and from Theorem 2.8 we have
) < 247 honee

2
o7 =t - v <<

which shows that taking the inverse of A is a continuous operation and completes the
proof.

O

2.3 Continuous and differentiable partial derivatives

Recall that a map f: R™ — R™ is called differentiable if it has an affine approximation. In the
case of a single variable functions

f@) = f(a) + f'(a)(z — a) + o(z — a).

In the case of multivariate functions, we have

(O0h . Of]
ox1 O0xy,
flla)y=Jp(a)=1| + -
0 fm O fm
En ey

If all the partial derivatives are continuous, then f is differentiable at a.

Proposition 2.10. Let f: C(Ié — R™ be a function such that f = (f1,..., fm). Suppose that for

OFf:
all i, 7 the partial derivative 871?2 s continuous in a neighbourhood of a. Then f is differentiable
L

at a.

14



2 Differentiability Analysis 3

Proof. We know that it suffices to prove that f; is differentiable for all ¢, so suppose f: U — R

and let h € R" then
h=(hi,..., Zhe]

where e; are the unit vectors. We then have that

n

J Jj—1

flath)=fa@)=> | fla+D e | —Fla+D hie
j=1 i=1 i=1

because this is a telescopic sum, and since the elements in this sum are the partial derivatives

0 i
a—f at the point a + Zlel hie; we get that this is equal to
Lj

n n J
Zﬁ —l—Zhez hj+o(hj) = Vf()h+z 88;; G,+Zhi€i —aaxj;(a) hj+o(h)

i=1 j=1

but this follows from the continuity of the partial derivatives in a neighbourhood of a. Thus for
h — 0 we get that f is differentiable at @ which completes the proof. O

OFf
Remark 2.19. Let f: % — R™ be a function. If —afl is continuous for all ¢, j then we say
CR™ T

f € CY(U,R™). This is the collection of the continuously differentiable functions from U to R™.
Remark 2.20. A function f: (Ié — R™ is continuously differentiable if and only if the map
C n

x — Df(z) is continuous from U to the space of linear maps L(R™,R™) with respect to the
operator norm.

Example 2.2. We will show that the function f: GL,(R) — GL,(R) defined by f(A) = A~}
is differentiable. We see that for any matrices A, H € GL,(R) we have

FA+H) - f(A)=(A+H) ' —A "= (A+H) Y A— (A+ H)A ' = —(A+ H) 'HA™".

We need to represent this expression using a linear function in H and an error function that is
o(H) so

~(A+H)'HA = A" HAT (AT - (A+ H)YHHAT.
The function H — —A~'HA™! is linear in H and since we know that A — A~! is continuous
we get

(A — A+ H) HAT | [|F(A) - f(A+ H)|[-H] -[[AT]
IH]| = 1H]|
= [l£(a) = fea+ m) a7t £ 0

which shows that (A=! — (A + H)"')HA~! = o(H). This means that f is differentiable with
Df(A)H = -A"'HA™L,

From this formula we see that D f is also continuous so f is even continuously differentiable.

15



2 Differentiability Analysis 3

Lemma 2.11. Consider det: R"*"™ — R. We have that ddet(I)(A) = tr(A).

Proof. Let € > 0 and let A be any matrix. Denote the columns of A by A1, A2 and so on. We
have that
det(l + €A) = det(e; + €Ai,ea + €Ag,...,en + €Ay).

Since the determinant is multilinear (linear with respect to the columns) we get that this is the
sum of all 2" terms, so that

det(e; + €Aj,ea + €Aa,...,eny + €A,) = det(eg,e9,...,en)+
€ (det(Al, €, ..., en) +det(er, A, ... en) + -+ +det(er, ea,. .., An)) + o(e)
because the rest of the terms have at least two perturbed columns
det(eAl, 6A2, €3,. .., eN),

which means that their detrminant is of the form €2 times another term, so they are o(e?).
Notice that
det(el, PN ,Ai, PN ,en) = A”

Therefore
det(I 4+ €A) = det(I) + tr(A)e + o(e)

so since the trace is linear we get ddet(I)(A) = tr(A). O

Lemma 2.12. For an invertible matriz A, we have d det(A)(T) = det(A) tr(A~'T).

Proof. Notice that
det(X) = det(AA™1X) = det(A) det(A71X).

Therefore if we differntiate both sides at I we get
ddet(I)(X) = det(A)ddet(I)(A™1X)
so in particular by using Theorem 2.11 we get

ddet(A)(T) = det(A)ddet(I)(A™'T) = det(A) tr(A~1T).

O

Proposition 2.13 (Jacobi’s formula). We have that ddet(A) = tr(adj AdA).

Proof. If A is invertible we see from Theorem 2.12 with 7' = dA that

ddet(A)(dA) = det(A) tr(A~1dA).
Using the formula
adj(A) = det(A)A™?
we get that
ddet(A)(dA) = tr(adj AdA).

O
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8 Least Squares and Gradient Descent Analysis 3

3 Least Squares and Gradient Descent

Let f: U C R™ — R™ be a differentiable function. Suppose we are intrested in finding a
minimum (maybe a local minimum) of f, then there are two methods to solve find it using the
tools we have aquired so far.

3.1 The standard method

We can use the fact that if f has a local minimum at a point @ € U then V f(a) = 0. We get n
equations in n variables given by

of B
Tm(al,...,an)—o
0

8;(;1((11,...,@”):0

This method is good because if we solve these equations, only get a single point where the
gradient is 0, and know that there must be a minimum in U, then we can find it relatively
easily.

3.2 Least squares

Consider the function f(x) =||Az — b||?, where A € R™*" and b € R™. When the rank of A is
m we can solve the system of linear equations

(x) Az =b

and the minimum will be 0. This is also the case when the rank of A is lower than m. However
the problem gets way more intresting when m > n because this means that it’s possible that
there is no solution to (%) so we need to find the solution with the smallest error. This problem
is called the “least squares” problem because we are trying to find the least sum of the following

squares
2

Az = o] => | D asa; — b
J

i
This problem is also sometimes called “linear regression” and it is very important in all fields

of science and engineering. Since this is the simplest case of such a problem it has a closed
solution. We notice that

J(2) = (Az — b, Az — b) = (AT Az, Az, ) 2 (Az,b) + (b, b) = g(x) + h(z)
for
g(z) = <ATA33, At :> 2T AT Ag
h(z) = —2 (A, b) + (b, b)

we therefore have that Vf = Vg 4+ Vh. Since h is an affine function, its derivative is equal to

its linear part:
Dh(z): h — —2(Ah,b,=) — 2bT Ah = Vh = —2bT A.

We also have that

gz +h) — g(z) = <ATA(x FR), @+ h> - <ATA95, x> — 9 <ATA:U, h> 4| AR

17



8 Least Squares and Gradient Descent Analysis 3

and we see that 2 <ATAar,h> is linear in h, and that ||AR||* < | A|?|h]* = o (lA[]) so it follows

that
Dg(x): h s 2 <ATAa:, h> = 22TATAh — Vg(a) = 22T AT A.

It now follows that
Vi(z)=22cTATA - 20T A,

To find the minimum of f, we now need to solve the equation
Vi) =2eTATA-20"A=0 or AT Az = ATb.

Whenever m > n we have that rank(A4) = n and thus the matrix AT A is also of rank n so it is
invertible. In this case the solution to the equation is given by

x=(ATA)~1ATD.
Remark 3.1. In practice we don’t calculate the inverse of AT A since this is a rather complex
numerical task, and instead we find the solution in other ways.

3.3 Gradient descent

In the example above, finding a solution to the system of linear equations V f(x) = 0 was easy,
however, in practice not all equations are linear, and we can’t always find a closed solution.
The gradient descent method uses the fact that the direction of the gradient at a point is
the direction of the steepest slope in order to approximate the minimum.
In general, given a function f: U C R™ — R the algorithm goes like this

(1) Guess a solution z to the minimazation problem and calculate V f(z) at .

(2) IfHVf(a:) H is 0 or “very close” to 0 then x is the minimum we are looking for and we stop
the algorithm.

(3) Otherwise, we set x — x — ¢V f(x). This moves z down the steepest slope, and since we
usually set 0 < ¢ < 1 it doesn’t go too far in that direction as well.

(4) Return to step (2).

The steps above only describe the basic idea, and the implementation is usually more complex.
For example, we need to define what “very close” means. We also set a maximal number of
iterations so the computation will stop if it doesn’t find a minimum.

18



4 Taylor’s Theorem Analysis 3

4 Taylor’s Theorem

4.1 Higher order partial derivatives

Theorem 4.1 (Schwarz’s theorem). Let Q@ C R", let f: Q — R and let p € Q be with some
neighbourhood p € U C ). Suppose that f has continuous second partial derivatives in U, then
foralli,j in {1,2,...,n}
0? 0?
al'i &rj f(p) B al'j 81}1

f(p)-

4.2 Multi-index notation

An n-dimensional multi-index is an n-tuple
a=(a,a,...,ap)

of non-negative integers. Define the following operations on some multi-indices «, 8 € Ny and
a vector z = (x1,22,...,2,) € R™

Addition and Subtraction
aiﬁz(aliﬁl,agiﬁg,..., Oén:tﬁn)

Partial Order
a<p & o <06 ViE{l,...,n}

Absolute Value
ol =a1+a+ -+ ay

Factorial
al =ar! - as! - ay!

()= G)GE) ()= memm

k k! k!
=———=— k:=|a/eNy
« arlag! - ay! ol

Binomial Coefficient
Multinomial Coefficient

Power

1o SN0 SR 2} [e7%
r =T X9 ...T

Higher Order Partial Derivatives

D® = 9% = 9957 ... 93

Remark 4.1. One use for multi-index notation is to describe the generalization of the binomial
theorem for multiple variables:

|
($1+...+$n)k = Z @xa.
a!
acN"
la|=k

19



4 Taylor’s Theorem Analysis 3

Definition 4.1 (Multilinear polynomial). A function p: R™ — R™ is said to be a multilinear

polynomial if
p(z) = Z Cat®

aeN™
| <k

where ¢, are the coefficients of the polynomial. Each function of the form z® is called a monome.
The largest natural k so that there exists a multi-index « of order k so that ¢, # 0 is called the
degree of the polynomial. The degree of the zero polynomial is defined to be —oo.

4.3 Taylor’s theorem

Theorem 4.2 (Multivariate version of Taylor’s theorem). Let f: R™ — R be a k-times con-
tinuously differentiable function at the point a € R™. Then there exist functions hy: R™ — R,
where |a| = k, such that:

f@) =3 T a3 he@)e - a)

o] <k ' la|=k

o([lz—all*)
and lim hy(x) = 0.
r—a
Remark 4.2 (Structure of the Taylor theorem). In Theorem 4.2 we see that the conditions are
almost identical to the conditions we saw in the one-dimensional case, except now we increased
the number of variables. The expression in the one-variable case is:

0 (a |
=3 T - )i + b — o),

k
1.
=0

where lim,_,, hi(z) = 0. The structure here should be more clear, we have the sum which gives
us the approximate value up to the kth degree approximation, and we have the remainder part
which is hy(z)(xz — a)*. It makes sense to write it in this form since it must be o(|z — a|¥),
and then it is also clear why lim,_,, hi(z) = 0. In the multivariable version the structure is
still identical, and the intuition is the same, except we may have more than a single remainder
function. This form of the remainder is call the Peano form.

Remark 4.3 (Taylor’s theorem in praxis). In praxis, most exercises related to Taylor’s theorem,
are to find the Taylor expansion of some pathological function like e/? up to order k around the
origin. In this case, it suffices to find the order of €, f and g up to order k around the origin,
then multiply and compose them naturally, and if for example you end up with something like
2t + 22y% 4 2%y3 plus the remainder, and k = 4, you can discard the term 22y since it is in the
family o(||(z,y)||*). This holds for any multiplication or composition of functions, which makes
life easier.
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5 Classifying Critical Points Analysis 3

5 Classifying Critical Points

5.1 Preliminary defintions
Suppose that f: U — R such that U C R" is open and a € U.

Definition 5.1 (Local weak minimum). If there exists » > 0 such that for any point = € B,(a)
we have f(a) < f(x) then the point is called a local weak minimum.

Remark 5.1. If the inequality is strict it is called a local strong maximum.
Remark 5.2. We define a local weak/strong maximum in the same manner.

Definition 5.2 (Critical point). If f is differentiable at a and Vf(a) = 0 then a is called a
critical point of f.

Definition 5.3 (Saddle point). If a is a critical point of f and for any r > 0 exist z,y € B,(a)
such that f(z) < f(a) < f(y) then a is called a saddle point of f.

Definition 5.4 (Hessian). Let f € C%(U). We define the Hessian of f at a to be the following

matrix: "
82f(a)]

ij=1
Notice that by Clairaut’s theorem we have that the Hessian is symmetrical and thus it
defines a quadratic form as follows:

2
(Hyao,0) = Y 5o (ayuie;
2%

Using Taylor’s theorem and the multi-index notation explained earlier we can express the func-
tion as such:

fle 1) = @)+ S Db+ 3 DL o)
i=1 || =2 '

We can notice that:
o] =2 = a1+ 4+ a, =2,

SO we can write:

D f(x)h® 102 0?
ZL:,E): 5@(a)h?+ Z / (a)hihy,

a! }
|ar|=2 i=1
and by Clairaut’s theorem:
DY f(z)h® =187 5 1 0% f 1
S St s S (@b = 5 (Hy(@)h,h).

a! ,
|a|=2 i=1

so finally we get:
Flo+ by = () + (V). ) + 3 (Hy(@)h ) + ol 1],

If assume that x is a critical point of f, we can see that magic happens. We have V f(z) = 0
and then:

<Hf(ac)h,h>.

Fla+h) = (@) = {0,) + 5 (Hy(x)h, ) + o((1h]?) =~ 3
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5 Classifying Critical Points Analysis 3

Since Hy(x) is symmetrical there exists an orthogonal matrix P so that A := PTH(z)P =
diag(A1, ..., An), and under the coordinates system corresponding to the eigenvectors of the
Hessian we get that:

f(z+h) — f(x) = = (Ah, h) Z)\h
and in case n = 2 we have:

Flz+ (a,b) — F(z) ~ % (Ma? + 201?)

and we can use this formula to determine the type of critical points.

5.2 Classification of critical points

Proposition 5.1. Let U C R"™ be an open set, and let f € C*(U). Suppose that a € U is a
critical point of f. Then

(1) If H¢(a) is positive definite then a is a local strong minimum.
(2) If H¢(a) is negative definite then a is a local strong maximum.
(3) If H¢(a) is indefinite then a is a saddle point.
Remark 5.3. In other cases we can’t tell anything about the point and it might be of any type.

Remark 5.4. It is easy to remember this classification since the Hessian of f(z) = 22 is (2)
which is positive definite and a is a local strong minimum.

Proof. Let a be a critical point of f such that V f(a) = 0. We have

1 h
fla+h) = f(a)+ 5 (Hp(@)h, h) +€(h) s:t. Hi”; =00
Assume that Hy(a) > 0 (is positive definite). We get that
(H(a)v,v)
0<ec¢:= min {(H min A
= jmin, (Hylajo,v) = mip HUH

It follows that for all h we have (Hy(a)h, h) > c||h||®. Let r > 0 such that B,(a) C U such that

for 0 <||h|] < r we have
’6(}1)‘ 1 C 2
< o = |e(h)| < S||h]".
o <30 = Il < 5l

This implies that

Flath) = F(a) + 5 (Hyla)h B + () > f(a) + 5B ~[e(h)] > f(a)

which means that a is a strong minimum of f. Showing that H¢(a) < 0 implies that a is a
strong maximum is very similar and thus this part of the proof is ommited.

Assume that H¢(a) is neither positive definite nor negative definite. Let u,v € R™ be unit
vectors such that

b:= (Hs(a)u,u) <0
¢:= (Hs(a)v,v) >0
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5 Classifying Critical Points Analysis 3

and choose r > 0 such that

For all 0 <t < r we get

fla+tu) = f(a) +5 (Hy(a)tu, tu) + e(tu) < f(a) + 3! +e(tuw)| < f(a)
since for our ¢ we have |e(tu)| < 3|b|t?. Similarly we can show that f(a + tv) > f(a) which
shows that a is a saddle point which completes the proof. O

Remark 5.5. A simple way to check the sign of the Hessian, is by using Sylvester’s criterion.
With the notation that Ay denotes the determinant of the kth leading minor of a symmetric
matrix A € R™*"™ we have:

(1) A is positive definite if and only if Ay > 0 for all k =1,...,n.
(2) A is negative definite if and only if (—1)*A, >0 for all k=1,...,n.

23
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Analysis 3

6 The Inverse Function Theorem

6.1 Preliminaries

Recall that a set C' C R” is called convex if and only if

Ve,ye C Vtel0,1] te+(1-t)y=y+tlx—y)eC.

Intuitively, we say that C is convex if for every two points a,b € C the interval connecting the

points is a subset of C.

Proposition 6.1. Let U C R™ be convex and open, let f: U — R™ be differentiable. If f'(x) is

bounded by M then,
Ve,ye U ||f(x) = Fy)ll < Mllz —yll.

Proof. If f(x) = f(y) then we are trivially finished, otherwise we can denote v =

and the following functions:
g:R" >R g(u) = (v, u)
h:10,1] - U h(t)=y+t(z—y)

differentiating gives:
Dg=v and Dh=zx-—y.

We can now define the function:
p=gofoh
and apply Lagrange’s theorem to get that there exists ¢ € (0, 1) such that:

oy ()
ple) =

On the other hand, we have:

') = llg'(f o h)(f o h) (R)'| < o]l - M - |z =y,

but we know that [|v| = 1 so we get:

1f(2) = f(y)ll < Mz -y

as wanted.

:900(0) _ <U,f($)> _ <U,f(y)> = | f(z) = f(y)ll-

O]

Exercise 6.1. Show that Theorem 6.1 still stands for the ||-|| ., norm. Start by finding a vector

v such that || f(z) — f(v)|| , = (v, f(z) — f()).

Corollary 6.2. If f € C! then f is Lipschitz continuous on any compact subset of its domain.

6.2 The inverse function theorem

Theorem 6.3 (Inverse function theorem). Let U C R™ be open, let f € CH(U,R™) and let
x € U. Suppose that f'(x) is invertible. Then there exist open sets x € V C U and f(x) € W

so that f: V — W is a bijection. Moreover, f~1 is continuously differentiable and we have

-1

Proof. to be added.
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6 The Inverse Function Theorem Analysis 3

Remark 6.1. We know that f~! is continuously differentiable since the formula for (f~1)'(y)
is a composition of f~! and f’ which around both continuous functions. We can even generalize
and see that if f € C*(U,R") then f~! € C*(W,R").

Remark 6.2. The geometric inuition for the theorem should be that the function behaves
locally at z like an invertible linear map. The intuition for differentiation of f~! is that since
f~1o f is the identity, the linearization of f~! at f(z) must be the inverse of the linearization
of f at x. This is exactly what the formula (f~1)(f(x)) = [f'(z)]~! means. If you are still not
convinced, here’s an explanation with mathematical signs. If we approximate f ~ A around z
and f~! ~ B around f(z) for A, B € R™*" then f(V) ~ AV and since (f~Lo f)(V) =V we
must have BAV = V. Thus, since A is invertible we get B = A~!. This is exactly the formula

(fH(f (@) = [f (@)

Remark 6.3. Although in the one dimensional case knowing that a differentiable function is
locally invertible at any point implies that it is globally inveritble, the statement fails in the
n-dimensional case.

Example 6.1 (Locally invertible not invertible). Consider the function

__[e®cosy
f($7y) T (ex siny> .
We notice that

_ [e*cosy —ePsiny
Trz,y) = (ew siny e¥cosy ) ’
By a simple calculation
_ 2z 2 s 2 _ 2z
det(J¢(z,y)) = e“*(cos®y +sin“y) = e** # 0.

Since the function is not an injection it is not invertible, but according to the inverse function
theorem, for any point a there exists a neighbourhood U, of a where it is invertible and in
particular injective.
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7  Newton—Raphson Method Analysis 3

7 Newton—Raphson Method

7.1 The Newton—Raphson Method

Let f1,..., fn: R — R be continuously differentiable functions. Assume we want to solve the
following system of equations:

f1(.1‘1,$2,...,33‘n) =0

fQ(CCl,(L'Q,. ..,.’En) =0
(*)

fn(xlnyV . 'al‘n) =0

One real life example where we would want to solve such system of equation might be when we
want to find our location using GPS. We can find our exact location using GPS satellites by
using a method called trilateration. By calculating our distance from (at least) 3 satellites, and
assuming some realistic conditions (e.g. our location is on the sphere of the Earth) we can find
our exact location. Suppose satellite 7 is at location (z}, 22, z3) and our location is (z!, 2%, 23).
Moreover suppose we can find the distance from our location to satellite ¢ (r;) by using some
kind of clock and transceiver, we need to solve the following system of equations

fi (ahat ) = (@} — ') + (aF = a2)? + (2 = 2%)? 12 = 0

fa (z3, 03, 23) = (23 — 2')? + (2 — 2°)% + (23 — %) =13 =0

Fo (2,23, 23) = (25 — 2)? + (2, — 2%)? + (a3, = 2°)° =17 =0

In order to easily find a solution for these equations later we need to have an initial guess for
the solution. One way to obtain a good initial guess is to calculate the solution at some point
in time because our location does not change very much even if the calculation takes a few
seconds. Using this initial guess (which we may call a'), we define an approximation sequence
a* by the follow rule

-1
() @ =ab =[] f(a").
Remark 7.1. In one dimension we get that

w1 f(d®)
@ =

which is the Newton—Raphson method for functions in a single variable, which we might have
see earlier in analysis 1.

Proposition 7.1. Assume that there exists a solution T to a system of equations as in (x), such
that f'(Z) is invertible. Then tjere exists v > 0 such that for any initial quess a' € B,.(Z) the
Newton—Raphson approximation sequence (k%) converges to .

Remark 7.2. If f/(Z) is not invertible then for any sequence a” that converges to T we get
that H [f'(z™)] _1H converges to infinity.
Proof. Since we have
-1 _ _ _ _
f'@)] f@)=1 and f(z)=f(z)+ f(@)(x—2)+e(x—2)

such that e(z — z) = o(x — &) at a neighbourhood of Z we can choose r > 0 such that for all
x € By(Z) we have

HI— [f/(x")}—l f’(i)“ < % and He(a: —:Z")H < iH [f/(x)]_IH_le -y
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7  Newton—Raphson Method Analysis 3

We now get that for all £ > 1

o <o - [ s

INA
IS
B
|
Kl
|
S
—
S
=
i
L
N
=
S
+
I
al
S~—
—~
IS
B
|
Kl
~——
~_

Thus if ¥ € B,(Z) then
1 1 1
i A i ot e
Thus if a' € B,(Z) then a* € B,(z) for all k, and thus
k41 _ = e -
e e i

which completes the proof. O
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8 The Open Mapping Theorem

8.1 The open mapping theorem

Definition 8.1 (Regular function). Let U C R™. A function f € C'(U,R™) is said to be
regular at a point a € U if rank(J¢(a)) = m. The function is said to be regular in U if it is
regular for any a € U.

Remark 8.1. In Definition 8.1 there is a hidden assumption that m < n. It is also a very
common conventions to say that f is regular at a € U if rank(J¢(a)) = min(n,m). In these
notes we use the definition as written above. If m < n then one may think of a regular point
as a point where the derivative is surjective, and if n < m then a regular point (under our
conventions this is not a regular point) is a point where the derivative is injective.

Definition 8.2 (Open mapping). A mapping f: U — V is called open if for any open set
W C U the set f(W) C V is also open.

Theorem 8.1 (Open mapping theorem). Let U C R™ be an open set, and let f € C1(U,R™)
be regular in U. Then f is an open mapping.

Proof. In the case of m = n the theorem follows directly from the inverse function theorem.
Since U is open, and because we know that for any a € U that J¢(a) is invertible, then we get
from the inverse function theorem that there exist open sets a € V,, C U and f(a) € W, = f(V,).
We then have that:
FU) = Jwa
acU

which is a union of open sets therefore an open set. In the case V' C U is open we can repeat
this proof for f|y so that f(V) is open, which completes this case of the proof. For any open
subset V' C U we can use this exact proof by considering f|y instead.

Next we must have m < n because if n < m the rank of the Jacobian can’t be m. Considering
our case, the rank of the Jacaobian is m which means it has m linearly independent columns.
Without lose of generality we assume they are the first m columns and denote:

heetu) _ [08]"
8(:U1, ceey xm) axj (i.j)=1

We now define a new transformation as such:

F:U—R"
F(.’L’) = (f(x),$m+1,...,$n)

we see that the Jacobian of F' is of the form

8(f1;---7fm)

Jr =1 0(z1,...,2m)
0 I(n—m)x(n—m)

*

and we notice that F satisfies the conditions for the inverse function theorem and thus it is an
open mapping. We also notice that for every open set V' C U that:

fV) =m(F(V))

where 7 is the projection 7: (x1,...,25) — (21,...,Zy). Since it is clear that 7 is an open
mapping we have that f is also an open mapping as a composition of two open mappings which
completes the proof. O
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Remark 8.2. A general intuition for the theorem is that under the conditions of the theorem,
by the inverse function theorem, f~! is almost globally continuous on its domain. This implies
intuitively that f should be almost an open mapping. The theorem shows that in fact it is an
open mapping.

8.2 Constrained optimization

Proposition 8.2. Let g € C'(U,R™) where U C R™ be regular, let M := {z € U | g(z) = 0}
and let f € C(U) =C(U,R). If a € M and f(a) < f(z) for any x € M or f(a) > f(x) for any
x € M then:

Vf(a) € span {Vgi(a),...,Vgm(a)}.

Remark 8.3. Notice that Theorem 8.2 is useful for finding the minimum and maximum of f
on M. Thus if we want to find the minimum of a certain function on a plane M for example,
we would first want to describe the plane as the zeros of a regular function g.

Remark 8.4. We can use this proposition to find the minimum/maximum of f on M by solving
the following system of equations:

{Vf(a) =" AiVgi(a)

g(a) =0
Notice that the first equation gives n equations in n+m variables that are a1, ..., an, A1, ..., Am
and the second equation gives m equations in n variables that are aq,...,a,. Thus we have

n + m equation in n + m variables.
Remark 8.5. The variables A; for 1 < i < m are called Lagrange multipliers.

Example 8.1. Here’s a simple example to how we can use Lagrange’s multipliers in order to
find the distance of a plane from the origin. The function we want to minimize is

fl@,y,2) = [z, y, 2)|l2 = Va* + y* + 22
under the constraints of a plane. Let
g(z,y,2) =ax+by+cz—d

so that M = {a € R? | g(a) = ax + by + cz — d = 0} be a parameterization of the plane. We
can notice that our task is equivalent to finiding the minimum of

flz,y,2) = 2% +y* + 22

on that plane. We see that ¢ is indeed regular since Jy(z,y, z) = (a,b,c) # 0. In order to find
the minimum of f on g we will solve the system of equations:

Vf(x7y7 Z) = Z;’il )‘Zv.gz(xayaz)v
g(z,y,2) = 0.

Since g is a function to R we only have one Lagrange multiplier. We can calculate the respective
gradients of the functions:

Vf(z,y,2) = (2z,2y,22),
Vyg(z,y,z) = (a,b,c).
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The first equation gives (2z,2y,2z) = A(a, b, ¢) which implies (z,y, z) = %(a, b, c). Putting that

in the second equation gives

A D P, 2d
9(%““’”)%“‘*b“)—d:O:’A:M’

so the minimum is p
T+t
and the minimal distance of the plane from the origin is:

(z,y,2) (a,b,¢),

_da
a? + b2 + ¢2

B d

(@59 = @b ol

H(wvyv Z)H =

In fact what we have shown so far is not a complete proof because the theorem only implies
that the equations hold at a minimum but it doensn’t necessarily mean that the point we found
is a minimum point. In order to complete the proof we can choose an arbitrary point on the
plane Py = (xo, Yo, 20), denote R = 2||Py|| and consider the set:

S:{xER?’\g(x):O}ﬂm.

This set is clearly compact and since Py € S we know that it’s not empty and thus we know
that f has a minimum in that set, and moreover, we know a priori that this minimum must
be the global minimum of the function. Since we only found one point satisfying the equations
given by the theorem it must be that minimum point and now the proof is complete.

