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1 Homology Algebraic Topology

1 Homology

1.1 A-complexes

In algebraic topology we study maps that take topological spaces to algebraic data.
{Top spaces} — Algebraic data
one instance of these maps is the map 7y(X) that we saw in point set topology
X — 7mo(X) = {path connected components}
another instance it the map 7;(X) that we say in topology
X, zp — 71 (X, z9) = {the fundamental group of X based at z¢} .

Remark 1.1. In general elements of m, are maps from S™ to the space.

Definition 1.1 (Affinitely independent vectors). Let vy, ...,v, € R™. They are called affinitely
independent if v; — vy, ..., v, — vy are linearly independent.

Definition 1.2 (n-simplex). An n-simplex is the convex hull of n + 1 affinitely independent
points in R™.

Example 1.1. A O-simplex is a point. A 1-simplex is an edge. A 2-simplex is a triangle. A
3-simplex is a tetraeder.

Definition 1.3 (Standard n-simplex). The standard n-simplex is given by the convex hull of
the n + 1 unit vectors in R*+!
A" :=[eg,...,eN].

Remark 1.2. We see that A" parameterizes all other n-simplexes, with the map
n
(to, 1,5 tn) = Ztivi-
i=0

Definition 1.4 (Barycentric map). The map by, . 4,1 A" = [v0, . .., vy] is called the barycen-
tric map. It is given by

n
b[vo,...,’un] (t07 t17 v 7t7L) = Ztlvl
i=0

Definition 1.5 (Face). A face of [vy,...,v,] is given by
[vl,...,ﬁi,...,vn] = [’Ul,...,Ui_l,vi+1,...,1)n]
for any 1 <i <n.

Remark 1.3. The face of [vy,...,v,] is an (n — 1)-simplex. The ordering of the face is induced
by the ordering of the original n-simplex.

Definition 1.6 (Boundary of a simplex). Let A™ be a simplex. The boundary of A™ is defined
as 0A™ = | {faces of A™}. Moreover, we now have the interior of the simplex which is A™ =

A" — OA™.

Definition 1.7 (A-complex). A A-complex structure on a topological space X is a collection
of continuous maps {o,: A" — X} so that

(1) 0alina is injective and each x € X is in the image of exactly one such restriction |4, -
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(2) The restriction of o, to a face of A™ is some og.
(3) U C X is open if and only if o, *(U) C A™ is open for all a.
Remark 1.4. In (2) from Definition 1.7 make sure you understand that
08 = 0a O bpyg,...6:0n] A"V X,

which is equivalent to oo /[u,....5;,....v

Remark 1.5. We sometimes use the notation A,, to represent the set of all simplices of dimen-
sion n. The set Ag represents all the vertices in the A-complex, the set Ay represents all the
edges etc.

Example 1.2 (A-complex of S1). Let S! the unit circle in R?, we define the A-complex:

e

with the maps
v: AY — St
e: Al — st
where v maps its point A® to the vertex v and e maps its interval Al = [vg, v1] to the edge e.

Remark 1.6. A nonexample of constructing S* is defining X different A® simplicies for each
point of S1. The reason this is a nonexample, is because condition (3) from Definition 1.7 would
imply any subset of S is open. Although this pathological structure is a nonexample of S*
with its standard topology, it is a completely valid A-simplex of S! with the discrete topology.

Example 1.3 (A-complex of T!). Let T = S x S! be the standard torus.

This A-complex of the torus is the collection of r: A® — T and e, f,g: A' - T and V,L: A? —
T as can be seen in the diagram.
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Example 1.4 (A-complex of RP?). Let RP? := D?/Va € S : & ~ —z be the following space.

f r
w <t T

>
<
)
12
)

This A-complex of the real projective plane is the collection of r,w: A® — RP? and e, f,g: Al —
RP? and V, L: A? — RP? as can be seen in the diagram. Notice that the right hand side is not
a A-complex, it is just the quotient space that represents the real projective plane.

Remark 1.7 (Orienatation of the faces). In Example 1.4, we need to have all of the edges
in the faces V, L, in a very specific order. For example if V': [vg, v, v9] — RP? then by part
(2) of Definition 1.7 the maps Vg vi)s Vs we) and Vg, must all be part of the sigma
complex. The circular arrows represent if the vertices vy, v1, and vy are order clockwise or
counterclockwise. In this case the orientation of V' is counterclockwise and indeed V|, ,,) = 9,
Vo] = f5 and Vg, ) = € so0 all the edges are in the A-complex. If this weren’t the case
then this would not have been a A-complex.

Remark 1.8. The space X is determined by the data of the A-complex. This means that the
CW-complex of the generated by the A-complex is homeomorphic to X.

Definition 1.8 (Simplicial complex). A simplicial complex is a A-complex so that each simplex
Oo: A" — X is

(1) injective (it suffices to check that it is injective on the vertices).

(2) 04 is determined by its vertices.
Example 1.5. One of the simplest examples is the triangle.