Proof of Theorem 8.2. In order to prove the theorem we will prove its contrapositive. Suppose
that

Vf(a) ¢ span {Vgl(a), ... ,ng(a)} )
We need to show that a is not a minimum point. Define the function:
F:U—R™!
F(z) = (f(z),9(x))
the Jacobian will be:
Vf(x)

Vagi(x
Jr(a) = 91'( )

Vgn;(w)

Since we assumed that Vf(a) is linearly independent from the rest of the gradients at a the
rank of the Jacobian at a must be m + 1 and since the rank function is continuous we know
that there exists a neighborhood U of a where the Jacobian rank is m + 1 and thus we can
apply the open mapping theorem and get that F' is an open mapping in that neighborhood. We
know that F(a) = (f(a),0) is a point in the interior of F(U) so for a sufficiently small epsilon
(f(a) —€,0) € F(U) and thus there exists x € U so that F(z) = (f(a) —¢,0) = (f(x), g(z))
which means that

(1) g(z) =0
(2) f(z) < fla)
and thus a is not a minimum point in M which completes the proof. O

Exercise 8.1.
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(1)

(2)

Let A € R™*"™, Show that there exists a vector A € R" so that
lallop =Ml -

Find ||A]|,,, for

Solution.

(1)

Recall that

lallop = sup [|Az|
llzll=
Since "' = {z € R" |||z|| =1} is a compact set we know that the maximum most
be attained. We will find the maximum of f(z) = |Az||* under the constraint g(z) =

|z|| — 1 = 0. We have that g is regular since as we know from Example 2.1 that
Dg(z) = 227 #0.

Thus, from Theorem 8.2 wee get that the maximum is attained at x so that for some
A € R we have
Vf(z) = AVg(x) = \2zT.

Since ||Az||* = 27 AT Az we recall from Theorem 8.2 again that V f(z) = 227 AT A so if x
is a maximum then

20T AT A = \227 — 2TATA = \27 — AT Az = M.

This means that the maximum x must be an eigenvector of AT A. Since we know it exists,
we get that

lallop = 1Moo

where A € R” is the eigenvector of roots of eigenvalues of AT A (these are known as singular
values). Since AT A is symmetric, its eigenvalues are positive and thus applying the root
is well defined. Notice that this result matches exactly what we have learned in linear
algebra.

Using (1) we can compute

(16161

The eigenvalues of AT A are 0 and 2 thus

llly, =||(vV20)|_ = V2

Definition 8.3 (Level set). Let f: U — R™ so that U C R". A level set of f at some ¢ € im(f)
is the set

Le(f) = {(z1,...,2p) | f(21,...,20) =} .

When the number of independent variables is two, a level set is called a level curve, when it is
three, it is called a level surface, for higher values it is called a level hypersurface.
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Proposition 8.3. Let g: U — R™ so that U C R"™ be differentiable and let a € U so that
g(a) = c. Then the gradient of g at a is either zero, or perpendicular to the tangent space of
the level set of g at a.

Proof. Let r(t) = (ri(t),...,mn(t)) be a curve on the level set L.(g) with r(t9) = a. Define

h(t) := g(ri(t),...,ra(t)) = c.

Using the chain rule we get that

dh _ Og| dr| _ 9g| dry Og | dr|
dt  Orq Jdzly,  Ora,dza |, Orn |y dan |y, o
This means that
og| oe| o de| ) (dn| dn| o dn] ),
ori|, Ora|, orn |, dzi |y, daa|, dan |, )

or in other words Vg|, - 7'(t9) = 0. We have shown that the dot product of the gradient g at
a and the tangent of any curve that lies on the level set L.(g) and passes through a is zero
which means they are perpendicular or that one of them is zero, which implies that the gradient
of g at a is either zero, or perpendicular to the tangent space of the level set of g at a which
completes the proof. ]

Remark 8.6 (Intuition for lagrange multipliers). As we have seen in Theorem 8.3, the gradient
of a multivariate function gives the direction of a vector perpendicular to the tangent space of
the level set of the function at that point (consider a paraboloid).

When we are looking for a minimum point « in M we are actually looking for a point x
contained in the intersection of M and some level set of f (if x is not in M it is not a minimum in
M and if it is not in any level set it is not part of the domain of f), such that the tangent space
of g at z is the same (up to scalar multiplication) as the tangent space of the level set of f at x
(think about Example 8.1 or a simpler example like f(z,y) = H (z,y) H and g(z,y) = y—ax —b).
If the tangent space of g and f at a are the same direction, this means that the gradient of f at
a (which is perpendicular to the tagent space of the level set of f at a) and the gradient of g at a
(which is perpendicular to the tangent space of g at a) are parallel, so Vf(a) = >, \iVgi(a),
where \; are to make their sizes equal as well.

Do not let Example 8.1 fool you. All of this geometry is only done only in the domain of f
and g. This is why their domain must be of the same dimension. In Example 8.1 the geometry
(tagent space and level sets calculations) is done in R? but when talking about a paraboloid this
is done in R? not R3 (try working out the calculations for a paraboloid with some constraint).

As a final note, there is no expectation to understand why the minimum is attained where
we say it should be attained when visualizing the recommended examples from the previous
paragraphs.

Proposition 8.4 (Stronger version of Theorem 8.2). Let F € CY(U,R™) and let zq € U be
such that F(xg) = 0 and F is reqular at . Then if xo is a local extremum of f € CY(U,R) on
the hypersurface M = {x eU|F(x)= O}, there exists real numbers A1, ..., Ay € R so that

Vf(a)= Z AiVgi(a).
i=1

Remark 8.7. Using Langrange’s multipliers, we can show multiple basic cases of famous in-
equalities like Young’s inequality, and using that we can further show Hoélder’s inequality, and
also the Minkowski inequality.
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Definition 8.4 (Lagrangian). In the context of constrained optimization, when we want to
minimize f(z) subject to a constraint g(x) = 0, we define the Lagrangian function by £(z, \) :=

f@) = (A g(@).

Remark 8.8 (Meaninglessness of the Lagrangian). The Lagrangian is not a new concept, it is
simply a convenient way to encode the data of the problem, since the equations in Remark 8.4
are given by the simply equality AL = 0. That is because AL = Af(z) — AMAg(z) = 0 implies
that the gradients of f and g are parallel, and AyL = g(x) = 0 assures the constraint is satisfied.

Remark 8.9. Note that if we know that f attains a maximum/minimum on a domain D for
some open D C R", then one approach is to find the critical points in D by Af = 0 and then
parameterize 0D and use lagrange multipliers to find the critical points in D — D = 0D.
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9 The Implicit Function Theorem

9.1 The implicit function theorem

So far we have talked about explicit functions - functions that take the elements of one set and
transform them into an element of the other. In contrast, we can consider a new way of looking
at functions using implicit functions. First, we will consider implicit equations.

Definition 9.1 (Implicit equation). An implicit equation is a relation of the form
R(z1,...,2,) =0
where R is a multivariable function. A vector z € R™ that satisfies R(z) = 0 is called a solution.

Remark 9.1. We say that the implicit equation F(x,y) where (z,y) € U C R™ x R defines y
as an implicit function of z if exist V4 x Vo C U such that for any = € V; there exists a unique
y € Vi such that F(z,y) = 0. Intuitively the function maps each x € V; to its corresponding
unique y.

Remark 9.2. We denote

Oh, o O )
Ofr,--- fm) = - ' ' aym'
(ac,y) - : - :
8({,5’17 e ,l’m) afm 8fm
Tyl(x,?/) 8@7,1(%@

Theorem 9.1 (The implicit function theorem). Let U C R™ x R™ be open, let f € C1(U,R™),

let (a,b) be a solution of f(x,y) = 0 and also assume that det M‘(“vb) # 0. Then there

exists a neighborhood (a,b) € V. x W C U and a unique function g € C*(V,R™) such that:
V(z,y) eV xW  [f(z,y) =0 <= y=g(z)
and g(a) = b and f(x,g(x)) =0 for every x near a.

Remark 9.3. The meaning of the theorem is that under these conditions, the set of solutions
f = 0 is a graph of a continuously differentiable function in n variables. This remark is
important, make sure you understand it well.

Remark 9.4. Here is some intuition for the theorem. Suppose we had an implicit equation
F(z1,...,z,) = 0, and we wanted to extract k of the variables for some 0 < k < n as a function
in the rest of the n — k variables. This means that once we give n — k variables value, there
is only one solution to F'(z1,...,z,) = 0. Since we have n — (n — k) = k variables, we must
have k equations, so the 0 in the equation F'(z1,...,2,) = 0 must be 0 € RF. Thus we must
have F: R"% x RF — R*. Suppose (a,b) € R"* x R¥ is a solution of F(z,y) = 0. Now we
8(fl ----- fm)

(Y1, ym)
small neighbourhood V' of (a,b) is determined uniquely by x. Moreover, this condition means

that for any z in a neighbourhood of = there exists a y in a neighbourhood of b so that (x,y)
is a solution. This implies that there exists a function g in a neighbourhood of a so that
flz,y) =0 <= y=g(z) for (z,y) € V.

notice that the condition det |(a,p) 7 0 means that any solution (z,y) in a sufficiently

Example 9.1. Let f: R? — R be the function defined by

flzy) =a2"+y° -1,
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Consider the point (a,b) = (v/2/2,v/2/2). Indeed, it is a solution of f(x,y). We also have that
of
a—y(a,b) = 2y|(ap) = 2Ylap = 2b = V2 # 0.

In a sufficiently neighbourhood of (a, b) we notice that we can define the function g(z) = v1 — 22

so that

flz,y) =0 <= y=+v1—22
Similarly for (a’,d') = (—v/2/2,v/2/2) in a sufficiently neighbourhood of (a’,") we notice that
we can define the function ¢'(z) = —v/1 — 22 so that

flz,y) =0 < y=—V1—2a2

However, this may not be possible for when y = 0. Indeed

of of

—(1,0) = =—(—1,0) =0
5y (10 =50 (-L.0)
and the conditions of the implicit function theorem do not hold, so we can’t write y as a function
in z. However since of of
—(1,0) #0 —(-1,0) #0
1,020 or Z(-1,0) 2

we see that the conditions hold and indeed we can write x as a function in y in both cases as
inr=+/1-y2orz=—/(1-19%).
Example 9.2. Let A € R™** and B € R™*™. Then we can define the map F: RFt™ — R™
by

F(z,y) = Ax + By € R™.

It is clear that D, F = A and DyF = B. The equation F(z,y) = 0 is a homogeneous system
of equations with m equations and k + m variables. Notice that (0,0) is the trivial solution
of F(z,y) = 0. We want to show that we can treat xj,...,z) as free variables and then

compute Y1, ..., Ym using a linear function in the free variables. If D ,F' = B is invertible, then

O(f15:-1fm)
A(Y15--3ym)
theorem are fulfilled. Indeed, we can see that y = —B~! Az, which is a continuously differntiable

function in k variables g(z) = —B~1 Ax.

its determinant is not zero so det l(a,p) # 0 and the conditions of the implicit function

9.2 Differentiation of implicit functions
Theorem 9.2 (Implicit function differentiation). Let U C R™ x R™ be an open set, let f €

CYH(U,R™), let (a,b) a solution of f(x,y) = 0 and also assume that det %](a’b) #0. Then

the derivative of the function g from the implicit function theorem is:

Dg(a) = — [Dyf(a,b)] " Duf(a,b).

Remark 9.5. Notice that this thoerem is very useful because it allows us to find ¢’(a) without
knowing what is g(a) itself.

Remark 9.6. Compare this formula with Example 9.2.

Exercise 9.1. Show that there exists an open neighbourhood of (ug,vg) = (1,0) so that we
can write the solutions of the system of equations

22+ +u+0? =21
2c+yu+ov=0

using functions u(zx,y) and v(z,y) continuously differentiable around (zg,yo) = (2, —4) and find
ug(2,—4) and v, (2, —4).
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Solution. First, we want to find a relation that describes all solutions to this system. We can
define G: R? x R? — R? by

G(z,y,u,v) = (2% +y* +u? + 0% — 21,22 + yu + v)

which is smooth and (zg, yo, uo, v0) = (2, —4,1,0) is indeed a solution. Since we want to extract

u(x,y) and v(z,y) we need to verify that det 8(5(;15)2) |(2,—4,1,0) # 0. Indeed

B(Gl,Gg)‘ ~(2u 2v) at(2-410 (2 O
8(u,v) (2,-4,1,0) — y 1 7 -4 1

which is invertible so the conditions of the implicit function theorem are satisfied. Thus there
exist neighbourhoods (2,—4) € V and (1,0) € W C R? and a continuously differentiable
function g: V' — W given by
9(z,y) = (u(z,y),v(z,y))
so that
G(I’, Yy, u, U) =0 (ua U) = (u(:v, y)7 U(l‘, y))

for all (z,y,u,v) € V. x W. We now use the formula for implicit function differentiation
~1
Dg(ﬂ:,y) = - [Duﬂ,G(ﬂs,y,u,v)] Dx,yG(x,y,u,v)

-1
_(2u 2v 2z 2y
B y 1 2 w

2x—4v 2u—2uv
o 2vy—2u 2vy—2u
- —2zy+4u —2y2+2u2 .

2vy—2u 2vy—2u

Therefore

2x — dv(x,y) —2zy + 4du(z,y)
and  vy(z,y) = .
2u(z,y)y — 2u(z,y) 2u(z,y)y — 2u(z,y)
Remark 9.7. Note that in the previous exercise we found a way to compute all derivatives of
u(x,y) and v(z,y), so we can find their Taylor expansion and find approximated solutions.

Proposition 9.3. Let U C R" be open and let f € CY(Y,R™). Show that if n > m, then f is
not injective.

ug(z,y) =

Proof. We can show this by induction of m, but we will only show the base case. Let m =1
and n > m. Then if the gradient V f(z) = 0 for all x we get that f is constant and in particular

0
not injective. Suppose that there exists 2" so that V f(2°) # 0, then 8—f(a:0) # 0 for some k,
Tk

without loss of generality let kK = n. We see that the function

F(z) = f(z) - f(2°)

satisfies the conditions of the implicit function theorem at x°. Thus there exists an interval
) € I € R and a neighbourhood (w?,...,x%fl) € V c R*™ ! so that there exists a unique

continuously differentiable function g: V' — I so that
F(z)=0 <= z, =9g(x1,...,Tpn_1)

for all x € V x I. Therefore, for all (29,...,29 ) # (z1,...,2,_1) € V we get that
F(z1,...,2p-1,9(x1,...,2p-1)) =0

which means that
fl@r, a1, g(z, . 20)) = f(2°).
This shows that f is not injective. O
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10 Finding Roots of Polynomials

10.1 Finding roots of polynomials

Definition 10.1 (Simple root). Let p(z) = Y ;" , anx™ be a polynomial. A root of the polyno-
mial with multiplicity of 1 is called a simple root.

Proposition 10.1. Let p(z) = > ;a,z™ be a polynomial with real coefficients. Then the roots
of p(z) are continuously dependent on its coefficients.

Remark 10.1. We want to show that if zg is a simple root of a polynomial P,(z) = >""" ; anz”
such that a = (ay, ..., a,) then there exists a neighborhood V of a in R**! such that one of the
roots of the polynomial

Py(x) = i bpax™
i=0

is given as a function in the coefficients g € C*(R"*!) for all b € V.
Proof. Define the function f: R"*! x R — R by

f:R"2 5 R

f(bo, ... bn,x) = Py(x)

We notice that the implicit equation f(b,x) = 0 describes all the roots of the polynomial P(x).
Let z¢ be the given simple root of P,(x) so that we have

f(aa ZL‘()) =0
and since xq is a simple root we also know that:

af
dx

_dP,

dz 7 0.

Zo

(a,xo0)

Therefore, the conditions for the implicit function theorem are satisfied and we can conclude
that there exist neighborhoods V' of a and I of z and a function g € C1(V,I) such that:

V(bz) e Vx1I Py(zr)=0 <= =z =g(b).
0

Remark 10.2. This theorem is of great importance because when using computers and nu-
merical methods to find roots using approximated coefficients we want to know that the roots
we find are a good approximation of the exact roots and this theorem shows exactly that.
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11 Manifolds

11.1 C'-manifolds

Definition 11.1 (C'-manifold). Let k,n € N such that k < n. A subset M C R" is called a
C! manifold of dimension k (a k-manifold) if for every a € M there exist open sets U,V C R"
such that a € U and VNR* x {0,,_x} # 0 and there exists a regular function f € C*(U, V) such
that:

FMNU)=VAR  x {0} ={z €V |zp41 ="+ =2, =0}.

Remark 11.1. Intuitively, a set M C R" is a C''-manifold of dimension k, if locally (at every
point), it is similar to R¥. For example, a closed simple curve 7: [0,1] — R” locally looks like
the real line R.

Remark 11.2. Recall that the definition of being regular is that in any point in the domain
the derivative at that point is a surjective linear transformation, or in other words, the rank of
the Jacobian is equal to its row number.

Remark 11.3. Because f is a transformation between two open sets of the same dimension we
know that f is regular if and only if its derivative is invertible at every point.

Definition 11.2 (Diffeomorphism). A function f € C! that is invertible and regular is called
a diffeomorphism. From the inverse function theorem the inverse of a diffeomorphism is also a
diffeomorphism.

Definition 11.3 (Diffeomorphic sets). Two sets U C R™ and V' C R™ are called diffeomorphic
if there exists a bijective diffeomorphism f: U — V.

Example 11.1. Diffeomorphic sets can live in Euclidean spaces of different dimension. For ex-
ampleif A := {(z,y) e R? | 2 +¢y* <1} and B := {(z,y,2) € R* | z = 2 + y* and (z,y) € A}
are diffeomorphic, and the diffeomorphism between them is g(z,y) = (z,y, 2% + y?).

Remark 11.4. A 1-dimensional manifold is sometimes called a differential curve and a 2-
dimensional manifold is sometimes called a differential surface.

Remark 11.5. The title of this section is indeed “manifolds” but in fact we are only talking
about embedded manifolds. That is to say, we are not talking about manifolds in the abstract
sense at all, only about those who are specifically embedded in the Euclidean space.

Proposition 11.1. The following conditions are equivalent:
(1) M is a C' manifold of dimension k;

(2) For every a € M there exist a neighborhood U, and a reqular function g € C1(U,R"F)
such that:
MNU=g"0):={zeU]|glx)=0};

(3) Up to permutation of the variables, for every a € M there exists a neighborhood a € V- x W
such that V. .C R¥ and W € R** and there exists h € CY(V,R" %) such that:

M N (V x W) = graph(h) = {(z,h(z)) |z € V};

(4) For each a € M there exist a neighborhood U, an open set V. C RF and an injective
function H € CY(V,R"™) such that:
(a) rank DH (v) =k for allv e V.
(b)) MNU=H(V)
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(¢c) The function H=1: H(V) — V is continuous with respect to the topology on H(V)
induced by R™.

Remark 11.6. The equivalency between (1) and (2) is known as preimage theorem or regular
level set theorem. It is helpful to know all of these equivalencies because for example proving
that

SL(2) = {A € R2*2 | det(A) = 1}

in (R%[]-|l;zg) is a manifold of dimension 3 is immediate by the preimage theorem but very
difficult by any other definition.

Remark 11.7. The function H from (4) is a diffeomorphism and it is called a parametrization
or a chart of M NU at p. Indeed, we also require charts to be compatible, that is, if there exist
H;:V; = R" and H;: V; — R"™ which overlap, then we require the transition map Hi_1 o Hj to
be C*.

Example 11.2. The graph of the function f(x) =|z| is not a C'-manifold. That is because at
(0,0) for all neighbourhoods (0,0) € V' x W such that V, W C R there does not exist a function
h € CY(V,R) such that:

M N (V x W) = graph(h) = {(z,h(z)) |z € V}.
This may seem obvious, but in fact all the curves given by the functions
gi(a,y) =y* —2?=0
g(y) =y’ —2° —a?=0
g3(w,y) =y> —a? =0

are not C'-manifolds, because they all similarly fail to satisfy the property of C!'-manifolds
(locally similar to the graph of a C! function) at the points where they are not regular. On the
other hand, g4(z,y) = 2% — > = 0 is not regular at the origin but it is the curve defined by
y = = and thus it is a C''-manifold.

Example 11.3. Let 5" = {z |||z|| =1} C R™"! be the n-dimensional sphere. We will show
that this sphere is a n-dimensional manifold.

According to 2
For any a € M we can choose the open set U = R""1\ {0} such that x € U. Define the function
g: U — R given by

n+1

g(w) = | D=l |~ 1.

We see that
Vg = 2($1, . ,Cﬂn+1),
so g is regular and continuously differentiable in U. Finally we check that

S"NU=5"={zeU|g(x)=1}

and this verifies that S™ is an n-dimensional manifold.

According to 8

Let a € M, without loss of generality and allowing permutation of variables we can assume that
an+1 < 0. Now choose V =B,, and W = (—00,0). Define:

h:V =R

h(vi,...,vp) = —
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we can verify that indeed:
S"N By x (=00,0)) = {(v, h(v)) [v eV}

According to 4
We will show only the case of S™ = S2. Suppose we want to find a parametrization at the point

(1,0,0). We define the sets:
T
V =(0,m) x (—2, 2)

U={(zy,2) | x>0}
and the function:
H(0,¢) = (sin(0) cos(¢), sin(#) sin(¢), cos()).
We can see that H is indeed a continuously differentiable continuous injection. We see that:
cos(0) cos(¢p) —sin(0) sin(¢)

0 ¢
DH = Jg = | cos(0)sin(¢)  sin(0) cos(¢)
—sin(0) 0

In our case k = 2, so seeing that the determinant of the upper is sin(6) cos(f) which is 0 only
when 6 = 7 but then the matrix is:

0 sin(¢)
0 cos(o)
-1 0

Which is a matrix of rank 2 so we conclude that rank DH = 2 for every value pair (0, ¢) in V.
Conditions (b) and (c) also hold after some algebraic manipulation.

Remark 11.8. Every open set U C R" is a manifold of dimension n and every vector space
V C R" is a manifold of dimension dim(V').

Definition 11.4 (Continuously differentiable function on a manifold). Let M C R™ be a
manifold of dimension k. A function g: M — R™ is called continuously differentiable if for
every a € M and every parametrization H (V') at a we have

go H € CY(V,R™).

Exercise 11.1. Show that Definition 11.4 does not depend on the choice of the coordiante
system.

Exercise 11.2. Show that Definition 11.4 is equivalent to “There exists a neighborhood a € U
and a function G € C1(U,R™) such that G|yu = g|mnu where g is the C! function.”

Proposition 11.2. Let U C R™ be an open set and let F € C1(U,R™). We define the set
M :={z eR"|F(z)=0}.
Suppose that for all x € M we have
dim(kerDF(z)) = k < n.

Then M is a k-dimensional C'-manifold.
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Example 11.4. We will show that the space
SO (R) = {A e RV | ATA = 1}

is a manifold and find its dimension. First define F': R™*" — R"*" by F(A) = ATA — I, so we
can identify SO, (R) with the zeros of F. Let A € M, then we know that

DF(A)(H) = ATH + HT A,
so the kernel of DF'(A) is all matrices H € R"*" so that
ATH = —HTA = —(ATH)T.

Since each solution is of the form H := (AT)"!K where K is antisymmetric, and A is invertible
since A € SO, (R), the kernel is isomorphic the the space of antisymmetric matrices, and so

n(n—l)'

dim(ker DF(A)) = 5

Thus from Theorem 11.2 we get that SO, (R) is a manifold with dimension n(n —1)/2.

11.2 The torus

Example 11.5 (Torus). The torus is a 3d shape resembling a doughnut or a swim ring that
also happens to be a very intreseting topological object. Denote the big radius of the torus a,
and the small radius b. The torus can be described by the equation

224 (r—a)® =17

and this can be see perhaps more easily by changing to cylindrical coordinates. However, we
can also describe it in a more intuitive way using parameteritzation. For u,v € [0, 27] define

cosv 0 —sinv a+bcosu (a + bcosu) cosv
eu,v) =1 0 1 0 bsinu = bsinu
sinv 0 cosv 0 (a + bcosu)sinv

In order to understand the intuition behind this parameterization, we need to notice that the
column vector we are multiplying is a parameterization of a circle on the xy-plane around some
point a on the x-axis with radius b, and that we are multiplying it by a rotational matrix that
roates is around the y-axis, which exactly what we wanted.
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12 The Tangent Space

12.1 The tangent space

Definition 12.1 (Continuous path). A continuous function f: [a,b] — R" is called a contin-
uous path. If f is also differentiable we say it is a continuously differentiable path. The “1-
dimensional” set f([a,b]) is called a curve.

Remark 12.1. If f: [a,b] — R™ is a continuously differentiable path and f’(¢yp) # 0 then we
say that f’(tg) is the tangent vector of f at ty. The map

t = f(to) + f'(to)(t — to)
is the only affine map that approximates t — f(¢) with error that is o(t — to).

Remark 12.2. Intuitively, we want to think of the tangent space as the collection of all the
directions we can move in. It is useful to understand intuitively why this is also what we did
so far when we talked about tangent lines and tangent planes. Moreover, if the manifold is an
open set, then we can move in all directions, which is why the following definition for a tangent
space in R™ should be intuitive.

Definition 12.2 (Tangent space). For each point p € R™ we define the tangent space to R™ in

P as:
Tp(R") = {vp = (p,v) | v € R"}

Remark 12.3. This should be thought of as a copy of R™ with p as its origin.

Remark 12.4. We denote (p,v) = v, and sometimes we identify it with v itself. If V' C R”
is a vector space, then V, = {(p,v) | v € V} C T,(R™), and we can identify it with the affine
space V, =p+V = {p +v|ve V}. We now proceed to define T,,(R").

Definition 12.3 (Tangent space). Let M be a C'' manifold of dimension k, and let p € M be
a point on the manifold. The tangent space to M in point p is defined as:

_ / Cloy: (a,b)—M
T,(M) = {P +9/(to) ‘ Stoc(ah)  y(to)=p [
or sometimes, in the nonaffine version

_ / Cloy: (ab)—M
1,(00) = {7/ 0) | s i}
Remark 12.5. Note that the definition of the tangent space of R™ at a point is a special case
of the definition of a tangent space at a point on a manifold.

Remark 12.6 (Tangent space criterion of manifolds). The tangent space of a manifold at a
point is an affine space, it is a vector space translated from the origin by the base point of the
tangent space. The dimension of the tangent space of a manifold at a point, is equal to the
dimension of the manifold. This is a very helpful criterion when we try to show that some space
is not a manifold.

Example 12.1. Remark 12.6 does not hold when we consider tangent spaces for £ C R”"
which are not manifolds. For example consider the set E = {(z,y) | y = |z|}. We have that for
any point other than the origin the tangent space has one dimension and it is either y = x or
y = —z. However, although there exist differentiable curves v: (—¢,¢) — F so that v(0) = (0,0)
like v(t) = (t3,[t|), all these curves satisfy 7/(0) = 0 so To(E) = {0} which is of dimension zero.
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Remark 12.7. The differential df of a differentiable map f: U — R"™ with £ C U maps
the tangent space of a point z € E to a tangent space based at f(z) € R™. We can see this
by noticing that df(x): 4 (0) — df(z)(+/(0)) so by definition of the tangent spaces we get
df(z): To(E) — Ty f(E). If fis a diffeomorphism of E and f(E) then df(z) is an isomor-
phism between T, (E) and T}, f(E). In particular, if E is open then df(z) is an isomorphism
beween R" and Ty, f(E).

Proposition 12.1 (Tangent space computation theorem). Let M be an m-dimensional C*
manifold in R™ and let xo € M. Then Ty M is an m-dimensional subspace of R", and if we
consider T,y M as a set of vectors based at xo then it is an affine m-dimensional subspace of
R™. If at a neighbourhood W of zo the manifold M NW is given as a level set F~1(0) =
{z e W|F(z) =0} of some F € CH{W,R"™™) with rankDF(z0) = n — m, then Ty,M =
ker(dF(:vo)) or, in the affine version Ty, M = x¢ + ker(dF(xo)).

Example 12.2. We want to find the tangent space of the paraboloid S = {z =22 +92/ 4} at
some point (29, Yo, 20). We notice that S is a level set F(z,y,2) = 0 of F(z,y,2) = 22 +y?/4— 2.
We compute
2z
VE(z,y,2)= | sy | #0
—1

so by Theorem 12.1 the tangent plane is given by

Tlag 0,20)(S) = {(:r,y,z) eR?

1
2xox + iyoy—z :0}.

or in the affine version as

20(z — 20) + 30(y — o) — (= — 20) = o} .

T(Imyo,ZO)(S) = {(x’yaz) € R3
Example 12.3. Let U C R" and let f € C*(U,R). The graph

graph(f) = {(z,y) |y = f(z)}

is a level set F(x,y) =0 for F(x,y) = f(x) — y. We compute

9f
8:6'1
VE(z,y) = ﬁ #0
oxy,
-1
so the tangent plane is given by
0 0
Tolgraph(1)) = 51(@) - (= 0) - 5(@) - (o — @)~y — 1) =0
or equivalently by
af af o
3%1( z) (1 —@1)+- -+ 8$n(w) (T — Tn) = Y — Yo
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Example 12.4 (Correspondence of SLy, and sl,). Let SL,(R) = {4 € R™" | det(A) = 1}.
This is a level set det(A) = 1. First we compute T7SL,, (R ) Let v: (—€,¢) — SL,(R) be a
differentiable curve with v(/) = 0, and denote Dy(0) = A so that v(t) = I + At + o(t). We
know from Theorem 2.11 that

1 =det(y(t)) = det( + At + o(t)) = det( + At + o(t)) = 1 + tr(A)t + o(t)

which implies that tr(A) = 0. This means that 77SL,(R) C {4 € R™" | tr(A) =0} = sl,. On
a not so related note, under the Hilbert-Schmidt inner product we see that <I A) =tr(4) =
ddet(I) which means that V det(/) = I and indeed V det(I) is a normal to T7SL,,(R) since for
any A € sl,(A) we get (Vdet(I), A) = tr(4) = 0. On a related note, for every A € T7SLy(R)
we can construct a curve y(t) = exp(tA) € SL,(R) so that v(0) = I and /(0) = A.

The transition from SL,(R) to T7SLy,(R) can be thought of the transition from the Lee
group SL,,(R) to the Lee algebra sl,.

Remark 12.8. We can produce any Lee algebra by considering the tangent space of some Lee
group at its unit. Lee algebras and Lee groups are not part of this course’s material.

Example 12.5. We will find the tangent space of the space
SO,(R) = {A e RV | ATA = 1}

at the point I. By Example 11.4 we know that the dimension of SO, is n(n — 1)/2 so by
Remark 12.6 we get

nin—1)

—

Let v: (—¢,e) — SO, (R) be a continuously differentiable path so that v(0) = I. Recall that
F(A):= ATA —I. For all s € (—¢,¢€) we have

dim(T7(SOn(R))) =

Thus if we differentiate both sides we get

DG(s) = DF(y(s))7'(s) = 7(s)"/ () + /() 7(s) = 0.

In particular
DG(0) = Iy (s) ++'(5)" = +'(s) +'(s)" =0,

therefore any vector in the tangent space must we an antisymmetric matrix. This means that
Tr(SO(R)) C {AI c AT = —A} ,

but since the dimension of both spaces is equal we get an equality.

Definition 12.4 (Tangent bundle). The tangent bundle of a manifold M is given by the union
of all tangent spaces

|_|T {(z,y) |z € M and y € T,(M)} .
zeM

Remark 12.9. There is a natural projection w: TM — M defined by 7(x,v) = z.

Example 12.6. We know that for any open set U C R™ that T,,(U) = R" for any z € U. This
shows that T(U) = U x R".

44



12 The Tangent Space Analysis 3

Remark 12.10. The tangent bundle of a smooth n-dimensional manifold is a smooth manifold
of dimension n. This fact is not really important in this course, and we will not prove it, but it
will be helpful to know this for differential geometry.

Definition 12.5 (Tangent space). Let H: V C R¥ — R” be a parametrization of a manifold
M around p, and let ¢ € V' be a point such that H(q) = p. Then T,(M) = [im(DH (q))]p-

Example 12.7. Consider half a circle and the parametrization:

g (T3 R
272

H(t) = (cos(t), sin(t))

Choose p = (—1,0) = H(w). We see that:

DH(x) — (‘Czlsr(li)t)) _ <_01> R —R?

im(DH (7)) = span (_01)

we notice that indeed:

= T,(M) = p—i—a(_()l) ae€R

Remark 12.11. Below are more equivalent definitions for the tangent space.

Definition 12.6 (Tangent space). Let p € M so that there exists U with p € U. Denote
p = (a,b) such that a € R¥ and b € R"~* for which

UnM = {(v,h(v)) lve Vng}.
Then we define T),(M) to be the graph of the affine approximation of h at a.
T,(M) = {(v, h(a) + Dh(a)(v — a)) | v € Rk} c R™.

Remark 12.12. This definition is a special case of Definition 12.5 where H: V — R" and
H(v) = (v, h(v)).
Definition 12.7 (Tangent space). Let g € C'(R", R"~*) be a regular function such that M N
U= {z|g(z) =0}. Then we define

Tp(M) = [ker Dg(p)] , = { € R" | Dg(p)(z —p) =0} .

Definition 12.8 (Tangent space). Let f € C1(U,R") be an invertible and regular function (a
diffeomorphism), so that
f(MNU)=V x {0} CRF x R"7*,

Then we define
T,(M) = {p+Df(p)(v,0) | v € R*}.

Definition 12.9 (Normal). Let N C R3 be a smooth surface. A vector 0 # v € R3 is said to
be normal to M at a point p € M if it is orthogonal to T},(M).
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Remark 12.13. The tangent plane of a surface at a point is completely determined by the
normal vector at that point, and conversely, the normal vector at a point is determined up to
sign by the tangent plane.

Remark 12.14. If M is equal to the set of roots of a regular function g in a neighborhood of
a then a vector normal to M must be of the form aVg(p). That is because both the normal
vector n and the gradient satisfy

T,(M) = {xER3|Vg(p)'(:U—p):O} = {x€R3|Vn~(:c—p):O}.
In R3 since the normal to a plane is 1-dimensional, the normal vector and the gradient must be
colinear.
Example 12.8 (Viviani’s curve). Viviani’s curve is the set of points satisfying the conditions
?+yt+2 =1,
22+ y2 =x.

We will show that if C” is Viviani’s curve then C' := C”\ (1,0,0) is a 1-dimensional manifold.
Define the function F(z,y,z) = (22 + y? + 22 — 1,22 + y> — 2). We notice that

C={(z,y,2)| 2# 0 and F(z,y,2z) =0} .

We see that
_ 2x 2y 2z

so dim(DF(z,y,z)) # 2 if and only if z = 0, and in C we have z # 0 so dim(DF(z,y,2)) = 2.
In particular dim(ker DF(z,y,z)) = 1 so by Theorem 11.2 we get that C' is a 1-dimensional
manifold. We will show that C” is not a 1-dimensional manifold.

Assume, by way of contradiction, that C” is a 1-dimensional manifold. Then by Remark 12.6
the dimension of the tangent space at any point, in particular at (1,0,0) is 1. Consider the
continuously differentiable path v: R — R? defined by

~y(t) = <COS2(t),Sin(t) cos(t),sin(t)) .

We can verify that «(¢) is on Viviani’s curve, and in particular v(0) = v(7) = (1,0,0). This
implies that
7'(0),7' () € T1,0,0)(C").
However, we see that
7'(t) = (—2cos(t) sin(t), cos(2t), cos(t)) .

This means that 7/(0) = (0,1,1) and 7/(7) = (0,1, —1), but these vectors are linearly indepen-
dent so 7/(0),7' () € T{(1,0,0)(C") is a contradiction, which completes the proof.
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13 Manifolds With Boundary

13.1 Manifolds with boundary

Defining manifolds is very convenient, but many intresting sets we want to analyze are not
manifolds like any closed interval or half a sphere. That is why in this section we introduce a
new object that is almost like a manifold, but slightly different.

Definition 13.1 (Half-space). The half k-dimensional space is defined as:
Hi ={z eR" |z, >0}

Definition 13.2 (Manifold with boundary). A subset M C R” is called a C'! k-manifold with
boundary if for every a € M there exists a neighbourhood a € U, an open set V C R¥ and an
injection H € C(V,R") such that:

(1) rankDH(v) =k for all v € V.
(2) MNU = H(V N Hy).
(3) H': MNU — V NHy is continuous with respect to the topology induced by R™.

The function H is called a parametrization or a chart of M at a. As in the case of an open
manifold, the transition maps must be compatible.

Remark 13.1. In Definition 13.2 we could have replaced the condition H € C'(V,R") with
H € CY(V N Hy,R™). Indeed, this definition is more commom in practice because it is more
convenient.

Definition 13.3 (Boundary and interior). Let M C R"™ be a k-manifold with boundary. A
point a € M is called a boundary point if a = H(b) where b € OHj. We denote the set of the
boundary points of M as M. The rest of the points are called interior points and we denote
them as Int(M).

Remark 13.2. The topological definition of boundary is different from the definition of a
boundary for a manifold!

Example 13.1. Let M = [0,1) C R be a 1-manifold with boundary. In this case the topological
boundary of M is OyopM = {0,1}, but the manifold boundary is OM = {0}.

Remark 13.3. The boundary of a manifold with boundary does not depend on its parameter-
ization.

Example 13.2. The following are manifolds with boundary.

(1) The image of any curve 7: [0, 1] — R™ with the boundary being v(0) and (1) if the curve
is not closed.

(2) Any closed box in R".
(3) A hemisphere.

Remark 13.4. The boundary of a k-dimensional manifold with boundary is a k— 1-dimensional
manifold.
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13.2 The tangent space at the boundary

At Section 12 we saw the multiple definitions of a tangent space to a manifold without boundary.
Given a manifold M and a point p € M we have
N B Cloy: (ab)—M
1,00 = {3/ (t0) st e}
Next, suppose that M is a manifold with boundary and let p € M. We define the following
sets:

C, (M) := {v:[0,€) | v is differentiable with v(0) = p},

CH (M) := {v: (—€,0] | v is differentiable with v(0) = p} .

Since p € OM, there exists a neighbourhood p C U of p so that U N M = H, by some homeo-
morphism h: M — H. We now define the equivalence relation

v~a <= (ho)(0) = (hoa)(0),

where the derivatives are by necessity the one-sided derivatives. This essentially tells us that
we only care about the derivative of the curve h o at the point h(p), which is the same thing
we are saying in the definition of 7),(M).

Definition 13.4 (Tangent space at the boundary). Let M be a manifold with boundary, let
p € OM, and let C, (M), C;f (M), and ~ be as stated above. We then define:

T,(M) := (o;<M) U c;(M)) /~.

Remark 13.5. We can also define the sets:

T, (M):=C,(M)/ ~ and TS (M):=C)(M)/~.

And subsequently,
T (M) = T,H(M)\ T,(0M) and  Ty™¥9(M) := T, (M) \ T,(OM).
Remark 13.6. Note that T,,(0M) := T, (M) NT,\(M).

Remark 13.7. Note that in contrast to Section 12, this time we are working with the curves
themselves and no the velocity vectors (their derivative the the point of interest). This is a
slightly more general, and more correct way to think about the tangent space, since in general
manifolds aren’t always subsets of R™. However, it should be clear that both methods are
equivalent here.

Example 13.3. Let M = {(z,y) |2+ y* <1} C R? be a 2-dimensional manifold with
boundary. We know that for p € Int(M) we have T,(M) = R?. Let p € OM = S! :=
{(z,y) | 2® + y> =1}. The curves at T,f (M) are “leaving” the circle, so the velocity vector
there is “pointing outwards”. Similarly the velocity vectors associated with Tp*(M ) point in-
wards. Indeed we also have T, (M) NT. (M) = T,(0M) = R. In contrast, we have that
T,(M) = R2.
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14 Length of a Path

14.1 Length of a path

Definition 14.1 (Length of a path). Let f: [a,b] — R"™ be a continuous path, and let P =
(to =a < --- <ty =>). Define:

k
(£, P)=>_|If(t:) = f(ti1)| and I(f) =supl(f,p).
i=1 p

If I(f) < oo we say that f has a length of I(f).
Proposition 14.1. If f € C'([a,b],R™) then the path f has length.

Proposition 14.2. If f € C'([a,b],R") then for every partition P we have

b b
l(f,P)g/ /(0] dt and l(f):/ 17(1)]| .

Proof. Let P = {a < b}. By the fundamental theorem of calculus we have that

2 s | 2
2_ fafé(t)dt _n b/ _n b/s s b/
1) - F@)|f = 5 —E(/ fj<t>dt) -3 (/ 7 >d> (/ fj<t>dt).
EAGLE

We can now use Cauchy—Schwarz inequality to obtain

Z:(/b f}(s)ds> (/ab f]’-(t)dt> = /bé (/b f;(s)ds> fit)dt
L BT

| £®)—F(a)|

Thus, by dividing by || f(b) — f(a)|| we get that

b
0 - s < [ 7w e

This implies that for a any two points in a partition P = {a =ty < t; < --- < t, = b} we get

t; b
Jse) = el < [ Ilr@lar — 1Py < [
i1 a
This completes the first part of the proof. Now define for 7 € [a, b] the function
L(r) = I(f+ [a,7] = R")

which is well defined because we know it is finite from what we’ve just shown. Let A > 0, then
we see that

T — f(7 T — AT [ ~ !
I +h}>b fr) L +’“2 L“g;/T 1@ dt =5 )
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where the first inequality holds because the length between two points is always longer or equal
to their distance, and the second inequality holds from what we showed above. We also notice
that the LHS also converges to H I (t)H as h — 0 which means that L is differentiable at any
point and we have

L' =|r-

Using the Newton—Leibniz theorem we get

b b
L(b):@+/ L’(t)dt:/ 17 (1) d.

=0

O

Remark 14.1. Consider the map () = (cos(t),sin(t)). Although it defines the same curve
over [0,27] and over [0,47] (which is the unit circle), the length of this curve is different with
each parameterization. We want to define a special type of curve, which has constant length
that does not depend on the parameterization. Curves like these are called simple smooth
curves.

Definition 14.2 (Simple smooth curve). A simple smooth curve is a set C' C R" that is the
image of a function that we call a path f € C* ([a, b], ]R") that satisfies:

(1) The path f is an injection on (a,b).
(2) For every t € [a,b] we have f'(t) # 0.

Remark 14.2. Condition (2) is sometimes called regularity, and curves that satisfy it are called
regular curves. It implies that the sign of f’ does not change. This is important since it helps
us differentiate between paths that define the same curve but have different orientations.

Exercise 14.1. Show that if f is a injective path then the curve it defines is a C'* manifold.

Definition 14.3 (Directed curve). A curve is called directed if we differentiate between its
beginning and end.

Definition 14.4 (Closed curve). A curve is called closed or a loop if it satisfies f(a) = f(b).

Definition 14.5 (Length of a simple smooth curve). We define the length of a simple smooth
curve curve to be the length of a path that defines it.

Proposition 14.3. Definition 14.5 is well defined. This means that if two distinct paths define
the same smooth simple curve, then their lengths are equal.

14.2 Arc length parameterization

Let f: [a,b]: — R™ be a parameterization of a simple smooth curve C. Consider the function
from earlier L: [a,b] — [0,1(C)] defined by

C's L(t) = W(fllag) with Ve L'(t) =||f'(t)]| # 0.

By the inverse function theorem, and since = is injective, there exists a continuously differen-
tiable function o: [0,1(C)] — [a, b] that is an inverse of L such that

o(s) = 1 B 1
CL(LH(s) [ e(s))]]

(1)
This means we can define a new parameterization g: [0,(C)] — C C R™ with
9(s) = f(a(s))
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14 Length of a Path Analysis 3

such that s = L(¢) and t = o(s). This means that the function g(s) is the point on the curve
such that its distance from the origin f(a) = g(0) (measured on the curve) is exactly s. That
is,

l(g‘[O,s]: [07 8] - Rn) = S.

In other words, the parameter of the parameterization is the length of the curve!
We can see this by

ey = be’<t)Hdt= I(C)Hf/(a(s))Ha’(s)ds: I(C)Hg’(s)Hds: s
0 0 0

where the last equality follows from Equation (1)

lg' ) =17 (e(sD]llo" ()] = 1.
Remark 14.3. This also shows that the length of a simple smooth curve is well defined.

Definition 14.6 (Arc length parameterization). A parametrization of a curve g such that
H g (S)H =1 is called an arc length paramtrization.

Remark 14.4. Notice that we have found a constructive proof for an arc length parameteri-
zation of a smooth simple curve. Let v: [a,b] — R™ be the path that parameterizes the curve.
Then define the arc legnth from a to t by the function

s(t)—/ |+ () || du.

Since Hv’ (u)” > 0, this gives a strictly increasing function. Since any strictly increasing real-
valued function like h: [a,b] — R is invertible we get that s(t) is invertible. Find ¢(s) = s71(s)
(describe t using the variable s, we will see what this means in the following example). Then
the function 7(s) = y(s71(s)) is an arc length parameterization. The following example shows
this algorithm in action.

Example 14.1. Consider the parameterization of the circle : [0, 7] — R? defined by ~(t) =
(cos(2t),sin(2t)). First, we compute ||7/(t)||. The derivative of v is

v (t) = (—2sin(2t), 2 cos(2t)),

and thus

()] = \/(—2 sin(2t))2 + (2 cos(2t))2 = \/4 (sin?(2¢) + cos?(2t)) = 2.

This means that the “speed” of the path is constant, but not 1, so = is not an arc length
parameterization. We need to find s(¢).

s(t) = /OtHV’(u)H du = /Ot 2du = 21,

Now we need to describe ¢ using s. We immediately see that ¢(s) = s/2. Now, according to the
algorithm, §(s) = v(s/2) = (cos(s),sin(s)) is an arc length parameterization.

Exercise 14.2. Find an arc length parameterization for the catenary curve given by

Yy = a cosh <$>
a

for a > 0 and = € R, in the domain x € [0, aIn(2)].
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15 Line Integrals Analysis 3

15 Line Integrals

15.1 Type one line integrals

Example 15.1 (Metal spring). Given a parameterization f: [0, L] — R? of a metal spring given
by
f(t) = (acos(wt),asin(wt),bt) = f'(t) = (—wasin(wt),wa cos(wt), b),

we could calculate the length of the spring by

L L
(C)=1(f) = / £/ (t)]| dt = / \/w2a2 sin?(wt) + w2a? cos?(wt) + b2dt = Lv/w?a? + b2.
0 0

We can notice that || f/(t)|| = vVw2a? + b2 # 1 so f(t) is not an arc length parameterization as
defined in Definition 14.6.
We can define a new parameterization g: [0, L(w?a? + b?)'/2] = R3 by

9(s) = f(o(s)) = f (m> |

I/ =17 @) (9] = Vi + P =1

which means that ¢ is the arc length parameterization for the spring given by f.

We have that

Example 15.2. Let f be the function
1
f(t) = (COSt, Sil’lt, 21‘;2) E Hf/(t)H = ||sint, — COSt,tH =1+ 12,
This means that

l(f)z/OL\/Ht?dt:--.:;[L\/1+L2+1n<1+L2>].

If we want to find an arc length parameterization we would need to find the inverse function
to the the length function of the path, which unlike the previous example is not that easy.
However, according to what we have shown in the previous section we know that there exists
one.

Definition 15.1 (Type one line intergral). Let C' C R™ be a smooth simple curve with
parametrization C1 > f: [a,b)] — R"™. If p is a continuous function on C then we define
the scalar integral of p on C (or type one line integral) as:

b
/des ::/a P(f(t))Hf (t)Hdt.

Remark 15.1. The term ds = Hf’(t)H dt is called the curve length element.

Remark 15.2. Notice that when p = 1 we get the length of the curve. We can use this type
of integral when we want to sum values over that curve. For example, suppose we have a
parameterization f for a wire C, and a function p: C' — R that gives us the concentration of
every point on the wire € C. Then the scalar integral on p will give us the mass of the wire.

Remark 15.3. Recall that the definition for the length of a simple smooth curve had an
intuition behind it. We derived it by taking the limit on lengths of more and more refined
partitions. We can derive Definition 15.1 in the same way by taking a similar limit on

Zp(f(ti)) -length(f([ti—1,ti])) = Zﬂ(f(ti)) : / i |78 dt.
i=1 i=1 ti1
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15 Line Integrals Analysis 3

Remark 15.4. The scalar integral is not dependent on the parameterization.

Example 15.3. Suppose that the spring from Example 15.1 has a mass concentration function

p(r,y,2) =2

then we can calculate the mass of the spring using a scalar integral.
L Lvw?a?+b2 1(C)
Loas= [ otreplrfa= | plats)ds = [ pla(s))ds,

where ¢ is the arc length parameterization. Notice how the integral became simpler once we
used the arc length parameterization. Since we are using the arc length parameterization we
get

g(s) = | acos <w5> ,asin ws , bs )
vw?a? + b? Vw2a? + 82 Vw?a? + b2

/02a2+b2
VWS b (g(t))

which implies that [, ds is simply

“o) O bs b1 b
t))ds = — — ds=—— —L(wPd® + ) = — L2V w?a? + 12,
[ eteens = [ s = o )5
which is indeed the mass of the spring.

Exercise 15.1. Compute the scalar integral

/ V5 + 522 — 6zyds
C

where C' is the intersection curve of the cylinder 2 + y?> = 1 and the plane z = 2z + 3y.

Solution. We notice that this is indeed a scalar integral where p(z,y,2) = /5 + 5x? — 6xy.
In order to compute the integral we first need to find a parameteriztion for C' (make sure you
understand why). Since we are working with a cylinder it is convenient to work with cylindrical
coordinates:

(x,y,2) = (rcos(f),rsin(0), z),

where z € R and 0 € [0,26] and r > 0. The first constraint is 22 + y*> = 1 so

2

x2+y2:1 = r'=1 = r=1.

This means that 22 + y> = 1 a constraint equivalent which is equivalent to = 1 in the new
coordinates. We also have the constraint z = 2z + 3y, which similarly gives:

z=2r+3y = z=2cos(#)+ 3sin(f).

This means that z = 22+ 3y a constraint equivalent which is equivalent to z = 2 cos() + 3 sin(6)
in the new coordinates. Therefore our parameterization for our curve is the function ~: [0, 27] —
R3 defined by

v(0) := (cos(8),sin(h), 2 cos(f) + 3sin(h)).

Clearly our curve is smooth and simple. Simple computations give

7' (6) = (—sin(f), cos(#), —2sin(#) + 3 cos(8))

v ()| = \/sin2(9) + cos?(0) + (—2sin(6) + 3 cos(@))2 = /5 + 5cos2(0) — 6sin(f) cos(H)
f((8)) = /5 + 5cos2(f) — 6sin(h) cos(h)
so by definition

2
/ V5 + 52 — 6ryds = / 5+ 5cos?(f) — 6sin(0) cos(0)dd = 157.
C 0
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15.2 Type two line integrals

Definition 15.2 (Vector field). Let S C R™. A function F: S — |J,c g T,(R") is called a vector
field if for all p € S we have F(p) € T,(R").

Remark 15.5. A more general definition exists for smooth manifolds but there’s no reason to
get into it right now. For those who are curious, if M C R" is a smooth manifold, we define a
vector field to be of the form F: M — J, ¢ Tp(M) so that for all p € M we have F(p) € T,(M).

Definition 15.3 (Type two line integral). Let f: [a,b] — R™ be a continuously differentiable
parametrization of a directed smooth simple curve C. Let F: C' — R” be a continuous vector
field. The line integral of F over C' (or a type two line integral) is defined to be:

/CF-d?::/CgFidxi = /bF(f(t))~f’(t)dt.

a

Remark 15.6. If we think about vector field as some physical force like gravity, and consider
the force it applies to a point object moving on the curve C' at time ¢ and position f(t), it is
exactly the projection of F(f(t)) on the tangent line at f(¢) which is f’(¢), and this is why the
integral is equal to their dot product.

Remark 15.7. The second part of the equality is summing the scalar integrals on each of
the variables seperately. We can derive it from the third part by abuse of notation. Let
(z1(t),...,zn(t)) be the parameterization of our curve. Then if f(t) = (z1(t), z2(t), ..., zn(t))
we get,

b o B b n " x{ B b n " dl’l(t) B n 0
[ Fu) s = [ Re@w0a= 3 Ae TG e |3 R

We will give an explanation about these dz; later. For now you may ignore this form of the
type two line integral entirely, and may only rely on the third form, since it’s the only form we
know how to compute.

Remark 15.8. If g: [a,b] — C is a C! arc length parameterization of C, then we can define
T(s) = ¢'(s) and since || T(s)| =1 we get

/C ;dexz = ‘/a F(g(s)) . gl(s)ds = /a F(g(s)) . T(s)ds.

Since the length of T is the unit length, we sometimes write T instead of T or T , which denotes
a unit vector in the direction of T. The benefit of writing the integral this way is that we do
not need a parameterization of the curve to describe it. Notice that if we consider F(g(s))-T(s)
as a scalar function on C, this gives us a way to compute a type two line integral as a type one
line integral.

Remark 15.9. In physics, type two line integral is commonly used to calculate the work done
by a vector field along a given curve. Thus, it should also be intuitive that unlike a scalar
integral, the sign of a type two line integral changes when we change the orientation of the
parameterization.

Example 15.4 (Gravitational field). Let the function

F:R3\ {0} = R?
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15 Line Integrals Analysis 3

represent the gravitational force field experienced by a point object of mass m located at a
position represented by r, due to another point object of mass M located at the origin. We

have that M
F =G (—r).

3
]

Under the assumption that m, M are constant, we can write

Fe g @92

(2,9, 2)|

for some constant K. For the sake of simplicity assume K = 1. We can calculate the work done
by this vector field on m travelling along the curve of the spring from Example 15.1. Recall
that

f(t) = (acos(wt),asin(wt),bt) and f'(t) = (—wasin(wt),wa cos(wt),b).

We can see that
1£®)|| =]|(acos(wt), asin(wt),bt)|| = Va® + b2 and f(t)- f'(t) = b*t.
Using these calculations we can finally see that
L L ! L 2
f@) - (@) / bt
F(f(t))- f'(t)dt = — = dt = — —————dt
| Eue) pwa= - [P B = [

1 L 1 1
VaZ + 22|, Va2 +b2L2 a
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16  Integration Analysis 3

16 Integration

16.1 Integration over a box
Definition 16.1 (Box). A box in R" is a set R C R™ such that:
k
R = H [CLZ‘, bz]
i=1
for real numbers a; < b;.

Remark 16.1. If there exists ¢ such that a; = b; then we say that the box is degenerate.

Definition 16.2 (Volume of a box). We define the volume of a box to be:

k
Vol(A) = [ (i — as)

=1

Remark 16.2. Let P be a partition of a box R C R™. We denote B ~ Q if and only if B is a
subbox of the partition.

Definition 16.3 (Integration over a box). Let f be a bounded function on a box R. We define
the upper and lower Darboux sums with regards to a partition P of R with

L(f,P):= Z mq - Vol(Q) and U(f, P) := Z Mg - Vol(Q)

B~R B~R

where Mg = sup {f(z) |z € Q} and mg = inf {f(z) |z € Q}. We say that f is (Darboux)
integrable if:
infU(f, P) =sup L(f,P) = 1.

We denote the integral of f over the box as:

I:/Rde:/Rf(x)d:c:/Rf.

Remark 16.3. We can see that for a constant function f = C that
/ FAV = C - Vol(R).
R
Definition 16.4 (Refinement). Let P, P’ be two partitions of a box R. We say that P’ is a

refinement of P if for each box Q' ~ P’, there exists Q ~ P such that Q' C Q.

Remark 16.4. Most theorems from analysis 2 about integrals and partitions also apply here,
with similar arguements, and are thus omitted.

Proposition 16.1. Let f: R — R be bounded. Then f is integrable on R if and only if for all
€ > 0 there exists a partition P such that U(f, P) — L(f, P) < e.

Exercise 16.1. Describe the mean value theorem, and the triangle equality for the multidi-
mensional integral.

Remark 16.5. Here are a few uses of the integral that are good to remember.

(1) Given a set Q C R™, the integral [[[, 1dV is the n-dimensional volume of 2.
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16  Integration Analysis 3

(2) Given a set 2 C R and a mass concentration function p(z,y, z), the mass of €2 is described

by the following integral
m = /// p(x,y, 2)dV.
Q

(3) We can also use the integral to calculate the moment of inertia of an object, or its center
of mass, etc.

Remark 16.6. Recall that in analysis 2 we never actually computed integrals by definition. In
the one dimensional case we always used the fundamental theorem of calculus and in the two
dimensional case we always used Fubini’s theorem. Indeed in the n-dimensional case we are not
going to compute integrals by definition.