V2

Vo U1

Example 1.6. The A-complexes below are nonexamples of simplicial complexes.

e Vo

r V1

The A-complex on the left does not satisfy condition (1) in Definition 1.8 since e is not injective.
The A-complex on the right does not satisfy condition (2) in Definition 1.8 since both e and f
are not determined by their vertices.
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Remark 1.9. A simplicial complex is a generalization of simple graphes.

Remark 1.10. We can always cover any space by just using a vertex for any point in X, but
this will be a A-complex of X endowed with the discrete topology.

1.2 Simplicial homology

Definition 1.9 (Chains). Let X be a topological space with A-structure {oj;*: A" — X} .
Then for any n > 1 we define the group C2(X) in one of the following ways:

C2(X) := free abelian group with basis {07},

= EBZUQ

= spany {072}
= {Z Call

Remark 1.11. An element of C2(X) is called an n-chain.

Co € Z all but finitely many are 0} .

Example 1.7 (Chain in S!). Consider the A-complex we saw earlier

e

v

We have that C§(S') = Zv and that C2(S') = Ze. For any n > 2 we have C2(S') = {0}.

Definition 1.10 (Boundary map). We define the map d,,: C2(X) — C2 {(X) on basis ele-

ments by
n

ano' = Z(_l)ia|[’Uo,‘..,f)i,.-qvn]

i=0
and extend it linearly.

Remark 1.12. The boundary map is a group homomorphism.

Example 1.8. Consider the following as chains in some arbitrary A-complex.

V2

€ €1 €0
o—)—o
Vo U1

Vo U1

€2
Then the boundary of the 1-chain (e) on the left is
9(e) = ol = ol = v1 = vo,
and the boundary of the 2-chain (o) on the right is

J(U) = O-|[Uo,v1} + 0-|[v1,v2} - U|[vo,vg] =ez2+ ey —eg.

6
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Notice that when we calculate the boundary of a chain we don’t have do it by the formula, we
just have to put a — when the orientation of ¢ is opposite to the orientation of the edge for
example.

Example 1.9. Consider again the A-complex of S!.

e

v

We already computed the chains in S' so we know that 0: Ze — Zv. However, we see that
when a € Z that
o1(ae) = ao(e) = a(v—v) =0,

which implies that o1 = 0.

Example 1.10. Consider again the A-complex of the torus.
f

The structure of the boundary maps is

0y 25 zvezr -2 zeazfozg -2 Zr

We see that
oe)=r—r=
n(f)=r—r=
o(g)=r—r=0
and

0(V)=e+f—g
Oo(L)=f+e—g

Remark 1.13. In the previous example when we computed the boundary of V', we did this
by remembering that in a A-complex a face is the image of a 2-simplex [vg, v1, v2], which in
the case of this complex are all sent to the same point, but from Remark 1.7 we know that the
restriction of V to a face is already determined by the orientation of the edges, so that’s how
we know that V|, ., = —g ete.
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Lemma 1.1. We have that 0,,—1 0 0, = 0.

Proof. First we check for basis elements. Let o € Cy,41(X) be so that o: [vg,...,v,] = X. By

definition we have that .

ano' = Z(—1)i0'|[vo,...,ﬁz‘7--~7vn]

i=0
which implies that (9,,—1 0 9,)(0) is equal to

n

Z(—l)ian—l (0’[1)0,...,@1',‘..,%])

=0
n

- (_]‘>Z Z(_]‘)ja—‘[’U(),...,’f)j,...,ﬁj7...,vn} + Z(_]‘)j_lo—‘[Uo,...ffjj,...,ﬁj,...7vn]

i=0 j<i §>i
but this is just equal to
D Y 10l iyiyoon] = DD (=10t iw] = O
1< 7>
O

Definition 1.11 (Cycles). We define the set of cycles to be Z52(X) = kerd,. Elements in
Z2(X) are called cycles or n-cycles.

Definition 1.12 (Boundaries). We define the set of boundaries to be B2 (X) = im 9,,. Elements
in B5(X) are called boundaries.

Corollary 1.2. From Theorem 1.1 we have that B3, ,(X) C Z53(X).

Definition 1.13 (Homology). We define the nth homology to be H>(X) = Zﬁ(X)/BﬁH(X).
The elements of H2(X) are called homology classes.

02 01

0 7 73 73 0

Definition 1.14 (Homologous cycles). Let z1, 29 € Z,(X) be cycles. Then we denote 21 ~ z3
and say that z; and zo are homologous if [z1] = [22] € H,(X). This is equivalent to saying
z1 — 29 € Bp(X) etc. These equivalency classes are somtimes called homology classes.

Remark 1.14. In general we get that H'(X) is the abelianization of 7 (X). We will see what
this means later.

1.3 Singular homology

Definition 1.15 (Singular n-simplex). Let X be a topological space. A singular n-simplex is
a continuous map o: A" — X.

Remark 1.15. In order to define singular homology we need to define chains and boundaries
again. We define

Cpn(X) := {the free abelian group with basis the set of singular n-simplices} .

We call elements in C),(X) singular n-chains. Take a moment to appreciate how big this groups
is. The boundary map 9, is defined similarly,

an(a) = Z(_l)i0|[vo,...,f)i,...,vn]
and cycles (Z,,), boundaries (B,,) and homology (H, = Z,/B,,) are defined in a similar way to
how we defined them in simplicial homology as well.
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Lemma 1.3. Let X = {x}. Then

Z, n=20
H X — Y )
n(X) {0, n>1
Proof. For any n > 1 we see that
Cn(X) =Zo"
where ¢ is the constant map [vg,...,v,] — {*}. When n = 0 we also have that do(c”) = 0
and if n > 1 then
P i( 1)2- | o™ 1 n even,
g = — g o =
n s [V0yeeeyDsyeeeyUn] 07 n odd.

on—1

We have that

- — G3({x}) —— Co({x}) — Ci({*}) —— Co({}) — 0
I I I I !

Z Z Z Z 0
and then we have that ker 9 7
Hy(X) = oy :@%Z
and for n > 1 we have one of the following
Ho(X) = nlfgle = % ~ {0} or Hn(X)= ifgle - % ~ [0}
which completes the proof. O

Remark 1.16. Let X and Y be homeomorphic spaces. Then H,(X) = H,(Y).

Lemma 1.4. Let X = || X, where X, are the connected components of X. Then H,(X) =
Do Hn(Xa)

Proof. The intuition behind this lemma is that since each o: A™ — X must be continuous,
it must only exist within a single unique path component of | | X,. This intuition is enough
justification for us to say that

Cn(X) = P Cn(Xa).
For each o € C),(X,) we have that 0,0 € C),,—1(X,) which implies that
Zn(X) = ker 0 = P Zn(X,)

By(X) = imOpy1 = @) Ba(Xa)

which implies that
Hn(Xa) = Zn/Bn = @Hn(on)

which completes the proof. O

Lemma 1.5. Let X be path connected. Then Ho(X) = Z.
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Proof. We have that

Ho(X) _ ker 80

im O
where ker 9y = Cp(X) is all maps 0: A® — X and im 9, is the difference of any two points in

X (because each two points can be connected by a path) and thus clearly

ker@o ~

which is generated by any map o: A? — X (all other maps are equal to it after modding by

Corollary 1.6. Let X be a topological space. Then Ho(X) is the direct sum of Z’s, one for
each path-component of X.

Remark 1.17. Before getting into homotopy invariance, let us consider a different, more rig-
orous proof for Theorem 1.5 that will give us more motivation for reduced homology.

Proof of Theorem 1.5. We have that
— 5 O1(X) 2 Cp(X) —— 0
so 0p = 0 which means that

kerao - Co(X)
im81 N im81 '

Ho(X) =

We now define a new map e: Co(X) — Z by

This map is obviously surjective if X is nonempty. If we show that kere = im d; then by the
first isomorphism theorem we would have
_G(X) _ GoX)

Hy(X = =~ 7.
0(X) im o kere

First we observe that im d; C ker € since for a singular 1-simplex (a path) we have

e(O(o)) =€ (U[Ul] — O'[UO]> =1-1=0.

It is left to show that kere C imd;. Let ), n;o; € kere. This means that

€ <;nlal> = zz:m =0.

Since the og; are singular 0-simplices they are simply constant maps to points of X. We can
define a path 7;: [0,1] — X from a basepoint xg to o;([vg]) and set g to be the singular 0-
simplex with image xo. We can consider 7; as singular 1-simplices, maps 7;: [vg, v1] — X, and
then we have 0(7;) = 0; — 0. So since ), n; =0

61 (Z nm) = Zniai — ano = andz

Thus ), n;0; € im 01, which shows that kere C im 9; and completes the proof. O

10
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Definition 1.16 (Chain complex). A chain complex is a sequence

02 01 do

Ay

Ay Ao

where A, are abelian groups such that 0, 0 0,41 = 0.
Remark 1.18. We sometimes denote 0, 0 Op1 = 0 as 9> = 0.
Remark 1.19. The equation 0, o 0,41 = 0 is equivalent to the inclusion im 0,11 C ker 9,,.

Remark 1.20. Earlier in the alternative proof for Theorem 1.5 we saw (although we didn’t
mention it directly) the augumented chain complex

s O(X) 2 o x) s (X)) s Z —— 0

which is called the reduced chain complex.

Definition 1.17 (Reduced homology groups). We define the reduced homology groups Hy,(X)
as the homology groups of the augmented chain complex

- —— Cy(X) %, C1(X) o, Co(X) ——7Z —— 0

where € is the map we saw in Theorem 1.5. In this reduced way of computing homoloy, a point
has trivial homology groups in all dimensions. We also want to require X to be nonempty to
avoid having a nontrivial homology group in dimension —1.