16.2 Fubini’s theorem

Theorem 16.2 (Fubini’s theorem). In 2 dimensions Fubini’s theorem states that if f is inte-
grable on [a,b] x [c,d] C R? and for all x € [a,b] the function

d
F)= [ fla)dy
is defined and integrable on [a,b], then

| sy = | Py = / ’ / ! ) dyde.

Generalizing to n dimensions gives something similar. Let R = [ay1,b1] X -+ X [an, by] and
suppose all the functions:

bn
Fi(z1,...,2p-1) = (z)dx,
anl bn
Fy(xy,...,xp—90) = / f(x)dzp—1 f(x)dzy,
an—1 an
bl bn71 bn
F,=1= f(x)dzy - / flx)dzp—1 f(z)dzy,
al an—1 an

are integrable. Then I = fR fdv.

Remark 16.7. To evaluate the volume of a subspace  C R" we calculate the integral [, fdV
for the function f = 1.

Definition 16.5 (Simple domain). A simple domain in R? is a region (open connected set)
D C R? that can be described as the set of points bounded by two curves and two vertical or
horizontal lines. The general form of a vertical simple domain in R? bounded by z = a, z = b
and the curves g;(z), g2(x) is

D= {(:L’,y) ER*|a<z<band gi(a) Syﬁgg(m)}-
A simple domain in R"” is defined similarly with a general form
D= {(xl, coyZpn) ER™ | (21, .., 2p—1) € Rand g1(21,...,2n-1) < 2y < go(x1,... ,xn_l)}

where R is a simple domain in R*~ .
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16  Integration Analysis 3

Remark 16.8. Suppose () is a simple domain in R3. We can use Fubini’s theorem and obtain

that:
b y2(z) z2(z,y)
Vol(2) =1 = // f(z,y, z)da:dydz:/ dac/ dy/ f(z,y, z)dz
Q a y1(z) z1(zy)

for the relevant boundary functions.
Remark 16.9. Before the next example, recall that the general equation of a plane in R? is
ar+by+cz=d

where n = (a, b, c) is a vector orthogonal to the plane, and d is the constant determining the
plane’s offset from the origin. You may also recall the discussion on constrained optimization
and think why n is orthogonal to the plane.

Example 16.1. Let us calculate the volume of I = [] fQ(azyz)da:dydz where 2 is the space
bounded by x +y + z = 1 and the x, y, z axes. First we notice that 2 looks like a pyramid.
For each 2z’ we can consider the triangle Az’ on the z = 2’ plane with points of the form

0<z+y<1-2.

Since
Az’:{(az,y,z/)ER2x{z'}|0§x§1—z’and0§y§l—x—z’},

it is a simple domain in R? x {z’ }, and thus Q is a simple domain in R3 given by

0= {(x,y,z) €R3 | (z,y) € Az andogzgl}.

1 1—z l-z—2 1
I :/ dz/ d:c/ (xyz)dy = —.
0 0 0 720

Remark 16.10. The following is a more general formulation of Fubini’s theorem.

Thus we have

Theorem 16.3 (Fubini’s theorem). Let A C R™ and B C R™ be closed boxes, and let f: AXxB —
R be a function integrable on A x B. For all x € A we define g,: B — R with

92(y) := f(z,y).
If g, is integrable on B for all x, then the function

G(z) == /ng(y)dy

is integrable (on A) and

/A ( /B gﬁy)dy) dz = /A | f@y)dedy.

Example 16.2. Consider the n-dimensional unit disc with the ¢! norm:
Dy :={z e R": ||z|, < 1}.
We can divide this space into 2" of equal size, that are isometric to

E,=D,N{zxeR": zq,...,2, >0}.
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This means that we can find the volume of E,, and multiply it by 2" to get the result we want.
I First, we can notice that

E, = {:UGR”: z1 €[0,1),22 € [0,1 —a1],..., 2, € [0,1 — 21 —xg—---—xn,l]}
= {(x’,mn): xn € [0, 1] and Hx'”l <1- $n} c [0,1]" 1t x [0,1].

We now have that

1 1
Vol(E,) = / 1g,dV = / / dz' | da,, = / Vol ((1 — xn)En_l) dz,
[0,1]" 0 (1=2n)En_1 0

VOI(En_l)

1
= / (1 —z,)" Vol (B,_1)dz, =
0 n

Where the second to last equality follows from basic geometrical calculations. By using induc-
tion, and given that Vol(E;) = 1 we get that Vol(D,,) = 2"/n!.

Remark 16.11 (Different notation, and Fubini with more rigor). Let @' C R™ and Q" C R™
be closed boxes and let P’ and P” be their respective partitions, so that P = P’ x P" is a
partition of Q = Q' x Q" C R"™™. Let f: Q' x Q" be bounded. For zy € Q' we denote
gzo = f(x0,%): Q" — R, and define F(z) = suppr L(gs, P") and F(z) = infpr U(g,, P")
to be the respetive lower and upper Darboux sums. If for some x € Q' the function g, is
integrable on Q" then we have F(z) = F(z) = fQ" f(z,y)|d™y| and in this case we define
F(z) = fQ" f(z,y)|d™y|. When g, is not integrable we define F(z) to be some number in

[F(z), F(z)]. The set x such that g, is not integrable is of measure 0 so we can let F(z) to be
any value without changing integrals over F'(x).

Let f: @ — R be integrable on Q = Q' x Q”. Then for all zyp € Q' the expression
fQ” f(zo,y)|d™y| exists, except for a set of measure 0 (which could be the empty set), the
function F'(z) is integrable on @', and we have

/Q @)l = /Q f (@, y)av.

Corollary 16.4. Let f: Q — R be integrable on Q = Q' x Q”, and suppose that the integral
Jor f(@o,y)|d™y] exists for all zo € Q'. Then the function F(z) = F(x) = [, f(z,y)|d™y] is

integrable and we have

/Q’ (/C;Nf(-l’,y)’dmy‘) ‘dnx’ = /Q,XQ,,f<I’y)’dmydnx"

Example 16.3. Let f(z,y) := 1+ 22 4+ 22y and Q := [0, 1] x [1,2]. Since f(x,y) is continuous
it is integrable over any Jordan measurable set in R?. Thus by Fubini’s theorem we get that

[ v = [as ( [ara 2my>rdyr> = [ (10 a2

! 17
:/ (1422 4 32)[da] = - = 2.
0 6

Example 16.4 (Standard simplex area). Suppose we want to compute the volume of the set

Q::{xER”

x1§m2§---§:p”§1}.

!To fully formalize this we need to use the change of variables theorem, which we will see later.
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Then by the definition of volume and Fubini’s theorem we get that:

Vol(Q)Z/[Ol]nlleV // / 1! - |dx"\_// / 2|2 [da
S [ e e == A et =

where one must not confuse the coordinates z* with taking the exponent of .
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17 Zero Volume Analysis 3

17 Zero Volume

17.1 Zero volume

Proposition 17.1. If f: R — R"™ is a continuous function on R then it is integrable.
Proof. To be added. O

Definition 17.1 (Zero volume). A set A C R” is said to have zero volume if for each ¢ > 0
there exist a finite number of boxes Ry, ..., R; such that:

k k
> Vol(R;) <e and AcC | JInt(Ry),
=1

=1
where Int(R;) denotes the topological interior of R;.

Remark 17.1. Any point z € R" is of volume zero because we can always choose one box of
arbitrarily small volume such that x is inside it. It is also easy to prove that a finite union of
sets of volume zero is of volumes zero.

Theorem 17.2. Let f: R — R" be bounded and suppose that
X ={xz € R| f is not continuous in v}

is a set of volume 0. Then f is integrable over R.

Proof. We know that f is bounded so we can denote its bound M, and also we know that for
any € > 0 there exist Ry, ..., Ry such that:
k
€

k
;Vol(Ri) <y ad Xc iL:JlInt(Ri).

This means we can choose a partition Px such that for every i we have R; € Px and then we
have:
k - - k
Px)—L(f,Px) = Mo— I(R; M—(-M))— = = d X Int(R;).
UL, Px)=LUJ. Px) = Y (Mo=mQ) Vol(R) < (M—~(=M)) g7 =5 and X  Tuu(Ry
The set Y = R\ {R;}, is clearly closed and bounded and thus it is integrable. We can choose
a partition Py of Y such that:

U(f,Py) = L(f,Py) = > (Mg —mq)Vol(Q) <
Q~Py

IR

and now it is clear that the partition P = Px U Py satisfies:

U(f,P)— L(f,P) <e.
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17.2 Measure zero and integration

Definition 17.2 (Measure zero). We say that A C R" is of measure zero if there exist {R;},.;
such that |I| < Ry and:

ZVO](RZ') <e and AC UInt(Ri).

il iel
Remark 17.2. A set of volume zero is always of measure zero, but the contrary is not always
true. For example the sets of the form Q™ C R"™ are all of measure zero but not of volume zero.

Remark 17.3. A countable union of sets of measure zero is of measure zero.
Theorem 17.3. A compact set D C R™ is of volume zero if and only if it is of measure zero.

Proof. By definition a set of volume zero is always of measure zero.
Suppose that D is of measure zero. Let € > 0, then there exist a countable collection { R;};;
of boxes such that
Y Vol(R;) <e and D C|JInt(R,).
icl icl
The set {Int(Ri)}i ¢ Is an open cover of D, so since D is compact, it has a finite subcover.
Thus, there exist Ry, ..., R such that

k k
Z Vol(R;) <e and D C U Int(R;)
i=1

i=1
which completes the proof. O
Remark 17.4. A subset of a set of measure zero is of measure zero.

Theorem 17.4 (Lebesgue’s theorem). Let R C R™ be a box and let f: R — R™ be bounded.
Then f is integrable if and only if the set of discontinuity points of f is of meausre zero.

Before we prove this theorem we first need the following two definitions.

Definition 17.3 (Oscillation over a set). The oscillation of a function f: R — R™ over a set
B C R" is defined by

w(f,B) :=sup{f(z) |z € RNB} —inf {f(z) |z € RNB}.

Definition 17.4 (Oscillation at a point). The oscillation of a function f: R — R™ at a point
x € R is defined by
w(f,z) = lim w(f,Ur(z))

r—0+

where U, (x) = (z1 — 7,21 +7) X -+ - X (), — , 2, + 1), is the open ball with radius  and center
x with the infinity norm.

Lemma 17.5. A function f: R — R" is continuous at x € R if and only of w(f,z) = 0.
Lemma 17.6. For every ¢ > 0 the set:
We:={z € R|w(f,z) >e}
18 compact.
Remark 17.5. We also define another set:
W:={zeR|w(f z)#0}.
Proof of Theorem 17.4. To be added O
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17.3 Integration over Jordan measurable sets

Definition 17.5 (Jordan measurable set). A set  C R” is said to be Jordan measurable if it
is bounded and 0f2 is of measure zero.

Remark 17.6. Since 92 is compact from Heine-Borel, we could equivalently require it to be
of zero volume instead of measure zero. Moreover, a set  C R" is Jordan measurable if and
only if there exists a rectangle 2 C R C R" such that 1 is Riemann integrable.

Definition 17.6 (Set with volume). Let @ C R™ be a Jordan measurable set. We say that
has volume if it is a closure of an open set. We require this because if 2 is closed, we don’t have
to use improper integrals, and if it closed but not the closure of an open set, we have cases like
2 = {z} which don’t have volume.

Definition 17.7 (Integrability over Jordan measurable sets). Let @ C R™ be a set with volume,
let f: R — R™ be a function, and assume that {2 C R. We say that f is integrable over € if

f - 1q is integrable over R and
/de:/f-ILQdV.
Q R

Proposition 17.7. If f: Q — R"™ is continuous and 2 has volume then f is integrable over €.

Definition 17.8 (Volume of a set). The volume of a Jordan measurable set A C R™ is defined
as:

Vol(A) := / 1dV.
A
Note that Jordan measurable sets that are not sets with volume have volume zero.

Remark 17.7. We notice that this function is well defined because the constant function f =1
is always continuous on any domain that has volume.

Remark 17.8. A Riemann integral on a space with volume has all the basic properties as we
defined them on intervals: linearity, additivity, the triangle inequlity, and more. Linearity and
additivity in particular imply that the set of integrale on some set () form a vector space.

Theorem 17.8. The graph of a Riemann integrable function is of measure zero, or volume zero
if the function was defined on a compact space. A manifold has measure zero. The image of a
manifold by a smooth transformation is of volume zero.
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18 Improper integrals

18.1 Improper integrals

Definition 18.1 (Improper integral). Let U C R™ be an open set, and let f: U — RT be a
Riemann integrable function on any compact subset K C U with volume. We define

/ f=sup {/ fdv ' K C U and K has volume and compact} .
U K

Remark 18.1. In the case fU f < oo, we say that f is integrable on U. Otherwise, we say it
is not integrable and we write [, f = oco.

Proposition 18.1 (Exhaustion). Let U C R™ be an open set, and let f: U — R™ be a Riemann
integrable function on any compact subset K C U with volume. Let {Ky,} o, be a sequence of
compact subsets of U with volume such that

(1) U =Upzr Km
(2) for allm > 1 we have K, C Int(Kp41).

Then f is integrable on U if and only if limy,, e mef < o0, and in that case we have
fo = limy, 00 fK

Proof. 1t is clear that the sequence [ K, f is increasing so its limit is either finite or co. We need
to show that the limit is finite if and only if f is integrable on U. Since the second direction
follows immediately from the definitions, we only prove the second direction. Suppose that
limy, 00 me f is finite. Let 7 < fU f, and let K C U be a compact set with volume so that
[ f > r. Then from assumptions (1) and (2) we get that there exists m so that K C Int([y),
and thus [ f > [ f >r. This implies that lim, 0 [; f > [;; f, which shows that [, f is
finite so f is integrable on U which completes the proof. 0

Remark 18.2. For every open set U there exists a sequence {K,,}~_; as in Theorem 18.1.

Remark 18.3. Many times it is more convenient to use a family of compact sets with cardinality
N instead of Wy. In this case, it can be easily verified that the proposition still holds, and we
can compute integrals either by lim_,o [ K, f or by limy_ [ K, f instead.

Remark 18.4. So far we have defined the integral of nonnegative functions. Given a function
f: U — R we can expand definition by noticing that it can be expressed using nonnegative
function:
f=5h-r
where
IR
* 2

Definition 18.2 (Integrability). Let U C R", and let f: U — R be a Riemann integrable

function on all compact sets K C U with volume. We say that f is integrable on U if f, and
f— are both integrable, and we define:

Lf:ﬁﬁ—éﬁ.

Proposition 18.2. Let U C R"”, and let f: U — R be a Riemann integrable function on all
compact sets K C U with volume. Then f is integrable on U if and only if|f| is integrable on
U.

=max (f(z),0) and f_::W:—min(f(x),O).
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Proof. Recall that
|fl=f++f-

Suppose that f is integrable (so by definition f* are integrable), then we notice that

Szpélflzsip(éfwr/l(f—)S/Uf++/Uf—-

Thus, integrability of f; and f_ implies integrability of | f|. Next suppose that|f| is integrable.
Then, since f4, f— <|f|, from the comparison test they are both integrable and so f is integrable
which completes the proof. O

Proposition 18.3 (Comparison test). Let f,g: U — R be Riemann integrable functions on all
compact K C U with volume. Then if f is integrable and|g| < f then g is also integrable and

we have
Uﬂg/@s/m<m,

and in particular, g is integrable.

Remark 18.5. We can verify that the intergal of a continuous function f: U — R on any
Jordan measurable set J C U C R" is equal to the improper integral of f on J.

Question. Consider the integral f]R2 rdzdy. The sequence K, = [—n,n)? exhausts R?, and
also limy, o fKn xdxzdy = 0. This implies that fRQ zdzdy = 0 (by Theorem 18.1), however
fR2 xdzdy is clearly indefinite, so we reached a contradiction. What was the problem in our
reasoning?

Answer. In Theorem 18.1 we required f: U — R™. In order to use Theorem 18.1 in the
general case f: U — R, it is best to first use it on |f], then conclude that [ f converges, which
is actually a sufficient condition to use Theorem 18.1.

Exercise 18.1. Let U = (0,1)" be the nth dimensional unit sphere. Determine for which
values of p > 0 the function f(x) = 1/||z||’ is integrable on U.
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19 Change of variables

19.1 The change of variables theorem

Remark 19.1. Recall the change of variables theorem from analysis 2: If g € C1([a, ], R) and
f:[a,b] — R is continuous, then
g(b) b ,
[ sy = [ £ (o) g @)
9(a) a
where g(z) does not have to be injective, however, when ¢'(z) # 0 then it is injective, and
strictly monotone. In the case it is strictly decreasing, we get that g(b) < g(a) and ¢'(x) < 0,

and when it is strictly increasing, we have g(a) < ¢g(b) and ¢’(x) > 0. In both of these cases we
can simply write:

f@dy = [ £{g(o) - o (@)
g(l) I
where I = [a, b] and integrating over [a, b] is the same as integrating from a to b.

Theorem 19.1 (Change of variables theorem). Let 2 C R"™ be a set with volume, and assume
that Q C U where U is open. Let g € C*(U,R™) be an injection with an invertible derivative at
every point uw € U. Then, if

(1) g() has volume;
(2) f:9() = R is integrable;
(8) fog: Q— R is integrable.

Then:
/ fly)dy = / [fog(z)] -‘det (Dg(m))‘ dz.
9(€) Q

Remark 19.2. The left hand side of the change of variables equation, is integrating over the
“manifold world” (usually g parameterizes a maniold), and the right hand side is integrating
over the “parameterizing world”. Since we want to find fg(Q) f(y)dy by integrating over the
parameterizing world, it is obvious we must integrate over fog, and since g sends an infinitesimal
neighbourhood U of z in €, to a neighbourhood g(U) of y = g(z) of |det Dg(z)| times the size
of U in ¢(2), we must match up to that by multiplying f o g(x) by that factor, by ‘det Dg(x)‘.
The following of the remarks are less significant, but this one you want to remember.

Remark 19.3. This theorem shows that g takes any set of measure zero to a set of measure
Zero.

Remark 19.4. It suffices to assume that g satisfies the conditions on sets that are not of
measure zero.

Remark 19.5. The requirement that g(£2) has volume is unnecessary, it can be shown under
tha assumption that €2 has volume, and it is only there for convenience. The same can be said
about the requirement that f o g:  — R is integrable.

Remark 19.6. The theorem also holds if {2 is an open set, and the integral is improper.

Exercise 19.1. Find Vol(B}'), where Vol(B}") is the volume of an n-dimensional unit ball in
R™ with the standard metric (as opposed to Example 16.2).
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Solution. Consider the change of variables given by the function y := g(z): R — R" with
g(z) :=rz. We have that |det(Dg(x))| = ™. Therefore we have that Vol(B) = r" Vol(BY).

We shall now prove that Vol(B}) = 22 Vol(B'™?). First, we shall write (z,y) € R"2 x R?
and use Fubini’s theorem with the notation from Remark 16.11 to notice that:

Vol(BY) := / , 1AV = / 1dV = < / 1 d“xD d%.
|@y)||,<1 [l ®Hlyll* <1 lyl?<t \ /||| <1jy|?

The integrand is simply the volume of an n — 2-dimensional ball with radius (1 — Hy||2)%, so by
the previous result from the change of variables theorem we get that:

vol(sp) = [ (/ s
lyl?<1 \/llz|l*<1—{|y?]]

We can now use the familiar polar coordinates from analysis 2 (we will also see about them
again later in this section) and get

B 2% - y 1 —7"2”772-7‘ T —..._2£
Ayllzﬁl(l ”y|’)d2y—/0 (/0 (1=r%) [§ y>|d9|_ -

This completes the proof of the identity Vol(B}) = 2= Vol(B}~?). We know that Vol(Bj}) = 2
and that Vol(B?) = 7, so by this recursive relation, and the identity Vol(B?) = r™ Vol(B}) we
get that formulas

_ 1
@] | dy = Vol B [ (1),
llyll“<1

k | k
oky _ T ok akr1y _ 2(ED)(A7)" opia
Vol(B2") = " and Vol(BX"") = Ok +1)] T
for any integer k € Z.

Definition 19.1 (Parallelotope). A parallelotope (or parallelepiped) generated by the vectors
v1,...,U, € R" is the set

n
P(vi, ... vp) = Zawi: 0<qg; <1
i=1

When a € R™ we also call a + P(vy,...,v,) a parallelotope, and if {v1,...,v,} are linearly
dependent, we say that parallelotope is degenerate.

Exercise 19.2. Let v1, vy € R%2. Then we have
Vol(a + P(vy,v2)) =|det(vy | va)| =|lv1]l -[|lva]| -|sin Z(v1, v2)].
Exercise 19.3. Let 2; C R™ and Q5 C R™ be sets with volume. Then
Vol(21 x Q) = Vol(21) - Vol(Qs).
Exercise 19.4. Prove the following:
(1) Let @ be a nondegenerate parallelotope. Then @ is a set with positive volume.
(2) Let @ be a degenerate parallelotope. Then @ is a set with zero volume.

(3) Let T: R™ — R™ be a linear map, and let @ be a parallelotope. Then T'(Q) is a parallelo-
tope and in particular it has volume.
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Proposition 19.2. Let Q C R"™ be a set with volume, and let T: R™ — R"™ be a linear map.
Then T'(2) has volume and
Vol(T'(2)) = |det(T)| - Vol(£2).

Proof. To be added. O
Remark 19.7. Given a paralellotope P(v1,...,v,) C R™, it can be represented as another
parallelotope T'(P(eq, ..., e,)) for some linear map 7': R™ — R"™, and ey, ..., e, the unit vectors.

Then by the previous proposition we get
Vol(P(vt, ..., vy)) =|det(T)| - Vol(P(e1, ..., en)) =|det(T)] .
This is one of the most important meanings of the determinant.
Remark 19.8. Theorem 19.2 is in fact a special case of the change of variables theorem.

For now we skip the proof of the change of variables theorem...

19.2 Example of polar coordiantes

In this case, the “parameterizing world” is [0, o] x [0, 27], and the “manifold world” is R2.

Example 19.1 (Polar coordinates). The parameterization g: [0, 0] x [0, 27] — R? is given by
g(r,0) = (rcosf,rsinb),

where r = /22 + y? is the distance of (z,y) from the origin (0,0), and 6 is the angle between
the vector (z,y) and the positive direction of the z-axis.
The map g is one to one and C! except for a set of measure zero. Moreover, we notice that

cosf —rsinb

det (Dg(w,y)) ~ lsin@ rcosh

=r#0

except for a set of measure zero. Thus, according to the change of variables theorem we have

//(Q) f(z,y)dzdy = //Qf(rcose,rsine)]r|drdg_
9

Remark 19.9. Planar physical systems with bodies moving around a central point, or phe-
nomena originating from a central point, are often simpler and more intuitive to model using
polar coordinates.

19.3 Example of cylindrical coordiantes

In this case, the “parameterizing world” is [0, oo] x [0, 271] x R, and the “manifold world” is R3.

Example 19.2 (Cylindrical coordinate system). Let © C R3 be the set in the first quadrant
bounded by

y=z and y=2z and z=2>+y? and z:2(x2+y2)

and z = h for some h > 0. We want to find the volume of Q for z,y, 2z > 0. We see that the by
definition approach gives us the following integral

V:/// ldxdydz.
Q
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This is a good time to move to cylindrical coordinates. The parameterization g: [0, co] x [0, 27] X
R — R3 is given by
g(r,0,z) = (rcosf,rsinb, z).

The variable r is called the radial distance; it represents the distance of the point (z,y, z) from
the z-axis. The variable 6 is called the azimuthal angle; it represents the angle between the
projection of the point (z,y,z) on the chosen plane (in this case z = 0) and the reference
direction on the plane (in this case the unit vector x). The variable z is called the axial
coordinate (or height); it represents the signed distance from the chosen plane (in this case
z = 0) to the point (z,y,z). We have that

cos —rsinf 0
det (Dg(r,0,2)) = |sinf rcosf 0/ =r>0
0 0 1

exepct for when the points are exactly on the z-axis, but since we bound 2 with z < h this
set is of measure zero and is thus negligible. We need to find the image of 2 under this

parameterization. Under the constraints we get that

y=x = rsinf =rcosf — tanf=1 — 0=

=1

y=2r = rsinf =2rcosf — tanfh =2 — O = arctan(2)
z:a:2+y2 — 2 =172
z=2(2" +y?) = 2=2r"

z = h.

Recall that in this parameterization we also have implicit constraints that » > 0 and 0 < 6 < 27.
Therefore, the final limits for the variables are:

<6 < arctan(2) and \/ggrgﬁ and 0<z<h.

N

Using the change of variables theorem and Fubini’s theorem we get that

arctan(2) h vz
V= ///~rdrd0dz :/ d9/ dz/ rdr.
Q g 0 \/g

This integral can be calculated directly:

arctan(2) h Vz h 2
/ d9/ dz/ rdr = (arctan(2) - 7T> / <Z - Z) dz = <arctan(2) - W) h—
= 0 Ve 4/ )0 \2 4 4/ 8

4

Remark 19.10. Cylindrical coordinates are useful when working with solids of revolution.

19.4 Example of spherical coordiantes

In this case, the “parameterizing world” is [0, co] x [0, 7] x [0, 27], and the “manifold world” is
the Euclidean space R3.

Example 19.3 (Spherical coordinates). Let P := (z0, %0, 20) € R?, and let

Q= {(@.,2) | (2~ 20 + (g~ 90)* + (2 — 20)° < B}
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We want to calculate the volume of Q. We can parameterize R? with origin at (zq, yo, 20) by R
with origin at (0,0,0) using the following parameterization:

g('%7377 2) = (i. - -’I;'(),:l] - 3/075 - ZO);

so that g(B(P, R)) = B(0, R). We notice that

1
det (Dg(2,9,2)) = |0
0

O = O
= o O
Il
p—t
N
(e

By the change of variables theorem we get that

Vol(B(P,R)) = /// ldxdydz = /// 1dzdgdz = Vol(B(0, R)).
9(B(0,R)) B(0,R)

This shows rigorously that the volume of a sphere does not depend on the position of its center.
We now use spehrical coordinates to calculate the volume of the sphere around the origin. We
use the parameterization g: [0, 00] x [0, 7] x [0, 27] — R3 given by

g(r,0,p) = (rcosesing, rsinpsinf, r cosf).

The variable 7 is called the radial distance; it represents the distance of the point from the
origin. The variable 6 is called the polar angle; it represents the angle between the radial line
(the vector from the origin to the given point) and the positive side of the polar axis (in this
case z). The variable ¢ is called the azimuthal angle; it represents the angle of rotation of the
radial line around the polar axis (in this case z) relative to the positive side of the z axis.
Computing the absolute value of det (Dg(r, 0, (p)) is a simple matter of calculation:

cospsinfd —rsinpsinfd rcosycosd
‘det Dg(r, ¢, 0)‘ =||sinpsinf rcospsinf rsinpcosd
cos 6 0 —rsinf

(cos ) [—7“2 sin € cos 9] —rsinf [r sin? 9} ’ = r?siné.

Note that since 0 < 6 < 7 the value of r?sinf is almost always (except for a set of measure
zero) positive, which justifies the last transition. It is clear that the image of B(0, R) is the set
defined by the constraint r?2 < R? and thus

ﬁz{(r,@,«p)|0§9§7Tand0§g0§27rand()§r§R}.

This means that Q is a box, so by Fubini’s theorem and the change of variables theorem we get

that: " )
™ ™ 4
Vol(B(P, R)) = ///~ 72 sin fdrdedd = / r2dr / sin 0d6 / dp = gwRB’.
Q 0 0 0

Remark 19.11. Spherical coordinates are useful when ) has spherical symmetry around the
origin.