Remark 1.21. We have that
H,(X), Vn > 1,
Ho(X) = { (%) !

E[O(X)@Z? n:()a

since Hy(X) = 0 where X is path connected.

Remark 1.22. In order to show that Ho(X) = Hy(X) & Z we notice that e induces a map
€: Ho(X) — Z whose kernel is in Ho(X). After some manipulations we get that Ho(X) =
Hy(X) & Z as wanted.

Remark 1.23. Formally, we can think of the extra Z in the augumented chain complex as
generated by the unique map [()] — X where [(}] is the empty simplex, which no vertices. The
augumentation map e is then the usual boundary map since 9vg] = [0o] = [0].

Remark 1.24 (Geometric interpretation). Let ¢ = > n,o € Z,(X) be a cycle. For example
we can take ¢ = ) nee € Z1(X). Since 0 = Jc, every endpoint of a 1-simplex cancels out with
an initial point of a 1-simplex. This means that every such point will look somewhat like the
following:

/ e1

es €3

Students who major in physics may appreciate that if we define the chain groups to be the
span of the singular simplices over R instead of Z, this looks a lot like Kirchhoff’s second law.
Moreover, when at every point the amount of edges coming in and going out is equal, the chain
is necessarily a cycle, and even a closed 1-manifold. Similarly, we can consider ¢ € Z5(X) which
is a closed topological surface. That it because, it is a cycle precisely if and only if it has no
boundary. When we consider a chain that is not a cycle, we get manifolds with boundary. For
reasons beyond my comprehension, this argument does not work in higher dimensions and we
only get psuedo-manifolds.

11
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1.4 Homotopy invariance

Definition 1.18. Let f: X — Y be a continuous map. Then for every o: A" — X the map
induces a new map foo: A" — Y. Let fg: Cp(X) = Cn(Y) be the map defined on basis
elements by fux (o) = f oo. This gives us the following diagram

D Oy (X) =2 Cu(X) =2 Cpli(X) —— -

|1 |7 |5

D Cr (V) =25 (YY) =2 G (YY) —— -

Proposition 1.7. The map fu commutes with 0. That is, fy 00 = 0o fu. This is equivalent
to saying that the diagram

S— Cn+1(X) L Cn(X) L Cn—l(X) -y ...
[
+—— Cra(Y) -2, Cn(Y) —9, Crna(Y) — -+
commutes.

Proof. In the homework. O

Definition 1.19 (Chain map). The collection of maps fx is called a chain map. Any map
similar to fx that commutes with the boundary operator is called a chain map.

Proposition 1.8. A chain map fy induces a well defined map homomorphism f,: Hp(X) —
H,(Y).

Proof. Let ¢ € Z,,(X) (this means that dc = 0). Then since we have

Ify(c) = f(0c) = f(0) =0,

we get that fu(c) € Z,(Y). Similarly for b € B, (X) (which means that b = dc) we get that

Fu(b) = f4 (0c) = 0 (f4(0),

so since fu(c) € Cry1(Y) we have fu(b) € Bn(Y). Thus fu induces a well defined homo-
morphism f,: H,(X) — H,(Y) which completes the proof. The proof that this is indeed a
homomorphism is omitted. O

Remark 1.25. The homomorphism f, is called the induced map of f.

Proposition 1.9 (Functoriality of the induced map). The induced mayp satisfies the following
two properties for a chain complex

x4,y 1,7

(2) 1. =1 where 1 is the identity map of a space or a group.
Corollary 1.10. Let X and Y be homeomorphic topological spaces. Then H,(X) = H,(Y).

Corollary 1.11. Let A C X be a retract of X. Then iy: Hy(A) — Hy,(X) is injective and
T Hp(X) — Hyp(A) is surjective.

12
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Proof. We have the maps
X "= A

where 7 o ¢ = id and then from Theorem 1.9 we get

Hp(X) —=— Hp(A)

H,(A)

which implies that ry o i, = (roi), = (id), = idHn(A). This shows that r, must be surjective
and 7, must be injective and completes the proof. ]

Corollary 1.12. {0,1} C [0, 1] is not a retract.

Proof. Assume by contradiction that {0,1} C [0,1] is a retract. Then by Theorem 1.11 the map
iv: Ho ({0,1}) — Hp ([0, 1]) must be injective. However we know these homology groups so we
get that i,: Z ® Z — 7Z must be injective. This contradiction completes the proof. O

Theorem 1.13. Let f,g: X — Y be homotopic, that is, f ~ g. Then the induced maps
fes g5t Ho(X) — H,(Y) are equal for all n > 0.

Definition 1.20 (Homotopy equivalence). Let X and Y be topological spaces. A continuous
map f: X — Y is a homotopy equivalence if there exists a continuous map ¢g: ¥ — X such
that

fog~idy and gof~idx.

If there exists a homotopy equivalence between X and Y they are said to be homotopy equivalent
(or that they have the same homotopy type), and we denote X ~ Y.