Remark 19.12 (Deriving spherical coordinates). Unlike polar coordinates or cylindrical coor-
dinates, it’s not as easy to derive the parameterization function for polar coordinates:

g(r,0,¢) = (rcospsinf, rsingsin b, r cos ).
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The easiest method to derive it is by noticing that any point (x,, 2) € R? with norm r is simply
the point (0,0, r) rotated 6 degrees, without loss of generality around the y axis (inside the plane
y = 0), then rotated ¢ degree around the z axis. If we do this process such that the directions
of the rotations are determined by the right hand rule, we get the point that is associated with
the point (r,0,¢) in standard spherical coordinates. Therefore the parameterization is given
by:

x
y | = R:(0)Ry(0)(0,0,1)"
z
cosp —sinp 0 cosf 0 sind 0
= |sing cosp O 0 1 0 0
0 0 1 —sinfd 0 cosf r
r cos sin 6
= | rsinpsiné
r cos 6

A different way to look at it would be to notice that r = \/22 + 32 + 22 and cos(f) = £, and
tan(e) = £, and compute the values of (x,y, z) in terms of (r,0,¢). Deriving the roatation
matrices themselves is also not hard,

Remark 19.13 (Deriving the rotation matrices). An arbitrary rotation matrix R,(6) in R3 is
the matrix that rotates vectors around the z-axis, in the direction determined by the right hand
rule (put your thumb in the direction of the positive direction of the z-axis, and then R,(6)
rotates your index finger in the direction of your middle finger). Note that R.(6) is the same as
the usual rotation matrix from R? which sends (1,0) to (cosf,sinf) and (0,1) to (—siné, cos )
and it fixes the z-component of the vectors and so it must be of the form:

cos —sinf 0
R.,(0) = | sinf cosf O
0 0 1

However, an astute reader would notice that R, (6) which we saw earlier looks slightly different,
and not only because we now fix the y-component of the vectors. Indeed, in order to make sure
the roatation is in the direction determined by the right hand rule, we must make sure that the
determinant is positive (in fact since this matrix is a rotation it must be in SO(3,R) and so it
must have determinant 1), so R,(#) is derived in exactly the same way except we multiply by
—1 in order to make it a true rotation (and not a reflection).

19.5 Practice

Exercise 19.5. Let € be the region bounded between the curves y = %, y = %, y = 3z, and
y =« in the first quadrant of R Find [, 4|dzdy|.

Solution. We notice that

QZ{(ﬂs,y)‘lé

SHES

§3and1§:ny§4},

and so our “manifold world” is 2 and our parameterizing world is another set in the real plane
A :=[1,3] x[1,4]. Well, now it’s not very hard to parameterize A using €2, the parameterization
is

9(@,y) = (ule,y),v(a,y)) = (zy, 2) € A.
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This parameterization however, is exactly the inverse of the parameterization we need. By the
change of variables theorem we have

[ ey = [ 0
g1 () T A 91 (u,v)

By the inverse function theorem we have Dg~!(u,v) = [Dg(z,y)] "}, this gives us that

det (Dgil(u,v)> ’]dudv\ = / J
AT

det (Dgil(u7 v)) ’]dudv .

-1
‘—1

det (Dgl(u,v)>’ = ‘det (Dg(z,y))

1 1 3 4
7.Z'y: v —Audv| = — uav| = — = o.
Y\dzd dud ldudo| = 9 = 3
Q"L’ A 2'U 2 1 1 2

Exercise 19.6. Compute the volume of the set

Q={(0,y,2) €R* |22 Va2 + 12 and a? + o7 + 22 < 1.

[
ke
8l= 8

2

Thus,

Solution. Let g(r, 6, ¢) = (r cos psinf, rsin ¢ sin 0, r cos #) be the parameterization of spherical
coordinates. Then the constraints are r < 1 and rcos@ > rsin6 or simply 0 < 6 < 7. Then,
by the change of variables theorem

1 w/4 2 w/4 1
Vol(Q) :/ |dry/ |day/ 72 sin |d | :27r/ — sin 6|dé)|
0 0 0 o 3

2 2
:?ﬁ[—cos%—i—cosO]:?7r [1—\/5]
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20 k-dimensional volume

20.1 Intuition

In the change of variables theorem we had that under the right conditions
[ sy = [ [ og(o)]det (Dg()|av(z)
9(2) Q
and in particular we have that

Vol(g(@) = [

9(€2)

14V (y) = /Q‘det (Dg(:):))‘ av(z).

Since we know that locally g acts like a linear map, we know that if we take {2 to be a small
enough box, the ratio between the volume of Q and ¢(£2) (almost a parallelotope) will be as
close as we want to |det (Dg(z)) |. Intuitively, this means that

lim Vol (g(P(day, ..., dz,))) = ‘det (Dg(z)) ‘ Vol (P(day, . .., dzy)) -

d$i—)0

In the case of two dimensions, this already looks very much like calculating some area on a
surface.

Example 20.1 (Volume of a torus). Recall that in Example 11.5 we saw that one simple
parameterization for the torus is

cosv 0 —sinv)\ [a+bcosu (a + bcosu) cosv
o(u,v) = 0 1 0 bsinu = bsinu
sinv 0 cosv 0 (a 4+ bcosu)sinwv

We now define a parameterization for the interior of the torus by applying the function

(a+tcosu)cosv
g(t,u,v) == tsinu
(a + tcosu)sinv

on the set Q = [0,b] x [0,27] x [0,27]. The interior of the torus is now Q = g(€). Since g is
injective except on a set of measure zero, and since its derivative is invertible at every point
u € ) except for a set of measure zero, g does not violate the conditions for the change of
variables theorem and we can continue. We have that

cosusinv —tsinucosv —(a+tcosu)sinv
Dg = sinu tcosu 0 = |det(Dg)’:---=t(a+tcosu)
cosusinv —tsinusinv (a+ tcosu)cosv

and det(Dg) # 0 except when ¢ = 0 or a = —tcosu, but since this is a set of measure zero, it

does not affect the calculation. Note that we ignore the absolute value since by the definition
of a the expression t(a + ¢ cosu) is almost always positive. We get that

Vol(g(f2)) = /(Q) 1dV (z,y,2) = /Qdet (Dg(t, u, v)) dV (t,u,v)

/ t(a + tcosw)dV (t,u,v).
[0,6] x[0,27] x[0,27]
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Using Fubini’s theorem we get that

2r p2m b
/ t(a+tcosu)dV (t,u,v) = / / / t(a + t cos u)dtdudv
[0,6] % [0,27] x [0,27] o Jo Jo

2 27 2 3
— / / (ba + b— cos u) dudv = 27%b?a.
0 0 2 3

With this, we finished calculating the volume of a torus. We now proceed to define some tools
that will help us calculate its surface area.

20.2 k-dimensional volume

Remark 20.1. We want to derive the k-dimensional volume of a k-parallelotope embedded in

a higher dimensional Euclidean space R™. Let P(v1,...,vr) C R™ be a k-parallelotope where
0
0
Vi = . e R"
0

and 9; e RF for all 1 <i < k. Naturally, we want to claim that
Vol(a + P(v1,...,v;)) = Vol(P(01,...,0)),

and thus according to Remark 19.7 we get that
Vol(a + P(v1, ..., v4)) = VOl(P (01, ..., 5)) = (det [0 | -+ | O] ‘ - )det ﬂ

where V = [01 |-+ | Ox] is a k x k matrix. However, it is of the utmost importnace to notice

that we got this result precisely because V is the transition matrix from the standard basis of
R* to the basis {771 |- f)k} of R¥. But when given random vectors an arbitrary parallelotope
P(v1,...,vE), each v; is not necessarily comprised from 9; and n — k more zero coordinates so
things become more difficult. However, luckily for us there is a quick general way to compute
Vol(P) by using Gram’s matrix. It is very important to know it because most parallelotopes
are not given in this extremely convenient way.

Definition 20.1 (Gram matrix). Let v1,...,v, be vectors in an inner product space (not
necessarily of dimension n). If V.= [v1 | -+ | vp] is a matrix so that v; is the ith column, then
the Gram matrix (or Gramian) of vy,...,v, is an n X n matrix defined by:

<'U1,'Ul> <'U17'Un>

Gviy...,vp) :=V*V = : : ,

(vn,v1) -+ (Un,vn)

where V* is the Hermitian transpose of V. The determinant of the Gram matrix is denoted by
G(v1,...,v,) or simply by G.

Proposition 20.1 (Volume of a parallelotope). Let vy,...,vx € R™ be k linearly independent
vectors in R™. Then Vol(P(v1,...,vk)) = /G(v1,...,0k).
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Proof. Note that \/G(vy,...,vx) is always well defined since G = V*V is positive-definite, so
G > 0. Indeed, if as before

Vi
0
Vi = . eR"

we denote N
Vv nxk
V= [U1|...|vk] = <0> € R"*F,
and since G := det(G(01,...,0k)) then
VG = Vdet VV = Vdet V¥V = ‘det ‘7‘ = Vol(P(v1,...,vk)),

where the last transition is by Remark 20.1. In the general case, where we know nothing

about vy, ..., v, we first apply the Gram—Schmidt process on these vectors (without normal-
izing them), to obtain a new set of orthogonal vectors wi,...,w;. Geometrically, it is clear
that Vol(P(v1,...,v;)) = Vol(P(wy,...,wy)), and since wy, ..., w;, are orthonormal we get the

identity Vol(P(v1,...,vg)) = HleszH With some technical computations, it is possible to
show (for example by induction) that HleHwiHQ = G, and therefore Vol(P(vy,...,v)) = VG,
which completes the proof. O

Remark 20.2. The gram matrix G(v1,...,v,) is not dependent on the choice of some orthonor-
mal basis. That is because if A € O(n) is an orthogonal matrice that changes one orthogonal

basis to another then <Avi, Avj> = <vi, ATAvj> = <vi,vj>.

Definition 20.2 (k-dimensional parallelotope volume). Let vq,...,vr € R™ be some vectors
in the Euclidean space such that k& < n. The k-dimensional volume of the parallelotope a +
P(vy,...,vE) is given by

Volg(a + P(v1,...,v)) = Vdet V¥V = /G,

where V = [v1 | -+ | vg], and G is the determinant of the Gram matrix corresponding to the
vectors vy, ..., vk in any orthonormal basis of the subspace span {vy,...,vx} C R™.

Example 20.2. In the special case n = 3 and k = 2 we get that for vectors

1 i)
vy = |y and v = | y2
21 z2

with V = [v1 | v2] that the volume is

Vol (P(v1,v2)) = 4 | det <<vl’”1> <”17”2>>:

(v2,v1)  (va,v2)

=V (z1y2 — y172)2 + (z129 — 1221)% + (Y122 + y221)>
=[lv1 x val

where x denotes the vector product defined by

(|
2y 21 AT 21 > 1T 1
V1 X V2= |21 Y1 21 :Zy — +k y
Y2 22 T2 22 2 Y2
T2 Y2 =2
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Notice that this product results in a vector with length ||[v1]|||v2|| sina where « is the angle
between v; and wve, with direction orthogonal to the plane spanned by v; and wve, and its sign is
given by the right hand rule.

Using these results we can conclude that the 2-dimensional volume of P(vq,v2) is equal

to ||vy X va|| = ||vi]|||ve|| sin o, which indeed coincides with the classical result from Euclidean
geometry.
Exercise 20.1. Given m = n — 1 vectors vy,...,v,, in R" we define the generalized vector

product N = v1 X vg X --- v, to be the unique vector in R™ such that for all z € R we have

(N,z) =det [z v1 -+ vy

(1) Show that the generalized product is well defined (such a vector exists and is unique).
Find the direction of N, and find the explicit coordinates of V.
(2) Show that

I
INIP=det | N v1 - opn

I .
(3) Show that Vol,,(P(v1,...,0m)) =|lv1 X va X -+ X vy ]|

Remark 20.3. Let T: R¥ — R” be a linear transformation such that k < n, and let vq, ..., v; €
R*. Then
T (P(vi,...,v)) = P(Tv,. .., Tug)

and

Vol (T (P(vy, ... ,vk))> = \/det(TV)*TV = vdet V*det T*T det V
= Vdet T*T Vol (P(vl, e ,vk)) .

Intuitively, this means that a linear transformation 7: R¥ — R™ amplifies the k-dimensional
volume of a parallelotope by a factor of v/det T*T.

Example 20.3 (Surface area). Let U C R? let p: U — R3 be a parameterization of some
part of a manifold S = ¢(U) C M. In particular ¢ is injective, continuously differentiable, and
rank Dy = 2. Moreover, for a sufficienly small rectangle R we have that

Au 0 approx. Au 0 .. D
(u,v) + P (O)’(Av) Tﬂp(u,v)—i—Dgp P <0)’<Av> = R.

Since we have that
D¢ )= [TIWAN and D¢ 0 =, A
0 wSU Av ol

we get from Example 20.2 that
Volg(]:’;) =|lou X ol AvAu

so if we denote R’ := ¢(R), we can conclude that

Area(R') ~||pu X o] AvAu.

76



20 k-dimenstonal volume Analysis 3

Definition 20.3 (Surface area). The surface area of some part of a 2-dimensional manifold
S C M C R? parameterized by ¢: U — S is defined by

A(S) :—/U\/g(:):)dV = /U \/det (Dg*(u, v)Dep(u, v))dudv = /UHcpu X || dudv.

We will see a more general definition for k-dimensional volume in the following section.

Remark 20.4. In case ¢ = T for some linear transformation 7', then Dy = T, and we have
that
A(S) = / Vdet T*T'dudv = Vdet T*T Voly(U).
U

Example 20.4. Recall that the equation z = 22 + y? describes a paraboloid. Therefore, the

equation z = /22 + y2 behaves similarly but grows linearly. The equation z = \/x2 + y?2
describes a cone.

We want to find the surface area of the cone bounded by z = 1. We can do this by using
the coordinates:

T =171cosf
=rsinf

z=r
where 0 <7 <1 and 0 <6 < 27. Then g: Q — R? where Q = [0,1] x [0, 27] and
g(r,0) := (rcosf,rsinf,r)

is a parameterization of the cone under z = 1. Since

—rsinf cos 6
go = | rcosf and ¢, = | sinf
0 1

we have g, x gy = r(—cosf, —sinf,1), and thus ||g, x g¢| = V2r. Similarly we have that

G — <gragr> <gra99> _ 2 0
(90, 9r) (90, 90) 0 )’
so G = 2r2. Therefore, by using the definition for surface area we get

2m 1
Alg(@) = [ VBldudo| = [ Jlao % gl due] = [ ( / ﬂw) a6 = V31

Example 20.5. We can similarly compute the surface area of a 2-sphere S? in R3. We can do
this by using spherical coordinates:

x = cosfsiny
y = sinfsin

z = cosp
where 0 < ¢ <7 and 0 < 0 < 27. Then g: 2 — R3 where Q = [0, 7] x [0,27] and

g(p,0) 1= (cosBsin p,sin fsin @, cos ¢)
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is a parameterization of the 2-sphere g(€2) = S2. Since

cos B cos —sinfsing
g = | sinfsin ¢ cos and g9 = | cosfsinp
—sind 0
we have
9o X g, = —(cos O sin® p, sin O sin” @, sin ¢ cos ),

and thus H gy X gﬂ‘ = sin ¢. Similarly we have that

a— [ (90:90) (96:90)\ _ (sin’¢ 0
<g¥’7g'9> <g<p7g<p> 0 1/’

so G = sin? ¢. Therefore, by using the definition for surface area we get

A(S?) = A(g(Q) ::/Q@|dudv| :/ng@ « g,|ldudol :/02” </0”sm¢d¢) a0 = 4.
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21 Surface integrals

21.1 Surface area

Definition 21.1 (k-dimensional surface area). Let U C R¥, let Q C U be a set with volume,
let o: U — R" be a parameterization as in Remark 11.7 (this means ¢ € C!, injective, with a
continuous inverse, and rank Dy = k). Denote S = ¢(£2). We define the k-dimensional surface
area of S to be

Ar(S) ::/Q\/Q(X)dV:/Q\/det (Dp*(x)Dp(x))dV (x),

where x = (z1,x9,...,xy) are the k variables of .

Remark 21.1. We can require ¢ to be injective, or rank Dy = k everywhere except for a set
of points of measure zero.

Remark 21.2. When n = 3 and k = 2 this definition agrees with Definition 20.3.

Example 21.1 (Length of a curve). In the case of £k = 1 we have ¢: [a,b] — R"™ such that
¢'(t) # 0 fro all t € [a,b], and we get that Ay (¢[a,d]) is the “1-dimensional surface area of
©la, b]”. In other words, the length of the curve ¢|a,b|. Indeed, we see that

©1(t) @1 (t)
pt) =1 and ¢'(t)=| i | = Dol
@n(t) QD;L(t)
From this follows that
@1 (1) n
D (ODe(t) = () - en®] | 1 | =D (@)
N

Thus, the length of the curve is

which is the same result we got in Section 14.1.

Remark 21.3. We now have a mathematical notion of surface area, which means we can now
integrate over surfaces.

21.2 Surface integral

Definition 21.2 (Surface integral of a scalar field). Using the notation from Definition 21.1,
let n =3 and k = 2. Let f: p(2) = S — R be continuous. Then the surface integral of f on S
denoted by [g fdA = [¢ fdo = [ f(o)do is defined by

/ fdA = / (f o) - v/det(Dp' D)V = / (£ o) llpu x o] dudv.
S Q Q

In general when k < n we define the surface integral of f on S in the same way:
/S faa = [ (fo)@) VGV
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Remark 21.4. The notation dA or do is called the surface area element. We don’t really know
what it is equal to, but we know that after “pulling it back” to Q it must be y/det(Dp*Dyp)dV
or \/G(x)dV or ||y X || dudv (all of these expressions are equal). The term dV is a surface
area element in itself, and we actually know its value, it is equal to dudv. We use surface area
elements like dV whenever it is clear that there should be dudv or dzdy or any other standard
“area form” there, and similarly we use dA to mean the same thing in the surface itself, which
although we still don’t know exactly what it is, we know that it must be /G (x) times dV after
we pull it back to Q. We will discuss the topic of surface area elements in more detail after
learning about differential forms.

Remark 21.5. Notice the similarity of Definition 17.7 and Definition 21.2.

Remark 21.6. The surface integral of a scalar field is sometimes called a type one surface
integral. That is because the result of the integral does not depend on the orientation of the
surface.

Definition 21.3. We can generalize the definition of a surface integral of a scalar field to higher
dimensions. Let Q2 C R™ be

Example 21.2 (Mass of a torus). Let
S =1T% = ([0,2n] x [0,2n])
where ¢ (u,v) is given by
(a + bcosu) cosv

o(u,v) = bsinu =
(a+ bcosu)sinw

IS NSRS

Let the mass density of the torus be

1
—F— = P\, Y, 2).
V2 + y? ( )

The total mass of the torus is then given by

f(a:.?y?Z) =

/ fdA = / fop(u,v)|eu X @y dudv
S [0,27] x[0,27]

27 27 1
= / / ———bla+beosu)dudv = - - - = 4br?.
o Jo a-+bcosu

Definition 21.4 (Change in parameterization). Let g(U) = S be a parameterization of an
m-dimensional surface. A change of in parameterization on S is a map ¢ € C'(V,R™) for
V' C R™ which is injective and ¢(V') = U, such that rank(Dy(z)) = m for all x € V. We say
that ¢ preserves orientation, if det(Dp(x)) > 0 for all z € V.

Remark 21.7. A change in parameterization defined a new m-parametric surface § € C1(V, R")
with g(z) = g(p(x)).

Proposition 21.1. Any surface integral fs fdA is independent of the parameterization of S.
More formally, if Q C V C RF is a Jordan measurable set and Q = gp(ﬁ) cUcCRisa
k-parametric surface, then for any two paratemetrizations g and g := goy of S = §(§) =g(Q)
we have Vol (g(Q)) = Volg(3(€2)).
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Proof. By the chain rule we have that Dg = Dg o Dy so,

g(x) := det(Dg*Dg) = det(Dy  DgTDgDy) = det(Dg’ Dg) (det(Dgp))2
= G(p(a)) (det(Dp))”

It is now left to use the change of variables theorem with y = p(x) and we get

Vali(o(@) = | VO] = [ VElpldeun)d

p(2
:/ﬁ@‘d’%‘ — Vol (3(Q)).

This equality completes the proof. O
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22 Differential forms

Remark 22.1. In this section we will introduce what I consider the most important object in
this course, the differential form. Every integral we have seen so far can be described cleanly
using differential forms.

We have seen in Theorem 21.1 that type one scalar/surface integrals are independent of
the parameterization (in fact you can remember type one integrals as “integrals independent of
orientation”). In this sense, they are different than the standard Riemann integrals we saw in
analysis 2 which depend on the orientation of the interval:

/a " fa)de = — /b " Fw)da.

We want to generalize these integrals to higher dimensions while preserving this property. We
have already seen these integrals before.

22.1 Type two line integrals

Definition 22.1 (Type two line integral). Let U C R™ be open, let fi,..., fn € C*(U,R), and
let v € C*([a,b],R") be a regular curve with v([a,b]) C U. We then define the type two line
integral of 3" | f;(x)dz® by

) | dt.

~ . i_ [T~ dy’
[ st s= [ S sewm) G

Remark 22.2. The expression w(x) = > = fi(x)dz’ is called a differential 1-form.

Example 22.1. Let w(x,y) = —ydx + xdy, and let v(t) := (z(t),y(t)) = (Rcost, Rsint) for
t € [0,27] be the parameterization of a circle of radius R. Then by definition we get

Aw _ L _ydz + 2dy = /O% (—y(t) - %(t) ey i’?) i
2

= / ((—Rsint)(—Rsint) + (Rcost)(Rcost)) dt = 2mR.
0

Example 22.2. Let w(z,y) = zdx + e¥dy, and let v(t) := (z(t), y(¢t)) for t € [a, b] parameterize
some arbitrary simple smooth closed curve. Then

/Vw = [Y:cdx + eVdy = /ab (:):(t) : i—f(t) + e¥) . i‘f(ﬂ) dt = <‘7322(t) + ey(t)>

This is not a coincidence. We will talk more about integrating differential forms over closed
curves later.

b

a

Definition 22.2 (Sign). The sign of a change in parameterization ¢: [a,b] — [«, 5] is defined
to be the following function:

1, ( preserves orientation,
sgn(yp) := o
—1, « preserves does not preserve orientation.
In this case, the orientation of an interval I = [a,b] is defined by the sign of its boundary

0l = b — a. We will talk more about orientation later.
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Proposition 22.1. The type two line integral is not dependent on the parameterization of the
curve, only on its orientation. In particular, if p: [a,b] — [o, B] is a change in parameterization
of a curve parameterized by v: [a,b] — C so that 5 = yoy: [a, f] — C, then f,y w = sgn(y) f,y w.

Proof. By the chain rule:

_ d’y de
[ - [ Zfl D (e L) | dr

»(B) n d,yz'

= [ [ G | = semie) [

(04) i=1

O]

Remark 22.3. We denote a parameterization v with the opposite orientation by —~ and
similarly the correponding curve C' by —C.

22.2 1-differential forms

fi(x)da.

In this subsection the goal is to understand the expression w(x) = >,
T, R" — R given by v

Let 7o € U C R", and let f € C1(U,R). Recall that df(zo):
df(zo)(v) is a linear map.

Under the standard coordinate system {ey,...,e,} for each 1 <i < n we define the coordi-
nate function z°: R” — R by x — 2. Thus, in standard coordinates the representing matrix of
dx?(xg) is the matrix

Dz (xq) = (gﬁ g;; gzjl) = (() e 0010 - 0)‘
For any v € Ty,R™ we have dz’(x()(v) = v’. In particular we have that dz’(xo)(e;) = 5;'» where
5} =1 if and only if i = j and (5;» = 0 otherwise. Therefore, {da:l, e ,dw"} is an orthonormal
basis of the dual space (Ty,R"™)* which is dual to the basis {ei,...,e,}. 2 Under the dual
basis, since df(x¢) € (Tx,R™)* (formally df(x¢) is defined on R™ but since Ty, R™ = R™ we can
identitfy the same spaces as the same space) we have that

af
oxt (

df(xo) = xg)da’.

=1

More generally, any linear combination Y 7 ; \;dz’ is in (Tx,R™)* and is maps v € Ty, R" to
the scalar Y 1 | \iv' € R.

Definition 22.3 (One-form). Let U C R™. A one-form (or, usually a 1-form) w is a C'! function
w: U x R™ — R such that for all xg € U we have w(xg) € (Tx,R™)*.

Remark 22.4. Since w € C!, and since w(x) € (Tx,R")*, we can always write w(x) =
S, fi(x)da® for some f1,..., f, € C1(U,R).

Remark 22.5. We can also consider smooth 1-forms, which are the same as C! 1-forms, except
we require them to be C'*° maps.

Remark 22.6. The space of all 1-forms in U is denoted by Q(U).

2Recall that the dual space V* of a vector space V over F is the space of linear functi_onals V — F. Given a
basis {e1,...,en} of V, there exists a dual basis {€',...,€"} for V* defined by €'(e;) = d;.
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Example 22.3. We can define a 1-form using constant functions f; = A; for all 1 <¢ < n, so
that for any v € Ty, we have

w(v) :=w(xo)(v) = Zfi(xo)dl‘i (v) = Z/\ida:i (v) = Z)\ivi.
i=1 i=1 i=1

Notice we can denote w(v) := w(xp)(v) since the functions {f;};_, are constant.

Remark 22.7. In general w =y ;" | fidz! is a 1-form, and is mapping from U x R® — R, the
expression w(xg) = > i fi(xo)dz® is the 1-form calculated at some point xg € U. It is a linear
functional from R™ = Ty R™ to R, therefore it is an element of the dual space (Tx,R™)*. The
expression w(v) for some specific v € V is generally a function w(x)(v) = (31, fi(x)dz") (v) =
S fi(x)v' in x from U to R. In Example 22.3 since the functions f; are constant, we get
that the function w(v) is constant so we can consider it as a scalar (which is equal to its value

w(x0) (V)

Example 22.4. Let 72 be the function r?(z,y,z) = 2% + 3? + 22. Then df(wo,yo0,20) €
(Tx7y7z)R3)*. We get that dr?(zq, yo, 20) = 2zodx + 2yody + 2z0dz. For any (a, b, c) € R? we get
dr*(zo, Yo, 20)(a, b, c) = 2xpa + 2ypb + 2zpc € R.

Example 22.5. Let f: R” - Rand let w =df = >, gfz dz’. Then for v € Ty, R" we get
that

A G0)v) = | 32 2 ey Z oL ot = (V7 x0). )
=1

which is exactly what we expected to get.

Remark 22.8. The expression df is also called the “exterior derivative” of f. We already know
that df is a 1-form, and later we will see that f is a 0-form, so in this case d took an n-form
and returned an (n + 1)-form.

Definition 22.4 (Type two line integral for 1-forms). Let v € C([a, b], R") be a simple smooth
curve and let w = >°% | fidz' € QL(U) be a 1-form where U C R" so that y([a,b]) C U. The
type two line integral for w on + is defined by

L wi= [aa@(t))@'(t))dtz / Zfz (o (1))t = /ab gfm))

Example 22.6. Let v = (x(¢),y(t),2(t)) € C’l([a b],R3) be a simple smooth curve, and let
w = Pdx + Qdy + Rdz where P,Q, R € C'(R3,R) be a 1-form. Then the integral of w over ~ is

d 1
Vt(t) dt.

b b
/ w= / w(r(B) (7 (B)dt = / (Py(£)2/ (1) + QUy(E)y/ (1) + R((£)7(2)) dt

b
= / (F,~'(t))dt

where F' = (P, Q, R) is the vector field corresponding to w.

Exercise 22.1. Let w = %Zxdy € QY(R?\ {0}), and let y(t) = (z(t),y(t)) = (Rcost, Rsint)

where ¢ € [0,27] and R > 0. Find fvw.
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Solution. By definition we have that

[o= [ ()
_ /2“ <(—Rsint)(—Rsint) + (Rcost)(Rcost)) 4 — 9
0

R2

Proposition 22.2 (Conservative vector field). Let U C R™ be an open set, and let w = df so
that f € C*(U,R). Then fww = f(v(b)) = f(y(a)). In particular if v is closed (y(a) = (b))
then fv w =0.

Proof.

b , b n af dz?
[o= [ araeneren= [ 3" ghom - G |

b
_ / S(Fontat = F(y(8) = f(x(a)).
O

Remark 22.9 (Exact form). In physics the function f is called the potential function and
w = df is called the conservative field. In mathematical terms w = df is called an ezxact form.
We will discuss these terms in more detail later.

Example 22.7. Let w = (ye®™ + cosz)dx + (ze™ + 1J2r7§/2)dy € QY(R?). Then for any closed

smooth regular curve 7: [a,b] — R? we have fvw = 0. That is because the function f(z,y) =

e + sinx + In(1 + y?) + ¢ is a “potential function” for w, so by Theorem 22.2 we immediately
have f7 w = 0.

Remark 22.10 (Method to find the potential function). We will focus on trying to find the
potential function of w from Example 22.7. If we know that a potential function f exists, then
f + ¢ is a potential for any constant ¢ € R. Therefore we may assume that f(0,0) = 0. We can
now define f(xo,yo) simply by f(zo,y0) := fvw where «y is any path from (0,0) to (xo,yo) for
example the concatenation v = a + b where a(t) = (¢,0) for t € [0,z0] and b(s) = (zg,s) for
s € 10,y0]. Then we have

o Yo 2
f(@o,y0) = /w+/w = / cos tdt+/ <$06‘T05 =2 > ds = sin(zg)+e™% +In(1+y3)—1.
a b 0 0

1+ s?
This implies that f(z,y) = sin(z) + *¥ + In(1 + y?) + ¢ are all potential functions for w.

Remark 22.11. Theorem 22.2 and Remark 22.10 show that a vector field has a potential
function if and only if every curve integral on its corresponding 1-form only depends on the
boundary of the curve, which is why some authors take this as a definition for a conservative
vector field instead.

22.3 k-forms and the wedge product

The goal for the rest of this section is to generalize integration on curves fv w to integration on
m-parametric surfaces. We will start by generalizing 1-forms to k-forms.

Definition 22.5 (Multilinear antisymmetric function). A function L: (R")* — R is called
multilinear and antisymmetrical if it is
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(1) Linear in each component.
(2) Changes sign when we interchange between any two variables:
L(vi,... Vi, oy Vi, oo, V) = —L(Vi, ..,V o, Vi, V).
Remark 22.12. The vector space of all multilinear antisymmetric functions L: (R")* — R is
denoted by A¥(R™)*.

Definition 22.6 (k-form). Let U C R" and let k = 0,1,2,.... A function w € C*(U x (R")¥, R)
is called a k-differential form if for all x¢ € U the function w(xg): (R")* — R is multilinear and
antisymmetric (w(xo) € A¥(R")*).

Remark 22.13. The space of all k-forms is denoted by Q*(U). In particular we have Q°(U) =
cHU).

Remark 22.14 (Dimension of A*(R™)*). We know that given a standard basis {ey,...,e,} on
R™ each multilinear function L: (R®)* — R is determined uniquely by its values on the basis
vectors in each coordinate L(e;,,...,e; ) for 1 <i; <nfor1 <j <k (n* elements). If L is
also antisymmetric, it is determined by the values of L(e;,,...,e;, ) for 1 <i; <nfor1 <j <k
and i1 < ig < --- < ig. Therefore the dimension of /\k(R”)* is (1)

Example 22.8. Consider the following cases:

(k=1) since A*(R")* = (R")" we get dim(A*(R™)*) = n, and indeed {dxi}?zl is the standard
basis where dz’(v) = v* for 1 <i < n;

(k =n) we get dim(A\"(R™)*) = 1, and since det € A¥(R™)* we then must have that every function
in A¥(R™)* is a multiple of det by a constant so that w(xq)(v1, . .., vy) = cdet(vi,...,vp);

(k> mn) in this case dim(A\*(R™)*) = 0.
Example 22.9. Let wys € A>(R™)* be the function

vl vl vl vl
wi2(vy, ve) = det (Ul vé =Vol | P v% , vé

In other words, wia(v1,ve) is the signed (i.e. it can be negative depending on the orientation)
of the parallelogram P generated by the projection of vi and v onto the plane spanned by e;
and ey. Similarly we can define w;; € A*(R™)* by

’Ul 'Ui Ui Ui
wij(vl,VQ) = det (U‘ ’U;) =Vol | P (U%) , (’U;)

for all 1 <1i < j <n. For example if n =3 and v; = (1,2,3) and vy = (4,5,6) then we have

1 4
wlg(Vl,Vg) = det <2 5) =-3

1 4
wi3(vy, ve) = det <3 6) =—6

2 5
wag(vy, ve) = det <3 6) = -3

and from Remark 22.14 it is easy to see that w;; form basis for A\?(R™)*.

o=

[y
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Definition 22.7 (Wedge product). Let dz!,...,dz" be the standard basis of (Tyx,R")*. Then
we define

U1 Uk
dz Ada A--- Ada' (vy,...,vp) i=det | : :
vk Lk

In other words, the wedge product is the signed volume of the paralellogram generated by the
vectors vi, ..., vy € Tx,R" projected onto the space spanned by e;,,...,e; . Moreover, if f is
a O-form we define f A dz! = fda'.

Remark 22.15. It is easy to see that for different 1 < i1 < --- < i < n the wedge products

dzt A --- A da’ are linearly independent and thus from a cardinality argument they form a
basis for \"(R")*.

Remark 22.16. The wedge product is indeed a product A: A¥(R™)* x A(R")* — AFH(R™)*
which is defined on the basis vectors by

(dx“ /\---/\dxi’“) A (dle /\---/\dmjl) =da A Ada AdaTt A Adadt,
and is expanded linearly.

Proposition 22.3 (Properties of the wedge product). The wedge product has the following
properties:

(1) wA(n+v)=wAn+wAv (distributivity).
(2) wA(nAv)=(wAn)Av (associativity).
(3) wAv=(—1)*v Aw (supercommutativity).

Remark 22.17. This means that the wedge product is distributive, associative, and property
(3) is called supercommutativity, so it is also supercommutative.

Example 22.10. Let w = ajdz + bidy € A'(R?)* and v = aodz + bedy € A'(R2)* (recall
that these are like 1-forms computed at a point xg € U). Then, by distributivity of the wedge
product:

wAv = (a1dz + b1dy) A (agdz + bady) = ajasdx A dz + a1badz A dy + brasdy A dx + bibady A dy.

Since dz € A'(R') by supercommutativity we get dz A dz = (—=1)*dz A dz so dz A dz = 0 and
similarly dy A dy = 0 so we can write

w A v =aibedx A dy + brasdy A du.
Finally, we can use distributivity and supercommutativity again to get
wAv = (a1by — biag)dz A dy.

The coeflicient looks like the determinant of a matrix, and the next exercise shows that this is
not a coincidence.

Exercise 22.2. Let o’ = aidz! 4 abda? + - - + ai,dz™ € \'(R™)* for all 1 < i < n. Show that

ai .-+ al}
WAW A AWt =det | 1 . [ dat Ada? A Ada™.
ap, ap

Explain what this means geometrically.
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Corollary 22.4. FEvery k-form w in U C R™ can be written as

wE) = Y faa(x)da A Ada

1<t << <n
where fi, i, (x) € CH(U,R).

Example 22.11. Let w = P(x,y,2)dy Adz + Q(x,y,2)dz A dx + R(x,y,2)dz A dy € Q*(R3).
Then

P vl w

2 2 3,3 1,1 1 U2

w(p)(vi,ve) = P -det vé U% +Q - det v% U% + R - det U% v% =det | Q v? v2
Vi Vs V1 U3 vy 3 R v} v

= <F(P)7V1 X V2>,
where p € R3, vi,vy € Tp]R3 and F(p) = (P(p), Q(p), R(p)).

Remark 22.18. Note that when working with 2-forms on R? the most convenient way to express
them is w = Pdy A dz + Qdz A dz + Rdx A dy and not w = Pdy Adz + Qdz Adz + Rdy A dz
for example, in order to maintain positive orientation.

22.4 Pullback of forms

Definition 22.8 (Pullback). Let g € C*(U,R") for U C R™ and let w € Q*(g(U)). We define
g*w € QF(U) by

g w(x0) (V1. -, Vi) = w(g(x0))(dg(x0)(v1), - ., dg(x0)(Vk))-

Remark 22.19. The pullback operation is linear and is also compatible with multiplication
by C! functions (this is actually a special case of distributivity over the wedge product). For
example for w = fidz + fady we have g*(w) = g*(fidz + fody) = ¢*(f1)g"(dz) + g*(f2)9"(dy).
The expression g*(f1) is well defined since f; is a 0-form.

Remark 22.20 (Deriving pullback). The easiest way to derive the pullback is by understanding
its connection to the change of variables theorem. We will talk about this more later, but even
now it is possible to understand that in the same way that a parameterization g amplifies the
volume of the paralellotope generated by these k vectors by Dg(xp), when we pull back here
(change of variables is also pullback) we need to amplify the vectors by Dg(xg), and in fact a
more natural way to think about it is geometrically, where w(g(xg)) is a function that “eats”
a parallelotope (which is way it is multilinear and antisymmetric), and hence we amplify the
parallelotope by Dg(xg) (except we use dg(xg) because we are working without coordinates,
which means without choosing a basis).

Example 22.12 (Pullback of a 0-form). Recall that Q°%(g(U)) = C'(g(U)). For a function
f(x) € Q%g(U)) and u € U C R™ by definition

g f(u) := f(g(u))
so a pullback is simply composition.

Example 22.13 (Pullback of a 1-form). If w € Q!(g(U)), then it is a linear combination of the

basis elements {dxi}?zl. Since the pullback is linear it suffices to understand what is g*da’.

By definition for u € U and v € T,R"™ = R™ we have

et (w)(v) 1= da’(g(w)(dg(@)(v) = [dg(@)(v)]' = D L (w) -/ = (g (w)(v),

88



22 Differential forms Analysis 3

where w1, ...,u™ are the variables of g, and dg* is the 1-form that is the exterior derivative of
g'. Therefore we get that g*dz’ = dg’. For a general 1-form w(x) := > | fi(x)dz’ we get by

linearity:
Z filg(w)dg' = Z filg

Remark 22.21. Pullback distributes over the wedge product. This means that g*(w A v) =
g*w A g*v. Notice that this also allows us to compute pullbacks of general k-forms.

m

Remark 22.22. As a corollary of the above computations we get a new chain rule for the
pullback operation.

Corollary 22.5 (Chain rule). Let U C R™ and V' C R™ be open sets. Next suppose that
f € CYHU,R™) so that f(U) C V and g € CY(V,R%). Then for w € Q¥(g(V)) we get that
(g0 f)*(w) = f*(g"(w)).

Example 22.14. Let v: U — R" where U = (a,b) be a smooth regular curve in R™ and let
w=> ", fidz! € Q*(y(U)). Then by Example 22.13 the pullback v*w(t) is

Zfz d’Y _Zfz

Example 22.15. Let g: R? — R? be defined by g(u,v) = (ucosv,usinv). Then

)dt c QLU).

9" (zdx + ydy) = (ucosv)d(ucosv) + (usinv)d(usinv)
= (ucosv)(cosvdu — usinvdv) + (usinv)(sin vdu + u cos vdv)

2 cosvsinv + u® sin v cos v)dv

= u(sin® v 4 cos? v)du + (—u
= udu,

and similarly

9" (—ydz + zdy) usinv)d(ucosv) + (ucosv)d(usinv)

usinv)(cos vdu — usin vdv) + (u cos v) (sinvdu + u cos vdv)

(=
(=
(—usinvcosv + ucosvsinv)du + (u? sin? v + u? cos? v)dv
u

2du.

We can also compute

g*(dz Ady) = g*(dz) A g"(dy)
= d(ucosv) A d(usinv)

= (cosvdu — usinvdv) A (sin vdu + u cos vdv),
then by Exercise 22.2 we have that

g"(dz A dy) = (cosvdu — usinvdv) A (sinvdu + u cos vdv)

— det ( st Sy ) du A dv

—usmuv ucosv

= (u cos? v + usin® v)du A dv
= udu A dv.

Remark 22.23. If we need to integrate w = xdy + ydx, we can notice that that this is simply
d(ay) so [ w = [ d(ay) = [a(Oy (D).
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Exercise 22.3. Let g € CY(U,R") for U C R", and denote x = g(u). Show that

99t .. 990
Oul ou™
g (dz' Ao Ada™) =det | [ dut Ao Adun,
9" ... 99"
oul ou™
where uy,...,u, are the variables of g. Notice that this is an immediate corollary of a previous

exercise. This is a very handy formula when using the change of variables theorem. Important
bonus: generalize this and find the correct formula for when U C R™ and m # n. Note that
the bonus can be solved (well not rigorously but you can find the formula) by intuition alone
and previous things we saw. Think about the cases n < m and m < n separately.

22.5 Motivation for surface integrals and flux

Remark 22.24. The purpose of this section is to give intuition for surface integrals of m-forms
by introducing the flux integral.

Remark 22.25. Recall that our goal is to generalize type two line integrals to k-parameteric
surfaces.

Definition 22.9 (Unit normal vector). Let S = g(Q2) be a 2-parametric surface in R? where
g(u,v) = (x(u,v),y(u,v), z(u,v)) for (u,v) € Q. Then the normal vector at a point g(u,v) on
the surface is defined as

/ X /
or n(u,v):= v~ Ju

n(u,v) 1= Iu X Go = Jv = Ju_
’ g, < g’

gl > g
where ¢/, and g] are the partial derivative of g with resepct to u and v respectively.

Remark 22.26 (Intuition for the unit normal vector). The intuition behind this definition
should be very clear. We take the vector product of the two vectors that span the tangent
space T(,)S, so the result is a vector that is orthogonal to T(,,)S and then we normalize it
by dividing by its norm. Notice that the normal vector is defined in two ways, that is because
the normal vector can always have two orientations (usually we say that it points inward or
points outward). For example on any point of the 2-sphere we can have a normal vector that
points inside the sphere and one that points outside it, and we know how to write each one
algebraically using the right hand rule.

Definition 22.10 (Flux). Let S = g(Q) be a 2-parametric orientable surface in R3 where
g(u,v) = (z(u,v),y(u,v), 2(u,v)) for (u,v) € Q. We also assume that g is injective, C!, and
rank(dg) = 2 in an open neighbourhood U of the compact Jordan measurable set  C R2. Let
F = (P,Q, R) be a continuous vector field on S. The flux of F' through S is defined by:

(I)—/<F,n(u,v)>dg
S
= M / /
- /Q <F(g(u,v)),‘ga . 9$H>ng x g, |||dudv|
:/Q<F(9(ua v)), gy X go)|dudo|
Yu Yo
!

=A@wmw-22

or symbolically, ® = [ ¢ Pdy ANdz + Qdz A dz + Rdz A dy.

/ /
ZU l"LL
/ /

u

FQUatw ) -|% Pt Rlgluw) - [

/
v
/
v

v u v

>]dudv[,
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Remark 22.27. Integrals of this kind are called surface integrals of differential 2-forms. Note
that do is a surface area element. We still don’t have tools to define it, but we know it should
be equal Hg{t X géH du A dv or Hg{t X gq’JH dudv or Hg; X g;H dV (all options are equivalent).

Remark 22.28 (Flux form). When given a 2-form of the form Pdz Ady+ Qdy Adz+ Rdz Adz,
the correponding vector field is not (P, @, R), instead we must first bring the 2-form to a flux
form, ]de Adz+ @dz Adz + Rdz A dy and then the vector field is (]3, @, ﬁ) The reason is that
this is what we want intuitively, but you could also justify this more formally by noticing that
this is the only proper way to compute the 2-form (we see this in the following section).

Remark 22.29. Since we have not defined surface integrals of m-forms yet, you may consider
it as a given formula at this point. Physically, the flux integral measures how much “fluid”
passes through the surface with respect to the orientation of the unit normal vector (this is
why it is a type two integral). Intuitively, the vector field measures the velocity of the fluid at
each point, so by taking the scalar product of the value of the vector field at the point with the
normal vector at that point, we are actually projecting the vector field onto the normal unit
vector, and check the “how much fluid” passed through in that direction.

Exercise 22.4. Let w = zzdy A dz + yzdz A dz + dz A dy be a 2-form in R3. Consider the
closed upper hemisphere of the unit sphere S C R3, let the normal unit vector point outward,
and parameterize S with

S=g(D) and g(z,y) = (z,y,v/1—22—9y?) and D:{(w,y)€R2’x2+y2§1}.

Compute the flux [ w.

Solution. We know that the flux formula is given by

/Sw = /D <F(g(w,y))7g; X g;>\dxdy\-

Notice that w is given in flux form so we can simply write F(x,y, z) = (zz,yz, 1), and therefore:

F(g(z,y)) = (zv/1— 22 — y2,yy/1 — 22 — y2,1).

We also have that

1 0
9y = 0 and g = 1 :
1—z2—y2 1—q2—y2
and so:
i j k L
1 0 ——=2 e
/ !/ )
Yo X Gy = L=y = | e
0 1 —y =y
T—a2_y2 1

We see that at the point (0,0, 1) the normal we get is (0,0, 1) so indeed this order of the cross
product is associated with the outward pointing normal. Therefore we can continue,

T

<F(9(xay))>9;c><9;>: (1'\/1_1'2_y2 y\/1_$2_y2 1) V12?2
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Thus,
/w:/ 2?4+ y* + 1]|dady] .
S D

Next we want to move to polar coordinates. The parameterization of the unit disc is given by
h(r,0) = (rcos@,rsind) for 0 < r < 1 and 0 < 6 < 27. Denote A = [0,1] x [0,27]. By the
change of variables theorem,

/ x2+y2+1,dxdy,:/(r2+1)-\dech(r,e)Hdrdm.
h(A) A

Compute:

cosf sin 6

’dech(Tve)‘: —rsin@ rcosf

= ‘r(cos2 6 + sin® 9)‘ =7

We can now complete the exercise since

1 2m 1
/wz/(r2+1)-r]drd9| :/ ydr|/ (r3+r)|dey=27r/ (r® 4+ 7)|dr|
S A 0 0 0

22.6 Surface interals of m-forms

Remark 22.30. We now have the tools to define type two line integrals on m-forms (also
known as surface integrals). We will start with an underwhelming definition, and them proceed
to the more interesting one.

Definition 22.11 (Surface integral of a simple m-form in R™ without pullback). Let U C R™
be a Jordan measurable set and let w € Q™(U) Recall that dim(A"(R™)*) = 1 so we can write
w = f(u)du! Adu® A --- Adu™ (it is necessary for the indices to be of this specific increasing
order!). We then define the surface integral of w on U as

fo

Remark 22.31. This definition is essentially saying that when the m-form is in U C R" and
of the form w = f(u)du! Adu? A--- Adu™ then the integral of w over U is equal to the standard
Riemann integral of f over U. We also know that dV = du'A---Adu™ and dV = du'du? - - - du™
and this definition justifies this.

Definition 22.12 (Surface integral of an m-form on a manfiold). Let U C R be an open set,
let Q C U be a compact Jordan measurable set, let g € C*(U,R") be an injective map such
that rank(dg(x)) = m for all x € U, and let w € Q™ (W) be an m-form on g(U) C W. Then
the surface integral of w on the m-parametric surface S = g(Q2) is defined by

/w:/g*w.
S Q

Remark 22.32. Note that this is a generalization of the change of variables theorem. Also, in
particular, for 1-forms we get the type two integral on curves.

Example 22.16. Let v: [a,b] — R" be a smooth regular curve in R" and let w = Y 1, f;da’ €
Q'(y([a,b])). Then if we denote F = (fi,..., f,) by Example 22.14 we get that

/7 w= / > i = / >4 60) = [ (PO 0)
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Remark 22.33. If we change the orientation of ~y, for example by using the parameterization
t(r)=a+b—7and (1) =~v(t(r)) =v(a+b—7) for T € [a,b] we get

/w—/ Zfz (T /Zfz
-/ gf () %(t)dt: [

where the second to last transition is an application of the change of variables theorem.

Y0 - L ryar

T

Example 22.17. Let v: [a,b] — R? be the graph v(x) = (z, f(x)) of a function f € C*([a,b] €
R). Then since v'(x) = (1, f'(x)) # 0, we get that vy(x) is a smooth regular curve in R2,
Therefore for w = ydz € Q'(R?) we have F(z,y) = (y,0) and thus F(y(z)) = (f(z),0) and so

[{w:/vyda::/abf(x)dx

Example 22.18. Let ) := {(r, ) eR?|0<r<land0<6< 27r} and g: Q — R3 be defined

by g(r,0) = (rcosf,rsinf, /1 —r?). Then the parametric surface S = ¢(Q) is the upper
hemisphere of the unit sphere in R?, where (r,6) are the standard polar coordinates on R2. For
w = z2dx A dy we get

g'w(r,0) = g"(2*)(r,0) - g"(dz)(r, 8) A g*(dy)(r, )
= (1 —72)-d(rcos) A d(rsin6)
= (1 —1r?%) - (cosfdr — rsin#dh) A (sin @dr + r cos d6)

= (1—7?) - det ( cosf - sing > dr A do

—rsinf 7rcosf

= (1 —72)-rdrAded.

Therefore

27 1
/ w= / 22dr Ady = /(1 —7r?)rdr Adf = / (1 —r?)r|drdf| = / / (1 —r?)rdrdd = T
s s Q Q o Jo 2

Remark 22.34. In the case of n = m Definition 22.11 and Definition 22.12 are equivalent by
the change of variables theorem and Exercise 22.3. Indeed for U C R™ and g € C'(U, R™) which
is injective and satisfies det(Dg) > 0 on U, for any m-form w = f(x)dz'A---Adz™ on S = g(Q)
where Q C U is Jordan measurable, the equality |, qw = Jo g*w follows by Exercise 22.3

g*(F(x)dat A+ A da™)(w) = f(g(u >> - det(Dg(u))du’ A -+~ A du™
= f(g(u ’det Dg(u )du A Adu™

where the last step follows from det(Dg) > 0.

Proposition 22.6. Let ¢: Q—Qbea change in parameterization that preserves orientation.

Then
/ g'w = /~(g ° ) w
Q Q
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Example 22.19. Let Q= {(9,90) ER?|0<H<2rand 0 < p < g} and §: Q — R3 be de-

fined by g(0,p) = (cos@sin g, sinfsin @, cos p). The parametric surface S = g(Q) is still the
upper hemisphere of the unit sphere in R3 and this time for w = z2dz A dy we get

Fw(B,0) = 5 (z*)(0,0) - 5 (dx) (6, 0) A §*(dy) (6, )
= cos? ¢ - d(cos fsin ) A d(sin 6 sin @)
= cos? ¢ - (—sin psin Adf + cos § cos pdyp) A (sin ¢ cos d + sin 6 cos pdy)

2 —sinpsinf singcosf
—sy det(cos&cosgo sin@coscp) o nde

= — cos® psinpdd A dp.

Therefore

2w
/w:/szx/\dy:/~—cos3<psincpd0/\d<p:/2/ — cos® psin p|dAdy|
S S Q 0 0

z 4 9 4
= 277/2 cos® p(—sin p)dy = 27 [COS E;r/ ) _ 6084(0)]
0

s
B .

Remark 22.35. In Example 22.18 and Example 22.19 we calculated the same surface integral of
won S, and got both 7/2 and —7 /2. The sign is different because the change in parameterization
(0,¢) — (r,0) with r = sin ¢ does not preserve the orientation. In this case we can say that
the change in parameterization is “orientation-reversing”. We will talk about orientation more
in Section 23.4.

Exercise 22.5. Will the results in Example 22.18 and Example 22.19 still have different signs
if the calculation was done on the lower hemisphere of the unit sphere in R3?

Solution. The original change in parameterization of V' := [0, 27| x [0, 7/2] to U := [0, 1] x [0, 27]
is the map ¢ € C'(V,R?) given by

90(‘9’ 90) = (Sin ¥, 0)

Therefore for (0, ¢) € V we have

det(Dp(0,¢)) = det <(1) CO(S) 90) = —cosp.

In this case 0 < ¢ < 7/2 and thus det(Dp(6,¢)) < 0 so ¢ is orientation-reversing, so now
we have shown Remark 22.35 has justification. In the case of the lower hemisphere, in order
to have correct parameterizations, we need to flip the sign of the z-coordinate in both g and
§. Since w = z?dx A dy we can either manually verify that the values of the integrals do not
change, or we can just notice that whether their values change or not, since the domains of the
parameterizations are still U and V' and since ¢: V — U reverses orientation, the signs of the
integrals will be different.

Exercise 22.6. Let M C R? be the region between the coaxial cylinders 2% + y?> = 4 and
22 + y? = 1 that is bounded by the planes planes z = 0 and z = 1. This type of shape is called
a cyilndrical shell. Let w = z(z* + y?)?dz A dy A dz. Find [, w.

Solution. We will parameterize M by using cylindrical coordinates

g(r,0,z) = (rcos(f),rsin(f), z).
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We now have g(Q2) = M for Q := {(r,@,z) | 1§r§2and0§9§2wand0§z§1}. By
Exercise 22.3 we have

cosf —rsinf 0
g w(r,0,2) = g*(2(z® + y*)))(r,0, 2) - det | sinf rcosf 0|drAddAdz
0 0 1

= 2(r? cos® 0 + r*sin?0)? - rdr AdO A dz
= zr%dr AdO Adz.

As we saw det(Dg(r,0,2)) = r > 0 (when (1,0, 2) € Q). Therefore [,,w = + [, g*w. Finally,
we get that

63
2rPdr AdO A dz = / zr5|drd0dz] S i.
9

/ 2(z% +y?)dz Ady Adz :/
M 6

Q
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23 The exterior derivative and orientation

23.1 The exterior derivative

Remark 23.1. Recall that QF(R"™) is a vector space. Also, in this section and onwards, unless
stated otherwise, we only consider smooth k-forms so Q°(U) = C*®(U) etc.

Theorem 23.1. Let A be an open set in R™. Then there exists a unique linear transformation
d: QF(A) — QFt1(A),

defined for k > 0, such that

(1) If f is a O-form, then df is the 1-form

Af(x)(v) = Df(x) - v.
(2) If we QF(A) and n € QY(A), then
d(wAn) =dwAn+ (=1)Fw Adny.
(8) For every form w,
d(dw) = 0.

Remark 23.2. We call d the differential operator, and we call dw the differential of w.

Remark 23.3. Given a multi-index I = (i1, ...,i,) we introduce the following notation:
drr =dx;;, Adzi, A Aday,.

Definition 23.1 (Exterior derivative). Let w = Y, fr Adz; € QF(M) be a k-form where M is
a subset of R™ (usually a manifold), then the exterior derivative of w is given by

i,
dw:deI/\dm:ZZ%f{dxj/\dxil/\-"/\dmik.
I J

I j=1

Remark 23.4. We can see that our definition is sensible since by propery (2) of Theorem 23.1,
for a k-form w = f; A dx; € QF(M) we have

dw = d(f; Adzg) = dfy Adeg + (=1)Ffr Ad(dzy) = dfr Aday.

This implies that dw is determined by the value of d on the O-form f7. This is obvious, since
any w € QF(M) is determined by the 0-forms that describe it, but it is not obvious that d can
be described in such an elegant way, instead of a very complex expression of its O-forms. In this
sense, Definition 23.1 is not exactly a definition, rather it simply follows from the properties we
want it to have.

Remark 23.5. Remember that the exterior derivative is a linear transformation between vector
spaces.

Remark 23.6. As we mentioned in Theorem 23.1, the exterior derivative satisfies the rule
d(wAn) = dwAn+ (=1)%w A dn. This rule is called the “graded Leibniz rule”, because it
reminds us of the product rule of standard differentiation, but it is called graded because it also
involves degree. The word “grade” specifically comes from the fact that A*(V*) is a graded ring
(we will not talk about graded rings in these notes).

Proposition 23.2. Let g € Q°(M) for some manifold M. Then we have d(g") = ng"~'dg.
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Proof. We will prove this by induction. First, for n = 2 we see that

d(g®) =d(gng)=dg-g+ (~1)°g-dg = 2¢dg.

Next assume that the identity holds for n—1, that is, d(¢" ') = (n—1)g"~2dg, and we will prove
it holds for n. We notice that g" = g"~! A g (since wedge of 0-forms is simply multiplication),
and use the Leibniz graded rule to get that

3

d(g") =d(g" " Ag) =d(g" g+ (-1)°g"dg.

By the induction hypothesis we get that

d(g") = ((n = 1)g"*dg)g + (—1)°¢""'dg = ng"~'dy,
which completes the proof. O

Exercise 23.1. Let g € Q°(U) for some connected open set U C R?, and let w = ¢'?3*(g/.dx +
g,dy) € Q' (U). Show that w is an exact form. That is, there exists 7 so that dn = w.

Solution. Note that dg = (¢.dz + ¢'ydy). By Theorem 23.2; we immediately get that for

_ 1 1235
m= 12359

1
dn = d(a1235) — 412349, —
M= 138 (9°")=g g =w,

which completes the proof.

Remark 23.7. For those of you who are already familiar with algebraic topology, and know
about cohomology, it may be useful to keep in mind that the exterior derivative is a coboundary
map in the cochain complex:

0—4= () 4 ot (v) 4 Q2(M) —4s 93(M) —L -

With this cochain complex (the de Rham complex) we compute the famous de Rham cohomol-
ogy. This is intuition for property (3) in Theorem 23.1. We have already seen intuition for
property (1) in Remark 22.8, and property (2) makes sure property (3) is always satisfied when
considering wedges of forms:

dw A+ (=1)*w A dp)

—1D)kd(w A dn)

— DM dw Adn + (=1)*dw A dn + (=1)%*w A dd(n)

Notice that if both w and n are 0-forms, then property (2) is simply the product differentiation
rule.