Corollary 1.14. Let X ~ Y. Then H,(X) = H,(Y).
Proof. In the homework. O
Example 1.11. We can show that R"™ ~ {x} since we can take the maps
{fr R" = {+},
g: {x} —0.
Then by Theorem 1.14 we get that

Z n =0,
0 n>1.

H, (R") = H, ({x}) = {
Remark 1.26. So far we barely know anything about singular homology. We go back to prove

Theorem 1.13 in order to develop our tool set.

Proof of Theorem 1.13. We are going to build a chain homotopy P: C,(X) — Cy41(Y) such
that

- ﬁ | ﬁ f#l

-*>Cn+1()*>0 )*>Cn1 —_—

13
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and g4 — fu = OP + PO. A map satisfying the above properties is called a chain homotopy.
Assuming chain homotopy P exists we can show that f. = g.. First we notice that P: C,,(X) —
Cn+1(Y). Let ¢ € ker 9,,. We then have
=0
,—/\ .
OP(c) + PO(c) = 0P(c) € im Oy 41

—_——
gy (c)—fu(c)

which implies that g. — fi is the zero map since
fi(€) = g:(c) =0 € Ho(Y) = Zn(Y)/Bn(Y).

Note that in general whenever g4 — fx = OP + PO we get that g. = f.. The map we are
going to construct P is called the prism map. Our goal is 0P 4+ PO = g4 — f4. Since f and
g are homotopic there exists a homotopy H: X x [0,1] — Y such that H(z,0) = f(z) and
H(z,1) = g(x). In general when we construct the map fx we have

x-—tL.y
”T /
foo
ATL
and we can see how the homotopy naturally induces a similar diagram

Xx[0,1] —2 vy

ox[0,1] Ho(aX[QH)

A™ x [0,1]

The object A™ x [0, 1] turns out to be a union of n+1 copies of A™"1. If we denote [vg, v1, - . . , Up]
as the vertices of A" x {0} and [wo, w1, ..., wy,| as the vertices of A™ x {1}, these simplices can
be written as A?H = [vo, ..., Vi, W4, ..., wy] for 0 < ¢ < n. This gives rise to the following
definition of P: Cp(X) — Chy1(Y). For 0 € Cp(X) let

n

P(J) = Z(_l)ZH o (U X id)|[v0,...,v¢,wi,...,wn}-
=0

We now compute 0P (o).

n

=) (-1)"(-1)’H o (o x id)

’[U07---7U_7'7---7Ui7wi7---7wn]

J<i
n . .
+ Z(_l)l(_l)]—HH © (J X id)’['U()r--vvi7wi7---=wj7---7wn]'
Jj>i

When ¢ = j the summands almost cancel out as we see below.

(_1)0(_1)0H o (J X 1 ) ’[wo,...,wn] +(_1)n(_1)n+1 Ho (U X id) ’[vo,...,vn] = g#(a) - f#(U)

~~

9#(0) f3(o)

14
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If we denote

This leaves us with
OP(0) = (x) + g(o) — fu(0).
In order to compute P(0o) we first notice that

n

Jo = Z(_l)lo—‘ [0,y DiyeeeyUn]

=0

We can now compute P(do) as follows:

P(0o) = i(—l)ip (U’[UO,...,ﬁi,...,vn]>

= (_1) (Z(—l)l(—l)JH © (U X id)‘[vo,...7ﬁj,...,vi,wi7...,wn}

i<t

n . .

+ Z(_l)z(_l)]+1H © (J X id)’[vo,...,vi,wi ..... ﬁ)j,...,wn]>
j>1
= (=1)().
It follows that
OP + PO = () + g — f — (x) = g4 — f4-

This completes the proof. ]
Corollary 1.15. Let X be contractible. Then by Theorem 1.14 it follows that H,(X) =
H,, ({x}). Moreover,
Z, n=020,
0, n#0.

Hy ({x}) = {

1.5 Exact sequences

Definition 1.21 (Exact sequence). A sequence of abelian groups (or any sequence of objects)

Q42 Qi1 a; Qi1
: > Ai+1 ‘ Al Ly Ai—l *)Z

is said to be exact if ker oy = im ;41 for all i. If ker o; = im a; 1 for some i. then it is said to
be exact at A;.

Remark 1.27. A sequence is exact if and only if it is a chain complex with trivial homologies.

Remark 1.28. We call these sequences exact, because while usually we have that im a1 C
ker aiy,, here the image of a,,y1 is exactly the kernel of «,,. This means that if a € A,, maps to
zero then necessarily there exists b € A4 so that a,41(b) = a. We also still have the property
Qpt1 0y = 0.

Example 1.12. The sequence
00— A—-B

is exact if and only if ker o = 0 if and only if « is injective.

15
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Example 1.13. The sequence

ALBHO

is exact if and only if im 8 = B if and only if 3 is surjective.