Remark 23.8. For those who don’t have much experience with topology, remember that in R?
we have the indentity V x Vf = 0, when f is a smooth function. This is a special case of the
identity d? = 0.

Remark 23.9. The exterior derivative commutes with the pullback operation.
Example 23.1. Let w = ydz + zdy € Q'(R?). Then dw = dy A dz + dz A dy = 0.

Example 23.2. Let w = —ydz + xdy € Q'(R?). Then dw = —dy A dz + dz A dy = 2dx A dy.
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Definition 23.2 (Exact form). Let M be an open set in R”. A O-form f on A is said to be
exact on A if it is constant on A. A k-form w € QF(A) with k > 0 is said to be exact if there
exists a k — 1 form 1 € Q¥~1(A) such that w = dn.

Definition 23.3 (Closed form). Let M be an open set in R". A k-form w € QF(A) with k > 0
is said to be closed if dw = 0.

Remark 23.10. The form w = d (arctan £) = %@xdy € QY(R? — {0}) is closed. However, it

can be shown that w is not exact on R? — {0}.

Example 23.3. In differential equations the equation

is said to be exact if there is a function f such that P = 91 and Q= af But this simply means
that the 1-form Pdx + Qdy is the differential of the 0- form f,so it is exact

Example 23.4. Recall that a vector field F = (P, @), R) is conservative, if and only if it is the
gradient of a scalar field f, that is, F = Vf. And that is precisely the same as saying that the
form Pdx + Qdy + Rdz is the differential of the 0-form f.

Remark 23.11. Every exact form is closed. This follows from property (3) of the exterior
derivative in Theorem 23.1.

Definition 23.4 (Star-convex). Let A be an open set in R™. We say that A is star-convex with
respect to the point p € A if for each = € A, the line segment [p, z] is contained in A.

Remark 23.12 (Notes for the future). Let w € QF(A) be a closed form. Then if A is star-
convex, w is exact on A This result is known as the Poincaré lemma. As you could expect
from its name, we will not prove it right now, since we don’t have the tools yet. The converse
to Poincaré’s lemma is false. If every closed w € Q¥(A) is exact on A, then we say that A is
homologically trivial in dimension k.

Exercise 23.2. Let A be an open subset of R", and let w € Q*1(A). Given vy,..., v, € R?,
define

9j(x) = w(x) (Ul,...,ﬁ},...,vk),

where 0; means that the component v; is omitted. Then

k
dw(x)(vi,...,v Z 1)’ 'Dg;(x) - v

J=1

Remark 23.13 (Topological perspective). When coming from the viewpoint of algebraic topol-
ogy, it is very exciting to see these results. However, one may find it difficult to find a homol-
ogy sequence, so that its dual is the de Rham cohomology sequence. In order to see a similar
connection, reference the “de Rham theorem” which shows the connection between de Rham
cohomology and the homology of chains, using the integral operation, and the Stokes theorem.

23.2 Green’s theorem

Definition 23.5 (Natural orientation). Let  C R? be a Jordan measurable set, such that 52
is a finite union of piecewise smooth, simple closed curves. The natural induced orientation
(or standard induced orientation) of 92, is the direction that requires € to be to the left when
following along it.
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Remark 23.14. This simply means that 2 is a Jordan measurable set, with boundary that
could be either a circle, or if its a finite union of piecewise smooth, simple closed curves, it could
be the figure eight space (a space that looks like the digit 8).

Remark 23.15. Notice that a circle in R? does not have a natural induced orientation (as a
boundary) by itself. If we consider the unit circle as the boundary of the unit disc, its natural
orientation would be counterclockwise, but if we had considered it as the inner circle of the
boundary of an annulus, its natural orientation would be clockwise. As you may expect, this
definition we gave of natural orientation is not the most... “natural” one, and indeed, we will
introduce a more general notion of induced orientation in Section 23.5.

Theorem 23.3 (Green’s theorem for a rectangle). Let R C R? be a rectangle, and let w be a

1-form on R. Then
/ w:/dw,
OR R

where OR is given the natural orientation.

Proof. Suppose that R = [a,b] x [¢,d], and w = Pdz + Qdy. Then

_ (%P4, 19 Q4,99 _ (9@ _oP
dw = <8xdx+ aydy)/\dx—i—((%dx—i— 8ydy>/\dy— <8w ay)dac/\dy.

Now by a simple application of Fubini’s theorem we obtain that

:/j(/j%ﬁdx)dy—/ab(/cd?;dy)dm
z/cd (Q(b,y) —Q(a,y))dy—/ab (P(x,b) — Q(z,a)) dz,

where the last transition was the fundamental theorem of calculus. From here, we can simply
use Definition 22.4, while considering that R is endowed with the natural orientation, and get
that

/R dw = / " (Qb.y) - Qla.y)) dy - / (Pla.b) — Qa.a)) d
-/ " Qo) - / " Qay)y - / ' Pl ¢ / ' Qe a)da

[ w
OR

Remark 23.16. Green’s theorem is a special case of Stokes’ theorem, which we will get to
soon.

O]

Corollary 23.4. Let S C R? be parameterized by a rectangle, and let w be a 1-form on S. Then

/ w:/dw.
oS S
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Proof. Let g: R — S C R? be a parameterization. Then, by Theorem 23.3 and Remark 23.9

Remark 23.17. We can notice that Green’s theorem also holds on the unit disc, since we can
approximate it by Ss . sets parameterized by g: [d,1] X [€, 2nr] defined by g(r,6) = r(cos§,sin0)
with the natural orientation. Also, Green’s theorem holds for any region S that can be de-
composed as a finite union of parameterized rectangels overlapping along their edges, since the
edges of the rectangles contained in S always cancel out (each edge is counted twice, once with
positive and once with negative induced orientation, so long as all the boundaries are given
natural orientation).

g

Example 23.5. Let Q = {(a;,y) | 22 + 92 < 1} and define the functions P, Q: 92 — R by
P(z,y) =0,
Qz,y) =

Then by Green’s theorem we get that

/ zdy = / Pdx + Qdy = / 1dV = Vol(Q?) =
o0 o0 Q

We can see that when calculating the integral directly

27 2
/ xdy = / (cost) costdt = / cos’(t)dt =
onN 0 0

we get the same result.

Remark 23.18. More generally, for a planar region S, we can compute Vol(S) by using line
integration. We have

1
dz Ady = d(zdy) = d(—ydx) =d <2(ydx + xdy)) ,

and thus we get multiple ways to compute the area of S,

1
Vol(5) = / ldz Ady = / xdy = / —ydz = / —ydz + zdy.
S 89 Py 2 Jos

Example 23.6. Let w be the 1-form given by

- Y x
w = 2 +y2dx+ 2 +y2dy
which is defined and continuously differentiable on R? \ {0}. We set A := {(z,0) | z > 0} and
define a function f: R?2\ A — R by

flz,y) = arg(x + iy).

Intuitively, the value f(z,y) is the angle (z,y) makes with the positive side of the z-axis. This
function is continuous and can also be written as

arctan (£) x>0and y >0
T —arctan (%), y>0

%) x <0

—arctan (£), y <0

f(z,y) =

™ —|— arctan (
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We have (already mentioned) that

af of y x
df = Dae+ Pay= - d dy =
! ox x+6yy 2 + 92 $+x2+y2y

Indeed as mentiond, w is exact on R?\ A, so by Theorem 22.2, for any smooth simple curve
contained in R? \ A we have the identity:

/sz/cdfzf(B)—f(A)-

Now suppose we wanted to know if w is exact on R?\ {0}. We might want to apply the identity
on the unit circle, in order to get a result that it is not 0, thus showing it cannot be exact on
R? \ {0}, however, since w is exact on R? \ A, this method only works for curves which are
properly contained in R? \ A. We may want to apply Green’s theorem on the unit circle, in
order to get a result that it is not 0, however, in order to use Green’s theorem on the unit
circle, w must be smooth on the unit circle, which it is not because of the singularity at the
origin. While these two methods fail, we can quickly compute by definition that [, o)W = 2T,
so indeed as expected, w cannot be exact.

23.3 The winding number

Suppose C'is any simple closed curve in the plane that encircles the origin, and let I" be a circle
entered at the origin lying inside the interior of C', as shown below:

.

Y
N\

We denote by €2 the set bounded by I' and C. If we orient €2 and I" counterclockwise, then if we
recall Remark 23.15, we would get that 02 = C+1'~ = C —T', where '™ is I with the opposite
orientation. Once again, let

Y x

w = —$2+y2dx+ wQ—l—y?dy'

Now, w is smooth everywhere on 2, so by exactness (in particular closedness) of w, by Green’s

theorem we get that
0:/dw:/ w/w—/w.
Q o Jo r
/w:/w:27r,
C r

where the last equality can be computed easily by definition, in a similar manner to what we
saw in Example 23.6. By linearity of the integral over paths, we easily obtain that for a path
C, that winds around the origin n times, we have an w = 27n, and similarly if C' is a path

This implies that

that winds around the origin once in each direction, we would get f cw=2m =27 =0.
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Definition 23.6 (Winding number). Let C be a smooth closed curve on R? \ 0, the winding
number (or index) of C' is given by

1 1 Y T
Ind(C) := — =— [ — d dy.
nd(C) 27T/va 2 Jo x4 y? x+x2+y2 Y

Intuitively, it’s the number of times C winds around the origin counterclockwise.

Remark 23.19. This result is very important in complex analysis.

23.4 Orientation

First recall the definition for a parameterized smooth surface.

Definition 23.7 (Parameterized smooth surface). Let U C R? be a bounded open set, and
let g: U — R™ be an injective smooth map with rank Dg(a) = 2 for all a € U. Then we call
S = ¢g(U) a parameterized smooth surface of dimension n. In particular, it is a 2-dimensional
manifold in R".

Remember Remark 22.357 It is finally time to properly define orientation.

Definition 23.8 (Volume form). A volume form (or a top-dimensional form) is a differential
form w € Q"(M) of degree n = dim M.

Remark 23.20. A top-dimensional form is called a volume form since it is the only type of
form that allows us to compute the volume in the dimension of the manifold.

Definition 23.9 (Orientation via forms). An orientation of a smooth manfiold M of dimension
n is a smooth volume form w € Q"(M) with w(p) # 0 for all p € M up to multiplication by a
positive function f: M — R*.

Remark 23.21 (Oriented manifold). A manifold is said to be orientable if it has some orienta-
tion. A manifold with a choice of orientation is called an oriented manifold. If M is a connected,
orientable manifold, then it has exactly two possible orientations, because the space /\k(T;M )
is one dimensional and since the orientation is not zero it must be either in the positive side of
the vector space or in its negative side, and the equivalence relation makes any two forms on
the same side equivalent as orientations.

Definition 23.10 (Standard orientation). The standard volume form on R"” isw =dzi A--- A
dx,. When n < 3 we sometimes write w = dax A dy or w = dx A dy A dz instead respectively.

Example 23.7. Consider the unit circle S! := C1(0) C R%. A volume form on S is a 1-form,
for example w = —yda + xdy. Since w is nowhere-vanishing and smooth, it is an example of an
orientation on S?.

Definition 23.11 (Positivity of an ordered basis). Let M be an n-dimensional manifold, let
B = (v1,v2,...,v,) C R" be an ordered basis for T),(M), and let w be a nowhere vanishing
volume form (an orientation) on M. We say that B = (v1,ve,...,v,) is positive with respect
to w if w(p)(vi,ve,...,v,) > 0, and otherwise we say that it is negative with respect to w.

Remark 23.22. Note that a choice of orientation w on a manifold M, is equivalent to a choice
of an equivalence class of the nowhere vanishing forms in Q" (M )/ ~ where w ~ @ if there exists
a smooth function f: M — Ry such that w = f©. By a nowhere vanishing form we mean that
w is not identically 0 at any p € M, and by equivalent, we mean that the postivity, or signs
of ordered bases any every p would be the same with respect to any volume form in the same
equivalency class.
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23 The exterior derivative and orientation Analysis 3

Example 23.8. In R?, with respect to the standard orientation, the standard basis (e, e2) has
positive orientation, (es,e1) has negative orientation, and (e; + eg, e2) has positive orientation.
We can see this quickly by recalling that dx A dy = det.

Remark 23.23. In Example 23.7, the orientation on the unit circle S* was w = —ydz + xdy.
Define g(0) = (cos 0,sin ) so have that T ) = t(—sin6,cos ). Therefore ((—sin@,cosf)) is an
ordered basis for T} ). With respect to the orientation w we notice that wg) (—sinf,cosf) =1,
and thus the direction (—sind, cos 6) is the positive direction of the tangent space. This orienta-
tion of the tangent space tells us intuitively, that the orientation w on S* is the counterclockwise
orientation.

Definition 23.12 (Framing). A framing of a smooth manifold M of dimension n is a continuous
function that sends each point on the manifold p € M to an ordered basis (v1(p), va(p), - . ., vn(p))
of the tangent space T),(M).

Definition 23.13 (Parallelizable manifold). A manifold that admits a framing, is called a
parallelizable manifold.

Example 23.9. The space S! from Example 23.7 has the framing v1(0) = {(—sin 6, cos#)), and
therefore S is a parallelizable manifold. However, 52 := {x € R? |||z|| = 1} is not parallelizable
since if v = (v1,vy) were a framing, then the vector field vy is a contradiction to the hairy ball
theorem.

Proposition 23.5 (Parallelizable implies orientable). FEvery parallelizable manifold is ori-
entable.

Proof. Let v = (v1,...,v,) be a framing on an n-dimensional manifold M. For every p € M

define
wp(v(p)) =1,
and extend w, uniquely to an alternating multilinear volume form (this can be done since

dim(/\k(TpM)*) = 1). Since v is smooth, w is smooth, and since w,(v(p)) = 1 for all p € M, the
volume form w is nowhere vanishing. Therefore M is orientable which completes the proof. [

Remark 23.24. By Theorem 23.5, all parallelizable manifolds are orientable, however the
converse is not always true. For example, the 2-sphere given by S? = {p € R? |||p|| =1} is
orientable, but by a theorem (the hairy ball theorem), it does not admit a framing, so it is not
parallelizable.

Definition 23.14 (Sign of an oriented manifold). Let M be an oriented manifold, let n be a
reference orientation, and let w be a volume form in its choice of orientation. Then we define
the sign of M to be

1 wp)(vi,...,vn) >0,

-1 w(p)(viy...,v,) <0,

sgn(M) = {

for any arbitrary oriented basis (v1,...,v,) with positive orientation with respect to 7.

Example 23.10. Not all smooth surfaces are orientable. A Mobius strip is not orientable. In
topology we even say that a surface is orientable if it does not admit an embedding of a Md&bius
strip in it.

We will show that the Mobius strip is not orientable. Let M = [0,27] x (—1,1)/ ~ with
(z,y) ~ (z + 2m,—y) be the Mobius strip, and assume, by way of contradiction, that there
exists a nowhere vanishing volume form w(z,y) = f(x,y)dz A dy € Q2(M). Consider the map
g: (z,y) — (z + 27, —y). We have that

g"(dz ANdy) = d(x + 27) Ad(—y) = dz A (—dy) = —dz A dy,
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so we can compute that
g*(f(z,y)dz A dy) = f(a+ 27, —y)g* (dz A dy) = —f(z + 27, —y)d A dy,

so for a fixed point (0,y) we have ¢*(f(0,y)dz A dy) = —f(27,—y)dz A dy. However, since
(0,y) ~ (2m,—y), we must have g*w(0,y) = w(2m, —y) = w(0,y), and thus ¢*(f(0,y)dz A
dy) = f(0,y)dx A dy. Therefore we obtained f(0,y) = —f(27, —y), but by the equivalence
f(0,y) = f(2m, —y), and therefore f(0,y) = 0, which is a contradiction, which completes the
proof.

Remark 23.25 (Orientation and normal vectors). Let S be a parallelizable surface in R", and
let v = (v1,v2) be some framing function on S. We know that v1(p) x v2(p) is a vector orthogonal
to the tangent space T),(.S). Since v; and vy are continuous functions, the function of the unit

normal vector n(p) = %

functions, and by its construction, it is completely independent of the choice of the framing,
only on its sign (whether it is positive or negative), and in fact if the orientation had a different
sign, then its unit normal vector function would be n(p) = —n(p). It follows that sgn(S) has
a one to one correspondence with the direction of the choice of a unit normal vector function.
This also works in manifolds of higher dimensions when we generalize the vector product, and
we could talk about it more when we will introduce the Hodge star operator. Note that even
for manifolds that are not parallelizable like S2, there is a similar normal vector at every point.

is a continuous function as a composition of continuous

Example 23.11 (Framings and orientations). Recall that a a framing maps each point p
on a surface S to an ordered basis (v1(p),v2(p)) of the tangent space of S at p. The standard
framing is given by mapping each point to the standard basis of the tangent space at that point.
Each framing (v1(p),va(p)) corresponds to an orientation w = v1(p) A v2(p). For example for
S = {(x, y) |22 +y? < 1} C R2, the standard framing is the constant function f: p — (dx, dy).
It corresponds to the standard volume form w = dx A dy.

Definition 23.15 (Signed integration). Let © be a manifold with a choice of orientation, and

let f: 2 — R. We define:

/ fdzy Ao ANdxy, = Sgn(Q)/ fdv,
Q Q
where sgn(€2) is taken with respect to the standard orientation on .

23.5 The interior product and induced orientation

Definition 23.16 (Interior product). Let M be a manifold, let w € QF(M), and let X be
a vector field on M. Then the interior product (sometimes called a contraction, or interior
derivative) of X is the map vx: QF(M) — QF=1(M), defined by

(txw) (X1, ., Xp1) =w (X, X1,..., Xp1)
When w is a 0-form, we define txw = 0 by convention.

Example 23.12. Let w € QY(M) be a 1-form, and let X: M — RI™M be a vector field on
M. Then we get
(1xw) = a(X) € QO(M).

Note that a(X): M — R by p + a(X(p)). Therefore, indeed a(X) € Q°(M) = C*(M,R) (in
the smooth case).
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Remark 23.26. Let w € QP(M) and n € Q4(M). Then
ex(WAnN) = (exw) A+ (=1)Pw A (exn).

This means that the interior derivative ¢x, must like the exterior derivative, also satisfies the
graded Leibniz rule (incidentally, this is why we call tx the interior derivative. It satisfies the
rule of differentiation of a product).

Given an orientation (nowhere vanishing volume form) w € Q"(M) on an n-dimensional
manifold M, we want to find the induced orientation on submanifolds N of codimension 1
(dimN = n — 1) of M (in particular we are interested in the induced orientation on 0M).
Therefore, we need to find the right nowhere vanishing (n — 1)-form on M. Now that we have
the definition of the interior product in hand, this is equivalent to finding the right vector field
X:OM — TM, such that if B, is a basis for T,0M, then {X(p)} U B, is a basis for T,M. In
that case, we could define @ = tx(w) to be the induced orientation on OM.

Definition 23.17 (Outward/Inward pointing vector). Let p € 9M. We then have the inclusion
T,0M CT,M. If X, € T,M, then we can write

n
Xp: E a;€e;,
i=1

for a; € R and (ey,...,e,—1) an oriented basis for T,0M, and e,, an orthogonal complement for
T,0M in T,,M, so that M is given locally with coordinates =, > 0. We say that X, is outward
pointing if a,, < 0, and inward pointing if a,, > 0.

Example 23.13. In the unit disc D C R? with the standard orientation w = dz A dy,

Definition 23.18 (Generalized vector product). Let vy,...,v,-1 be vectors in R™. We define
the generalized vector product N = v; X vg X -+ X v,_1 to be the unique vector in R"™ so that
for all x € R™ we have

| \

(N,z) =det |2 v1 -+ wvp_1

Remark 23.27. It can be shown that if (dz1,...,dzy—1) is an oriented basis for T,0M, then
N(p) =dz x -+ x dz,—1 is an outward pointing normal vector to T,0M. We can now define

the vector field N: OM — TM by N(p) = ||g((£ )) T This is the generalization to the unit normal

vector function in Remark 23.25.

Definition 23.19 (Induced orientation). Let M be an oriented manifold with boundary, and
let w be a nowhere-vanishing volume form defining the orientation of M. For p € M let N(p)
denote the outward-pointing unit normal vector at p. We say that an (n — 1)-form n defines the

induced orientation on OM if for any ey, ..., en—1 € T,OM so that (eq,...,e,—1) is an oriented
basis for T,,0M we have,

77(]7)(61? s 7671*1) = (/J(p)(N(p), €1,---, enfl)-
That is, n = (yw.

Example 23.14. Let M = {(z,y) € R? | 2?4+ y? < 1}, so that 9M = S’ is the unit circle.
Give M the standard orientation via the volume form w = da Ady, so in particular sgn(M) = 1.
Now we want to find the orientation of 9M induced by M. First, we can compute and quickly
and find that N(p) = (cos#,sinf) is the outward pointing vector at each p € M where 0 is
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the angle between p and the z axis. The induced orientation is thus tyw. We can now compute
and get that for v € R?,

(envw)(p)(v) = w(p)(N(p),v) = det(N(p) | v) = cos Bv, — sin Hv,,
so the induced orientation is @ = — sin #dx + cos fdy. In polar coordinates we get
@ = —sinfd(cos f) + cos d(sin §) = (— sin #)*df + (cos #)*df = d6.

Let v(t) = (1,t) be a parameterization for the circle in polar coordinates so that (7/(¢)) = ((0, 1))
is an oriented basis for T,0M at any point p € OM. We get that df(7/(t)) = 1 > 0, and therefore
the basis (7/(t)) has positive orientation. This implies that +/(¢) has positive orientation, and
in paritucular, the orientation is counterclockwise. This coincides with the natural induced
orientation for the boundary we introduced in Definition 23.5. If our reference form for the sign
of OM is n = d6, then clearly sgn(0M) = 1, and if n = —df then sgn(OM) = —1.

Exercise 23.3. Show that the induced orientation on G]Ri is the usual one on R*~! if and only
if k is even.

Remark 23.28. When first stating Green’s theorem we used the definition of “natural orien-
tation”. However, as we saw in Example 23.14, we can simply use the more general definition
of induced orientation instead. Computationally, this does not change a thing, but mathemat-
ically, this implies there may be a way to generalize Green’s theorem to higher dimensions.

Definition 23.20 (Flux). Let S C R? be an oriented surface, let F = (F, F», F3) be a contin-
uous vector field, and let w = Fidy A dz + Fydz A dz + Fzdx A dy be the flux form associated

with F. Suppose that g: 2 — S is a smooth parameterization of S. Then the flux ® of F across
S is defined to be:

/ /
/wz/g*wz/ <F(g(u,v)) W’>H9&X9§;Hdu/\dv=/ (F(g(u,v)), g, % gi) dudv
S Q Q Q

Mg < gyl

Remark 23.29. Recall that we also described ® by |, g <F, n(u, v)> do, where do is the surface
area element. We now understand that do is the differential form that satifies that its pullback
is equal to the form g*(do) =||g}, x g, || du A dv.

Exercise 23.4. Let S be the orientable surface given by
S = {(x,y,z)‘zEOandz:4—x2—y2}.

Compute the flux of the field F(x,y, z) = (22, yz, 22 +y?) across S, where S is given the induced
orientation as the boundary of the area bounded between S and the plane z = 0. Equivalently,
it is given the orientation by declaring that an ordered basis (vi,vs) of its tangent space, is
positive if and only if (n(p),vi,ve) is a positive basis for R® where n(p) is the outward pointing
unit normal vector at p € S.

Solution. In order to calculate this integral we first need to find a parameterization to this
surface, for example g: Q — R3 where

Q= {(u,v) e R? | u? + o2 §4} g(u,v) = (u,v,4 —u® —v?)

Recall that

#:= [ w= [ (Plotu0).gl, % ol) dude,
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where the order ¢/, x g/ (and not g, x g,) was chosen because it is the order that gives an
outward pointing normal. By a simple computation:

1 0
Gu = 0 and g, = 1 ,
—2u —2v
and thus
co a0 L, o2u 20| L0 _;“
GuXJo =T\ _on 2| TY 1 0| T %0 1| 1”

We can now plug in the values:
/ F (9(u,v)) - (gu % go)du A dv = // [u(4 —u? —v?),v(4 —u? —v?),u’ + UQ] - [2u,20,1]" dudo
Q Q

= // (u® +0?) [2(4 —u® =) + 1] dudv
Q

2m 2
_ / / (9r2 — 24 Yrdrdd.
0 0

where the last transition is the change of variables theorem. The computation of the last integral
is very basic, so we will omit it and conclude the exercise here.

23.6 Surface area element

The purpose of this short subsection is to understand what is the surface area element discussed
in Remark 21.4, Remark 22.27, and Remark 23.29.

Remark 23.30 (Geometric interpretation of the interior product). Recall that the interior
product takes a k-form w, a vector field X and returns a (k — 1)-form ¢xw which is simply w
with X inserted in its first argument.

Recall that when w is a volume form (w € Q"(M)), it computes the n-dimensional volume
of the parallelopiped spanned by n vectors in R™.

In this case, the geometrical interpretation of txw at a point p is that it computes the
n-dimensional volume of the parallelopiped spanned by X (p) and n — 1 other vectors in R".

We claim that that this value is equal to the (n—1)-dimensional volume of the parallelopiped
spanned by n — 1 vectors in R™ projected onto the affine space that is orthogonal complement
of X (p) at p, or in other words projected onto the tangent space T),(M). This is the reason the
interior product is sometimes called a “contraction”.

Example 23.15. The simplest example is to consider the area form w = dx A dy, and the
constant vector field X (p) = (1,0) for all p € R2. In this case we have

Uy

1xw(p)(v) = det (3 ) = v,

for all v = (vg,vy) € R2. This implies clearly that ¢ xw = dy, which coincides with the previously
discussed geometric interpretation of the interior product.

Remark 23.31. Consider the manifold M = S? endowed with the standard orientation induced
by R3, which is 7 := ty(dz A dy A dz) where N is the vector field that assigns each p € S?
an outward pointing normal vector, we get that 7 is the standard area form on T,(S?). The
form 7 is exactly what we need in order to integrate some any function over S2. This is true in
general for any oriented manifold M. When M is a curve, the form 7 is called the curve length
element associated with M. When M is a surface, the form 7 is called the surface area element
associated with M.
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Example 23.16. Let C be a 1-dimensional oriented curve in R?, and let n = 1y (w) € Q(O)
be its curve length element, where w = dx A dy is the standard volume form on R?. Let
v(t) = (2(t),y(t)) be a local parameterization of C, and write n explicitly n = N,dy — N,dz,
where N is the outward pointing normal (w(N,~") > 0). Notice that we can write N explicitly
by rotating the vector v/(t) = (2/(t),y'(t)) and normalizing as follows:

This means that we can compute the pullback of the functions N, (z,y) and Ny(z,y) easily and
get

B y(t) gy ) oy E 07y (1) dy
2 2 2 2 T 2 2
V@ ®) + (v0) V@) + () V@) + ()

Note that dz(t) = 2/(t)dt and dy(t) = ¢/(t)dt, so we get that

)y de +y (Wy'dy _ dOXOU Y OF O _ ety ar

VEOP+ o)} @)+ o)

Recall that [|7/(t)| = \/(56’(15))2 + (y’(t))2, and therefore the curve length element is

Yn(t) =

v =] dt.
Compare this result with Remark 15.1.

Example 23.17. Let S be a 2-dimensional oriented surface, and let n = ¢y (w) be its sur-
face area element. Let g: U — R3 be a local parameterization of S, so that g(u,v) =
(x(u,v),y(u,v), 2(u,v)), and write n explicity n = Npdy A dz + Nydz A dx + N.dx A dy. Using
the notation 9, and 9, for the basis tangent vectors of T{, ,)(U), by definition of the pullback
we get that

Q*U(u,u)((?m av) = ng(u,v)(dg(u,v)(au)7 dg(u,v)(av)) = n(gw gv>7

— 9uXgv

and so by definition of n we get ¢*1n(0y, 0y) = wW(IV, gu, gv), however since N (u,v) = TooxoT

can compute that

we

X I o
et Ju X Gv  Gu Gu _ng gvH

= ————d = =|9u X gu| -
gu < gul| | | | lgu x goll I ol

UJ(N, guagv)

Since g*n(Oy, ) =||gu X gvl|, we can expand ¢g*n multilinearly and antisymmetrically, and get
that ¢g*n =||gu X gv|| du A dv. Compare this with Remark 21.4.
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24 Generalized Stokes theorem

24.1 Partition of unity

So far we know how to integrate a k-form over a parameterized k-dimensional manifold by
pulling back. In general, a manifold will be a union of parametrized pieces that overlap, and
so summing the integrals will give a meaningless result. In this subsection, we will introduce
a tool that will help us overcome this challenge by partitioning the global integration problem
into local ones.

Definition 24.1 (Smooth manifold with boundary). A subset M C R" is called a smooth k-
manifold with boundary of dimension k if for every p € M there exists a neighbourhood p € U,
an open set V C R* and an injection H € C*°(V,R") such that:

(1) rankDH (v) =k for all v € V.
(2) MNU = H(V NHy).
(3) H™': MNU — V NHy is continuous with respect to the topology induced by R™.

In other words, H restricts to a homeomorphism H: VNHi — M NU. The function H is called
a parametrization, or a chart of M at p. Indeed, we also require charts to be compatible, that
is, if there exist H;: V; — R"™ and H;: V; — R™ which overlap, then we require the transition
map Hi_1 o Hj to be smooth. We say that p € OM if p = H(u) for some u € Hy,.

Remark 24.1. In Definition 24.1, H(V) is sometimes called a coordinate chart on M, and a
coordinate ball on M is the image of some ball under some parameterization H.

Theorem 24.1 (Partition of unity). Let M C R™ be a compact k-dimensional manifold with
boundary. Then there are smooth real-valued functions ¢1,...,on on M so that:

(1) 0<¢; <1 foralll <i<N.
(2) Each ¢; is zero outside some coordinate ball.
() Liliwi=1.
Remark 24.2. We call {¢;} a partition of unity on M.

Definition 24.2 (Support). Let f: X — Y be a function between two manifolds. Then the
support of f is defined to be the set

supp(f) == {z € X | f(z) # 0}.

Definition 24.3 (Bump function). A function f: R™ — R that is smooth and has a compact
support.

Remark 24.3. The set of all bump functions with domain R" forms a vector space, denoted
by C§°(R™) or Cg°(R™).

Example 24.1. First define h: R — R be

_1
h(m):{e z, x>0

0, <0’

Then we know from analysis 1 that h is smooth and all of its derivatives vanish at the origin.
Next define: .
_Jo h®)R(1 —t)dt

i(@) ST nER(1— tydt
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and define ¢: R¥ — R by ¥(x) = j(3 — 2||z||). Then by a matter of technical calculation (or
a particularly strong belief), we get that v is a smooth function so that ¢ (x) = 1 for ||x]| <1
and ¢ (x) = 0 whenever ||z|| > 3/2, so ¥ has compact support. Therefore ¢ is an example of a
bump function.

Proof of Theorem 24.1. Let v be the bump function from Example 24.1. For each point p € M,
choose a coordinate chart whose domain is a ball of radius 2 in R*, and if p € OM let that be
the half-ball of radius 2 (this can be done since any open set in R* contains an open ball, in
particular with center p, then by restricting the chart to that ball we get what we need). Since
the images of those balls restricted to radius 1 cover the manifold, and since the manifold is
compact, there exist a finite amount of p, so that their repective balls of radius 1 contained
in the balls of radius 2 denoted Vi,...,V,, cover M. Let g;: B2(0) — V; be their respective
coordinate charts, and define 6; = ¥ og, ! interpreting 0 to be defined on all of M by letting it
be 0 outside of V; (note that ; is smooth since ) is zero outside the ball of radius 3/2). Define

0;
-
Zj:l 0;
Note that for each p € M, we have p = g;(u) for some j and u € B;(0), and hence 0;(p) =1
for some j, which implies that the sum is always greater than 1 and in particular it does not

vanish. If we recall the original statement, we can now notice that the functions {p;} form a
partition of unity on M. O

pi =

Remark 24.4. Let M C R™ be a compact, oriented k-dimensional manifold (with piecewise-
smooth boundary), let w be a k-form on M, let {p;} be a parition of unity, and let g; be the
corresponding parameterizations, which we take to be orientation preserving (we can do this
because if any g; is not orientation preserving we just precompose it with a reflection). Then

we define
N N N
o= po| =3 [ gt =3 [ g
/M /M ; ; B(0) ; B2(0)

Note that we used all properties of a partition of unity in order for this to work.

Remark 24.5. When considering complex manifolds (manifolds with a complex structure), we
can have a partition of unity on them only when we identity them as a smooth manifold. We
cannot have a “holomorphic partition of unity” because by Liouville’s theorem all holomorphic
functions with compact support must be identically zero.

24.2 Stokes’ theorem

Theorem 24.2 (Stokes’ theorem). Let k > 1, and let M be a compact oriented k-dimensional
manifold in R™. Give OM the induced orientation if OM is nonempty. Let w be a k — 1 form
defined in an open set of R™ containing M. Then

/dw:/ w
M oM

if OM is nonempty, and fM dw = 0 otherwise.

Remark 24.6. Note that the usual fundamental theorem of calculus, the fundamental theorem
of calculus for line integrals, and Green’s theorem are all special cases of this theorem. The
following equation shows the first example clearly:

/ab df = /ab F(#)dt = f(b) — f(a).
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Proof of Theorem 24.2. to be added 0

Remark 24.7. Stokes’ theorem is also valid when the boundary, rather than being a (k — 1)-
manifold in itself, is piecewise smooth (when the manifold has “corners”). For example, we may
apply it on shapes like a closed cube, or a cone.

Corollary 24.3. Let M be a compact oriented k-dimensional manifold without boundary. Let
w be an ezxact k-form. Then wa =0.

Proof. Immediate. O
Example 24.2. Define the smooth 2-form:

_xzdy ANdz +ydz Adx + zdz Ady
- (x2—|—y2—|—22)3/2

€ Q2(R3 - {0}).

On a sphere of radius a, centered at the origin, w is simply a—lg times the standard area (volume)

2-form. Suppose g is the parameterization of spherical coordinates, then one can compute that
g*w = sin6df A de.

It is clear that d(¢g*w) = 0, and since det Dg # 0 whenever p # 0 and 6 # 0, it follows that
dw = 0 (we could have also computed this directly). We can now compute that for any sphere

S centered at the origin:
2m ™
/w = / ]dcp\/ sin 0|df| = 4,
s 0 0

however, for the ball B associated with S we get [zdw = [0 = 0. This seems as if Stokes’
theorem has failed, but the real reason behind this mismatch is that w is not smooth (and it’s
not even defined) on all of B. We want to claim that

/ 4, 0€Q

w = .

20 0, 0¢Q

When 0 ¢ Q we can apply Stokes’ theorem and immediately get the desired result. When 0 € 2,

we choose € > 0 sufficiently small so that B(0,¢) C Q, then denote 2, = Q — B(0,¢), so that
00 = 00 — Sc. Then 0 ¢ Q. so

0:/ w:/ w—/w.

00 o0 Se
/w—/w—47r,
oN Se

Thus,

as we saw earlier.
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25 Applications to physics

25.1 Classical Stokes’ theorem

We have already seen that a vector field in R can be interpreted either as a 1-form (when we
are computing work), or as a 2-form (when we are computing flux). We have seen that for
a function (0-form) that df correponds to the vector field VF, and now we want to give the
traditional interpretations of the exterior derivative on 1-forms and 2-forms as well.

Definition 25.1 (Curl). Let w = Fidz; + Fhdwy + Fzdas be a 1-form on R3, and let F =
(F1, F3, F3) be its corresponding vector field. By the definition of the exterior derivative:

_ (OF3  OF o, O0F3 oFy,  0F;
dw = (8902 8953) dxo A dxsg + ((%3 83:1> dxs Adxq + <8$1 8@) dxq A dxs.

The curl of F is defined to be the following vector field:

curl(F) = (OFs _ OF: OR  OF; 0Fy O,
" T 8952 81‘3’ 8953 al‘l’ axl axg '

Remark 25.1. In older texts, it is also common to use the notation rot(F) for curl(F), where
rot stands for rotor. Both suggest that curl(F) has something to do with rotation (curling).

Remark 25.2. Note that the curl can also be written as the vector product of V and F as
follows:

7k

0 0 0
(F)=VxF=|—— — —|.

Cur( ) x 6901 31‘2 8563

F F, F3

Remark 25.3. Note that for all C? functions f we have that curl(grad f) = curl(Vf) = 0, since
we know by the identity d? = 0 we get that d(df) = 0. This is no more than a reformulation of
Remark 23.8.

Theorem 25.1 (Classical Stokes’ theorem). Let S C R be a compact, oriented surface with
boundary. Let F be a smooth vector field defined on all of S. Then we have

/ F.Tds= / curl(F) - ndS,
as > §

where T is the tangent unit vector, ds is the curve length element, n is the outward pointing
unit normal vector, and dS is the scalar surface area element.

Remark 25.4. Indeed, if w = Fidz; + Fodze + F3dzs and ~v: [a,b] — C C 9S is a chart of 95,
we get that

R0
7))

therefore we get that w = F - Tds on the chart C, and since this holds for all charts of 95,
which cover 95, we get that w = F - Tds on 0S. Think about what similar argument using
partition of unity could show that integrating over w and F - T'ds gives the same result without
mentioning that they are globally equal.

7 (F - Tds) = F(3(1)) /(1)) dt = F(y()) -7/ (1)t = 7,
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Similarly for a chart (U, g) of S we get that

g* (curl(F) - ndS) = curl(F(g(u,v))) - ng :: 5”” g % g, || du A dv

= curl(F(g(u’ ’U))) . g; X g;du Adv = g*dw,

where the last transition follows from a simple computation. Then we conclude in the same way
that dw = curl(F) - ndS on S, and therefore the classical Stokes’ theorem is indeed a special
case of the generalized Stokes’ theorem.

25.2 Geometric intuition for curl

Visualize F as the velocity field of a fluid. Then the line integral fCF - Tds around a closed
curve C' could be interpreted as the circulation of F around C, which we may think of as the
tendency of a piece of wire of the shape of C to spin when dropped in the fluid.

Example 25.1. Let S = D, be the 2-dimensional disc of radius r centered at a, with normal
vector n. Then Stokes’ theorem gives us that

/ F.-Tds = / curl(F) - ndS,
oD, r

and since the curl is a continuous function, the flux integral (note that the right hand side is a
flux integral) satisfies the mean value theorem for integrals, which implies that for some ¢ € D,
we have

/ curl(F) - ndS = Vol(D,) curl(F)(q) - n(q),

T

so combined with Stokes’ theorem

1
—3 / F - TdS7
mwr oD,

and when taking r — 07 we get ¢ — a, and then

curl(F)(q) - n(q) =

r—0+ T2

curl(F)(a) - n(a) = lim L /(‘)D F - Tds,

so indeed the tendency to spin at a is greatest when n(a) is pointing in the direction of
curl(F)(a). The most common metaphor is to imagine a paddlewheel with an axle pointing
in the direction of n(a). In this case the paddlewheel will spin the fastest when n(a) points in
the direction of curl(F)(a).

Remark 25.5. Some authors denote Tds = d7 and ndS = dS or ndS = d7. In these cases

Stokes’ theorem becomes:
/ F.-d7 = / curl(F) - d7i.
oS S

In this form we can see more clearly that Stokes’ theorem simply states that the line integral of
a vector field over a loop is equal to the surface integral (the flux integral) of its curl over the
enclosed surface.
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25.3 Classical divergence theorem

Definition 25.2 (Divergence). Let w = Fidzy A dzg + Fodzs Adzy + Fzdxy A dxg be a 2-form
on a surface S C R3 written as a flux form. Then we have
o, 0Fy, OF3
d p—
. (69@1 + 8952 + 8.%‘3

) dx1 A dao A das.

Correspondingly, for a vector field F = (F}, Fy, F3) we define its divergence to be the following
scalar function:

oF; n 0F» n 0F3
8LU 1 8%2 8x3 .

Remark 25.6. Note that we can write div(F) = V - F. The notation div is short for “diver-
gence”. We shall soon see what it means geometrically. In this case d2 = 0 can be restated as
div(curl F) = 0 for all C? vector fields F. Using divergence, the generalized Stokes’ theorem
takes the following form, sometimes called Gauss’ thoerem.

div(F) :=

Theorem 25.2 (Classical divergence theorem). Suppose F' is a smooth vector field on a compact
orientable 3-manifold with boundary Q C R3. Then

/ F-ndS = [ div(F)dV,

where n is the outward pointing unit normal.

Remark 25.7. The classical divergence theorem is sometimes called Gauss’ theorem, or Os-
trogradsky’s theorem.

Example 25.2. We can use the divergence theorem to understand the relation between the
volume of a sphere and its surface area. Let Br be a ball of radius R around the origin. Let F
be a vector field with F = (z,y, z). We notice that

. oFy O0F, O0F; 1 1 1
F)=V.F= — s 4+i=1
div(F) =V o + 3y + 5% 3+3+3

The outward pointing unit normal vector to a point on the boundary of the ball (x,y, z) € dBpg
is given by %(m, y,z). Since we have that

Vol(Bg) = /

1dV = / div(F)dV
Br Br

by the divergence theorem we conclude that

1
Vol(Bg) = / F-ndS = — (2 +y? +2%)dS = R/ s = 2. A(OBg),
OBr OBRr 3RT OBRr 3

where A(0BR) is the surface area of the ball. This is indeed the desired result because we know

that 5
AR
A(OBg) = 4rR*> and Vol(Bg) = 7T3 .

Example 25.3. We want to calculate the flux of the vector field F = (z + 22, cos 2z, z +3) on
an arbitrary torus

Ta,b = {(I‘,y,Z) € RB

(aQ— \/x2+z2)2—|—y2 :bQ}.
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Denote by €2 the area enclosed by T, 3, so that 02 = T, ;. The divergence theorem states that

/ F - ndS = / div(F)dV,
oN Q

OFy O0F, OF;3

=14+404+1=2.
Ox + dy + 0z HO
Therefore, the flux of F through T, is simply

so we can see that:

div(F) =

/ div(F)dV = / 2dV = 2Vol(Q) = 4n?ab?,
Q Q
where the last transition follows from a computation we did in Example 20.1.

25.4 Geometric intuition for divergence

In a similar manner to what we did in Section 25.2, we can use the divergence theorem to
conclude that for a point a € 2 we have

r—0t %W’I”

div(F)(a) = lim — / F - ndS.
9B, (a)

In other words, div(F)(a) measures the flux (per unit volume) outward through an infinitesi-
mally small sphere centered at a. If that flux is positive, we can visualize a as a source of the
field, and if the flux is negative, we can visualize a as a sink.

25.5 Conservative fields

In this subsection we will supplement our understanding of conservative fields, and learn about
locally conservative fields.

Corollary 25.3. Let U C R" be an open set and let F € CY(U,R™) be a conservative vector
field. Then for any point p € U and any ,j we have
or; , . OFj
8xj - 8:131

()

(p)-

In particular when n = 3, if ¥ is conservative then curl(F) =V x F =0 for any point in U.

Proof. We have already seen before that if F is conservative then F = V f and then curl(Vf) =
0. However, we have only really defined curl in 3 dimensions (although it’s not too hard to
see what the generalization should be), so let us add another explanation. We have seen in
Section 25.2 that for any a € U we have

curl(F)(a) -n = lim L / F - Tds,
oD,

r—0+ 772

where n is the unit normal vector to D, so that it is normal to the manifold, however here we
can consider any manifold, so we may consider any unit vector n with its corresponding disc.
On the right hand side, since the field is conservative the integral on any closed loop is zero so
the right side is zero. Since this holds for any disc we get that curl(F)(a) - n = 0 for all unit
vectors n € S”71, and thus in particular for n in the direction of the curl we get

chrl(F)(a)H = curl(F)(a) -n =0,

so curl(F)(a) = 0. This holds for an arbitrary a so curl(F) = 0, which completes the proof. [
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Example 25.4. Recall Example 15.4. Let F: R3\ {0} — R? be the gravitational force that a
point mass m located at a point described by r feels as a result of a point mass M located at

the origin. We know that
M
F=G— (-r).
[l

Under the assumption that m, M are constant we can write

F({L‘,y, Z) =-K (x’y’ Z)

(2,9, 2)|

where K is a constant. Without loss of generality we may assume K = 1. In Example 15.4 we
calculated that the work done by this field along the metal spring is

1 111
Va2 + 5222 a nll ol

where 1o, r1 are the hodgeting and end points of the path. We will now show that F is
conservative. We can verify that we would get the same result if we had calculated the work
of the field along the straight line segement connecting 7o and r1, but we don’t need to do this
because we can guess that the potential function is

L
/~ F‘dez/ F(ft)- f/(t)dt =--- =
spring 0

1 1
fr,y,2) = —F—m—x = —.
V2 +yi+22 T
We see that
of == 4 % _—v o4 9 _ ==
or 13 oy 3 dz 13

and thus Vf = F, so the field is conservative.

Remark 25.8. The same formula with different constants defines the electric field generated
by a point charge located at the origin.

Definition 25.3 (Locally conservative field). Let U C R™ be an open set and let F € C*(U,R®)
be a vector field. The field F is said to be locally conservative if for any point p € U there exists
a neighbourhood of p where F is conservative.

Remark 25.9. The following proposition and theorem require introducing the notions of ho-
motopy and a simply connected set. These are basic topological definitions which I would rather
not introduce here.

Proposition 25.4. Let g and 1 be homotopic in an open set U, and let F € CY(U,R") be a

OF; OF
vector field so that e (p) = =2(p). Then
; :

o0x;
/ F-Tds:/ F - Tds.
Y0 7

Proposition 25.5. Let U C R" be an open set and let F € C1(U,R™) be a vector field. then F
is locally conservative if and only if for any point p € U and any i,j we have

OF, . OF
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Proof. Suppose that F is locally conservative in U. Then by Theorem 25.3 it satisfies

8Fi B 8Fj

for all p € U and for all indices 1 < 14,5 < n.
Next suppose that F satisfies
0F; OF}

for all p € U and for all indices 1 < 1,5 < n. We know by Theorem 25.4 that integrals of F' on
homotopic curves are equal, and since for an open ball B centered at any p € U any two curves
are homotopic (open balls are simply connected), we obtain that the value of an integral of F
over any closed curve is 0, which is equivalent to saying that F is conservative in B, so F is
locally conservative. O

Theorem 25.6. Let U be simply connected region. Then any locally conservative field F in U
is conservative in U. In particular, in 3 dimensions, if curl(F) =V x F = 0 at any point of a
stmply connected region U, then F is conservative.

Proof. 1t suffices to prove that any locally conservative field is conservative when U is simply
connected. Therefore, it suffices to show that for any closed curve 7: [a,b] — U we have that
fv Fdr = 0. Let 7: [a,b] — U be a closed curve in U. Then since U is simply connected 7 is
homotopic to the constant loop at its basepoint. Therefore by Theorem 25.4 we get

/ Fdr — / Fdr — 0,
v {7}

which completes the proof. O

Example 25.5. Let w € Q'(R?\ {0}) be the classic 1-form given by

+ dy.

7 Qe+ -
P R

Its corresponding vector field is F = (—ﬁ, ﬁ), defined on U = R?\ {0}. As we saw in
previous examples like Example 23.6, F is conservative on R? \ A but not on R? \ {0}. We can
see, however, that it is locally conservative, for example by computing that

oFy  0Fy y? — 22

oy  Oxr (22 +y2)?’

and applying Theorem 25.5. Now by Theorem 25.6 we can deduce that R? \ {0} is not simply
connected.
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26 The Hodge star operator

The purpose of this short section is to introduce the notion of the Hodge star operator. It is
mostly based on the last part of the Youtube series on differential forms by Michael Penn.

26.1 A different view on differential operaors

Remark 26.1. In Definition 25.1 and later in Definition 25.2 we defined the curl and diver-
gence of vector fields, to be a vector field and a function that correspond to a 2-form and a
3-form respectively. Generally, the correspondences we are familiar with and accept is the cor-
respondence between a 1-form w = Pdz + Qdy + Rdz and a vector field F = (P, Q, R), and the
correspondence between functions and 0-forms. This gives us a clue that there may be some
operator that we can use to map the 2-forms and 3-forms to 1-forms and O-forms, so that the
correspondence with curl and divergence is natural.

Remark 26.2. Recall that A" (R™)* is the vector space of all m-forms on R™. Recall that we
also some abstract notion of an exterior algebra A"(R™)* which is the direct sum of all A" (R™)*
for all natrual m. We also have that dim A™(R")* = (") = (" ) = dim A"~ (R")*. This hints

m n—m
that there may be a connection between elements in A" (R™)* and elements in A"~ (R")*, and
indeed there is.

Remark 26.3. Recall that for a multi-index I = (i1,...,%y,) we have that de; = dzj; A--- A
dl‘im.

Definition 26.1 (Hodge star operator). Let x: A™(R™)* — A" "(R"™)* be the operation so
that for any dzy € A" (R™)* the element xdz; € A" (R")* satisfies dzy Axdx; = dzg A« Aday,
which is the standard volume form on A"(R™)*. Then for it to defined on A™(R™)* we extend
it linearly.

Example 26.1. When n = 2 and m = 0 we have that x1 = dx A dy, and when n = 2 and
m = 1 we have that xdx = dy and xdy = —dx.

Example 26.2. Consider x: A\?(R*)* — A?(R*)*. We then have that
*(le’l Adzs + 11dzs A d:[g) = 2*(dx1 N dxg) + 11*((11‘2 AN dIg)

= 2dzy A dxg + 11x(dxa A dzs)
= 2dx4 Adxo + 11dx; A day.

Remark 26.4. We identity vector fields F = (P, Q, R) with 1-forms w = Pdx+ Qdy+ Rdz and
vice versa. We have already seen that for a O-form f we have grad(f) = V f, which is identitfied
nicely with the 1-form df. We will now use the Hodge star operator to find similar expressions
which are identified with curl(F) and div(F).

Proposition 26.1. Let F be a vector field and wy its corresponding 1-form. Then we have the
identification curl(F) = xdwy.

Proof. By using the computation from Definition 25.1 we can compute that

0F; 0F, o, O0F3 oFy, 0F
dwg = — ——=]d d — ——=]d d — ——]d d
*dwp = x (<0x2 8x3> xo N dxs + (83:3 8:1:1> x3 Ndxry + (83}1 61‘2) x] N :c2>

Then by linearity of the Hodge star operator we get the expression:

OF; O0F oF, OF; oF, O0F;
<3l‘2 — 8953) *(dxg VAN dl‘g) + <8SU3 — %> *(dl’g VAN d$1) + (81‘1 - 82?2) *(dﬂ?l A dxg) ,
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and since * (dxg A dzs) = dxy, x (dzg A dxy) = dze, and * (dx; A dzg) = dzg we get

oo — (0P OB\ o (OFL OB\ (OF OR\,
8:172 8{[)3 61‘3 a$1

which indeed corresponds exactly to curl(F). O

Proposition 26.2. Let F be a vector field and wy its corresponding 1-form. Then we have the
identification div(F) = xd*wp.

Proof. This identification is between O-forms and functions, not 1-forms and vector fields. In-
deed, like in the previous proposition, and by Definition 25.2 we get

*dxwp = *xd* (Pdx) + Qdxs + Rdxs)
= *d (Pdze A dzs + Qdxs A dzy + Rdx; A dzg)
B OF, O0F, OF;
— <8.1‘1 + 8272 + (9.7}3
_0F1  0Fy,  O0F;
N 6%1 + (91'2 + 8.@37

) dzy Adag Ades

which corresponds precisely to div(F). O

Remark 26.5. Recall Remark 25.3 and Remark 25.6. It might not have been very clear why
these follow from d? = 0, but now that we have Theorem 26.2 and Theorem 26.1, it should be
very clear since

curl(grad f) = «ddf = x(d®f) = 0,

div(curl F) = xdsxdwp = *(d*wg) = 0,

where we must notice that x is an involution, meaning that it is the inverse of itself.

26.2 The general Hodge star operator

Definition 26.2 (Hodge star operator). Let (-,-) : (/\”C(Rn)*)2 — R be a nondegenerate sym-
metric bilinear form (we may think of it as a scalar product, but it isn’t always positive-definite)
defined for all 0 < k < n. Then for « € A"(R")* we define x« to be the unique (n — m)-form
such that for all 5 € A" (R™)* we have S A (xa) = (a, B) dzy A -+ A dap,.

Remark 26.6. We will call the bilinear form (-,-) the “scalar product”.

Example 26.3. Consider the scalar product (dxj,dz ;) defined in the following way:

1, 1=

(dzr,dx ) = {O, I

With respect to this bilinear form, Definition 26.2 coincides with Definition 26.1, and therefore
Definition 26.2 is indeed a generalization of the Hodge star.

Remark 26.7. Note that in general for two 1-forms in A'(R2)* we have

(Adz + Bdy, Cdx + Ddy) = AC (dz,dx) + AD (dz,dy) + BC (dy,dz) + BD (dy, dy)
B (dz,dz) (dz,dy)\ (C
N (A B) ((dy,dx) (dy,dy>> <D> '
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This shows that the scalar product is determined completely and uniquely on /\1 (R2)* by the
Gram matrix G(dz,dy). In fact it is true in general that (-,-) is determined on A'(R™)* by the
value of

(dxi,dzy) -+ (dxy,dzy)

G(dzy,...,dz,) = :
(dxp,dz) -+ (dan,dz,)

We would now like to show that the scalar product is determined on A*(R™)* for all 0 < k < n.

Remark 26.8. The scalar product on 0-forms acts as standard multiplication.

Definition 26.3 (Scalar product on higher forms). Let (-,-) be the scalar product on some

exterior algebra of forms A"(R™)*, and suppose we know the value of G(dz1,...,dz,) (which
determines its value on /\1 (R™)*). For multi-indices I = (i1,...,im), J = (j1,.--,Jm), we define:
m
(dzy,dzy) = Z sgn(o) H <dxil,dx]’0(l)> )
0ESm =1

where S, is the group of symmetries of m elements.

Exercise 26.1. Let (-,-) : A'(R3)* x A*(R")*)) = R be given by the matrix

1 3 =2
G(dxl,de,dxg) == 3 2 0
-2 0 -1

Find the value of (dz; A dze,dzs A dxs).

Solution. Note that m = 2, so I = (1,2), J = (2,3), and Sy = {(1),(12)}. Also note that
sgn(l) =1 and sgn(12) = —1. By definition we have that

<d(E1 Adzsy,dxs A dl‘3> = <d$1, dl‘2> <d(E2, d$3> — <d(E1, d$3> <d(E2, d:L’2> .
Now by using the values given by the Gram matrix, we conclude that
<dx1 A dzg,dxs A d$3> =3x0-— (—2) X 2 =4.

Remark 26.9. One of the interpretations of the Hodge star operator, is that for an m-
hyperplane w, it returns the orthogonal complementing (n — m)-hyperplane 7. Moreover, it
returns the orthogonal complementing hyperplane in the exact orientation so that w A 7 is the
form that gives the standard orientation on (R™)*. For example let n = 2 and m = 1, and let
* be induced by the scalar product from Example 26.3, If we consider dx and dy as the unit
vectors and the orthonormal basis of the vector space (R?)*, then for dz + dy we would expect
to get —dx + dy, and as we expect:

*(dz 4+ dy) = xdz + xdy = dy — duz,

and moreover, (dz + dy) A (—dz + dy) = 2dx A dy, which indeed is in the standard orientation
choice of (R?)*.

Example 26.4 (The Minkowski space). We will not talk about the Minkowski space in depth
here, but we will talk about the Minkowski bilinear form, which as we know defines a Hodge
star operator. It is simply given by a Gram matrix

1 0 0 0
G(dt,dz,dy,dz) = 8 —01 _01 8
00 0 -1
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In this case the Hodge star operator can describe Maxwell’s equations from physics in a very
natural and elegant way, but this is not a physics class, so we will not get into that.

Remark 26.10 (Final remark). As a final remark, unrelated to this section, I want to address
the elephant in the room. We have discussed integrals over differential forms, and we mentioned
that any integral we have seen in this course can be described as an integral over a differential
form. However, we know that type one integrals do not change their signs when we change
the orientation of the manifold we integrate over, in clear contradiction to Theorem 22.1. In
the limited context of these notes, we will explain this by saying that the form we integrate
over when we compute an integral of the first type completely depends on the orientation of the
manifold, but this is not the full picture. It solves the problem since if a manifold has “negative”
orientation we can give the form a negative sign, and if it has a “positive” orientation we could
give it a positive sign, and then get the same result, which would explain why an integral of the
first type “does not depend on orientation”.
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