Example 1.14. We can combine the last two results and get that the sequence

0 A—- B 0
is exact if and only if « is an isomorphism.

Example 1.15 (Short exact sequence). A short exact sequence is an exact sequence of the

form
B

0 A—"- B c 0
which means that o must be injective and 5 must be surjective. Another way to think about it
is that A C B and that C' is a quotient of B. In this way since ker f = im a we can think about

it as C = B/A.

Definition 1.22 (Good pair). Let X be a topological space and let A C X. The pair (X, A) is
said to be a good pair if A has an open neighbourhood A C U C X such that A is a deformation
retract of U.

Theorem 1.16. Let (X, A) be a good pair. Then there exists an exact sequence

Ty 7

- Ho(A) —=— H(X) —5— H,(X/A)

n—l(A) ' Hn_l(X) L> ﬁn—l(X/A) s ...

C 0y Hy(A) —=— Hy(X) —%— Ho(X/A) ——— 0

where i: A — X is the inclusion map and q: X — X/A is the quotient map.

Corollary 1.17. We have that

~ 7, k =
Hy(s™) =47 v
{0}, otherwise.
Proof. Denote X = D™ and A = 9dD". After verifying that this is a good pair (not too hard)
the result of Theorem 1.16 is that there exists an exact sequence

)

. —2 5 Hy(8D") —*— H,(D") —=— H,(D"/oD")

)

Hy_1(0D") — Hp_ (D) -~ H;_(D"/OD") —— -

. —9%  Hy(dD") —— Hy(D") —=— Hy(D"/OD") —— 0
We know that the homology groups of D™ are trivial so we can consider the exact subsequence

0 —— Hy(D"/oD") —2 H,_1(8D") —— 0

16
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which is equivalent to
0 —— Hp(S") =25 Hp (51 —— 0

and since this sequence is exact, as we saw in Example 1.14, we have ﬁk(S") ~ f[k_l(Snfl).
Then since we know that
7, k=0,

Hy(S°) =
K(57) {{0}, otherwise,

the result follows by induction. O

Definition 1.23 (Cone of a space). Let X be a topological space. We define the cone of X to
be CX = X x [0,1]/X x {1}.

Example 1.16. Let X = S'. Then the cone of a space is
CX =CS' =

Definition 1.24 (Suspension of a space). Let X be a topological space. We define the suspen-
sion of X to be SX =CX/X =CX/X x {1}.

Example 1.17. Let X = S'. Then the cone of a space is

\/

Remark 1.29. Notice that SS™ is homeomorphic to S™ 1 We can now proceed to generalize
the statement Hj,(S™) =2 Hy_1(S™ 1) from Theorem 1.17.

Proposition 1.18. Let X be a topological space. Then ﬁn(SX) = ﬁn_l(X).

Proof. We know that CX/X = SX. After verifying that (CX, X) is a good pair (not too hard)
the result of Theorem 1.16 is that there exists an exact sequence

0 Hy(X) — s H,(CX) —% 5 H,(SX)

Hy (X)) —2 H, 1(CX) % H,_1(SX) — ---

9 Hy(X) — s Ho(CX) —&— Hy(XS) —— 0

We know that the homology groups of C'X are trivial because C'X is contracible to the point
X x {0}. This allows us to consider the exact subsequence

0 —— Hy(SX) -2 H, 1(X) —— 0

and since this sequence is exact, as we saw in Example 1.14, we have H,(SX) = H,_1(X)
which completes the proof. O

17
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Corollary 1.19. 9D" is not a retract of D™.

Proof. Suppose that r: D" — JD" is a retraction. Then r,: H,,_;(D") — H,_1(0D") is surjec-
tive, but using previous results r,: 0 — Z which is a contradiction and completes the proof. [

Corollary 1.20 (Brouwer’s fixed point theorem). Every contractive map f: D" — D" has a
fized point.

Proof. Assume, by way of contradiction, that f: D™ — D™ has to fixed points. Define r: D" —
0D™ by mapping = to the intersection of the ray from f(x) through z to oD".

r(z)

The map r: D™ — D" is continuous and 7|gp» = id so it is a retraction. Then by Theorem 1.11
the induced map 7, must be surjective for all homology groups. In particular r,: H,_1(D") —

H, 1(0D") = H, 1(S™ ') must be surjective. However, we have already computed these
homology groups, so we know that r, is a map from {0} to Z so it can’t be surjective. This
contradiction completes the proof. O

1.6 Relative homology

Definition 1.25 (Relative homology). Let (X, A) be a pair such that A C X where X is
a topological space. We have already seen that C,(A) C C,(X). We define C,(X,A) =
Cn(X)/Cp(A). This is the free abelian group with basis {o4: A" — X} such that o, (A") € A.

Remark 1.30. Note that 9: Cp(X) — Ch_1(X) takes 9 (Cn(A)) C Cn-1(A), and 9 in-
duces a map 9: Cp(X)/Cp(A) — Cp-1(X)/Cpr-1(A). This means that the boundary map
0: Cp(X,A) —: Cp_1(X, A) is well defined.

Remark 1.31. The pair (C(X, A),d) is a chain complex because 0 = 0.

Definition 1.26 (Relative homology). We define the homologies of (X, A) (relative homology
groups) to be the homologies of the chain complex (C’n(X,A),a). We denote the relative
homology groups with H,, (X, A). This means that H, (X, A) = ker 0,/ im 9,41 for the boundary
of the chain complex (Cn(X, A), 8).

Remark 1.32. A relative cycle is a relative chain ¢ + C,(A) € C,,(X, A) for some ¢ € Cp,(X)
such that d(c) € C,,—1(A). Below in red is an example of a relative 1-cycle.

Remark 1.33. A relative boundary is a relative chain b+C),(A) € C,, (X, A) for some b € Cp,(X)
such that b+ Cp(A) = 9 (¢ + Cpy1(4)) = dc + Cr(A) for some ¢+ Cpi1(A) € Cpia (X, A).
This is equialent to b — dc € C,,(A). Below in red is an example of a relative 2-boundary.
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7Y

Remark 1.34. The following red and green 1-chains

are not equal in C7(X, A). Recall that the sums of the singular chain groups are formal, this
means that this is not a matter of pointwise function addition or anything, and certainly o1 — o
is not an element of Cy,(A).

Definition 1.27 (Map of pairs). A map f: (X, A) — (Y, B) is said to be a map of pairs if it
is continuous and f(A) C B.

Remark 1.35. A map of pairs f induces a map on the relative homology groups. We denote
it simply as f.: H,(X,A) — H,(Y,B). Moreover, if f,g: (X,A) — (Y,B) and f ~4 g then
f« = g«. In order to show this we just notice that the prism operator P from Theorem 1.13
takes Cp,(A) to Cry1(B), so it induces a relative prism operator P: Cp, (X, A) — Cp11(Y, B).
Since the relative pris, operator is simply the prism operator reduced to quotient groups the
formula OP + PO = g4 + f4 is still satisfied, hence the maps fx and g4 are homotopic on the
relative chain groups, so they induce the same homomorphism on the relative homology groups.

Remark 1.36. The rows of the following diagram are short exact sequences

0 —— Cp(A) —F 5 Cu(X) — 5 Cy(X, A) — 0

| o| o|

0 —— Cor(A) —F5 Cpi(X) -2 Cpli(X, A) —— 0

and moreover, the diagram is commutative. This means that both iy and g4 are chain maps.
We can also keep adding rows to this diagram by considering more levels of chain groups. In
this way, we get a short exact sequences of chain complexes

0——A—"3sB-1y¢c—50

where A denotes the chain complexes of A, B denotes the chain complexes of X and C denotes
the chain complexes of (X, A).

Theorem 1.21. Let
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be a short exact sequence of chain complexes. Then there exists a long exact sequence (l.e.s) in
homology

- —— Ho(A) = Ho(B) =2 Ho(C) —— Hyoa(A) — -

Remark 1.37. With regards to our previous example i is the inclusion map and j is the
quotient map.

Corollary 1.22. If (X, A) is a good pair, then the sequence
D Ho(A) — Hy(X) —2 Hu(X, A) —25 H, 1(A) — -~

s exact.

Proof of Theorem 1.21. The short exact sequence of chain complexes can be written as

0 0 0

Since ¢ and j are chain maps, they commute with the boundary maps and thus this diagram
commutes. In order to obtain the sequence

- Ha(A) o Hy(B) =2 Ha(C) —2> Hoor(A) — -

we need to have a map between H,,(C) and H,_1(A). That’sa map 9: C,, — A,_1. Let c € C,,.
Since j is surjective there exists b € By, so that j(b) = ¢. We can then apply the boundary map
on b and send it to B, —1. We now want to show that there exists a € A, 1 so that i(a) = 9(b),
since this will allow us to map ¢ to that a. This means we need to show that 9(b) € im(i). By
exactness we have im(:) = ker(j) so we need to show that j(9b) = 0. Since j commutes with
0 we know that j(9b) = 0j(b) = dc. This means that 9(b) € im(7) if and only if ¢ € ker 9,.
This suffices to show the existence of a map between H,(C) and H,_1(A). That is because
H,(C) = ker 0,/ im 0,41 so we only care about where we map elements of the kernel. We now
have a map that maps ¢ € H,(C) to some a € H,,_1(.A). We need to make sure that a € ker d,,_1
in order for the map to be well defined. Consider the diagram

0 0 0

I |

An 9 An—l 9 An—2 —_—

ool I

Bn 9 Bn—l 9 Bn—2 —

Since a € Ap—1 we have i(Ja) € Bj,,_g. Since i is a chain map i(da) = di(a). We know from
earlier that i(a) = 0b so we get that i(0a) = 00b = 0. This implies that da € ker(7), but since
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i is injective da = 0. More precisely 0,—1a = 0 so a € kerd,_1 so the map from H,(C) to
H,_1(A) is well defined. It is left to show that the sequence

- —— Ho(A) = Ho(B) =2 Ho(C) —— Hyoa(A) — -

is exact. The arguemnts so far involved a lot of what’s called diagram chasing. 1 am sure I
don’t have to explain why that is. In order to complete the proof, we just show that the long
sequence is exact, and we do this by definition. This means we do this by diagram chasing.
Moreover, that diagram chasing is omitted from this proof. ]

Remark 1.38. There is a version of Theorem 1.21 for reduced homology.

Example 1.18. Let € X. Then from Theorem 1.21 applied on (X, {z}) we get that there
exists a long exact sequence

c—— H, ({a}) =2 Ho(X) 2 Hy(X,20) —2 Hyoy ({2}) — -
and since we know that H, ({z}) = H,_\ ({z}) = {0} and since this sequence is exact we get
that H,(X) = H,(X, o).

Remark 1.39 (Long exact sequence of a triple). We can generalize the long exact sequence of
a pair (X, A) the a long exact sequence of a triple (X, A, B), where B C A C X:

o — H,(A,B) —— H,(X,B) — H,(X,A) — H,_1(A,B) —— ---

This is just the long exact sequence of homology groups associated with the short exact sequence
of chain complexes formed by the short exact sequences

0 —— Cph(A,B) —— C(X,B) —— Cp(X,A) —— 0
For example, if b is a point, the long exact sequence of the triple (X, A, B) becomes the long
exact sequence of reduced homology for the pair (X, A).
1.7 Excisions

Theorem 1.23 (Excision). Let Z C A C X so that 7 C A. Then the inclusion map i: (X —
Z,A—7)— (X,A) induces an isomorphism H,(X,A) =2 H,(X — Z, A — Z) for all n.

Corollary 1.24. Let (X, A) be a good pair. Then H,(X,A) ~ H,(X/A).

Remark 1.40. An equivalent phrasing of the excision theorem is that if X1, Xo C X and XU
Xy = X, then the inclusion i: (X7, X7 N X3) — (X, X2) induces an isomorphism H, (X1, X7 N
X9) = Hy, (X, Xo) for all n. In this case A = X9 and Z = X — X; = X9 — X etc. Below are
diagrams showing the equivalency of the theorems

X
Z A=Xy
. Z=X-X1=X—-X3
- X-7Z=X;
A—7=X1NXy
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Definition 1.28 (U-chains). Let U = {U;} be a collection of subsets of X such that their

interiors form an open cover for X, that is, X = ;¢ U. Then we write
CY(X) = span {o: A" - X |3U eU st. o(A") CU}.

Remark 1.41. Since 9(CY (X)) € CY ;(X), the groups C¥(X) form a chain complex. We
denote the homology of this chain complex by HY(X).

Proposition 1.25. The inclusion map 1: CY(X) — C,(X) is a homotopy equivalence between
CYU(X) and Cp(X). That is, there exists p: Cp(X) — CY(X), such that Lo p and pot are chain

~

homotopic to the identity. Hence i induces isomorphisms HY(X) = H,(X) for all n.
Proof. We will prove this proposition in four steps.

(1) Barycentric Subdivision of Simplicies. Recall that any n-simplex given by [vg, v1, ..., v,] is
defined to be all the points ) t;v; so that t; > 0 and ) ¢; = 1. We define the barycenter
of an n-simplex to be the point with equal barycentric coordinates b = " m +1 . We
define the barycenter subdivision of an n-simplex inductively. For n = 0 we deﬁne the
subdivision as just the point itself

BS ([’UQ]) = {[’Uo]} .

We can now define the subdivision of a n-simplex for n =1 as follows:

BS vo,vl U U {bs} {bvo bvl}

1=0 seBS (AY)

where A’ represents the ith face of the A-complex, and b is constant, it is the barycenter
of the 1-simplex. Inductively, we can assume that barycentric subdivision is defined for
an (n — 1)-simplex, and define

BS([vo,vl,... U U {bs

i=0seBS (A

Note that the barycentric division of an n-simplex is (n + 1)! n-simplices who cover the
original A-simplex. In particular |BS([vg,v1,...,vs])| = (n + 1)!. Although this is not
important for the proof, BS(A™) does form a simplicial complex structure on A™. We
want to show that

diam[wo, . .., w,] <

ni 1 diamlvg, . .., vp)].
for each [wo, ..., w,] € BS(A™). We first observe that
diam[wyg, ..., w,] = mawai - ij
becauase the distance of any two points v and ), t;v; always satisfies
n n
v—;tivi = ; i(v—v;)| < ;t ilv—vi| < ;t m]ax\v—vj\ —maxlv—v]]

The rest of the proof is geometric. Its significance is that it allows us to divide any
n-simplex into smaller simplicies with arbirarily small diameter.

'bary means mass
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(2) The rest of the proof might be added eventually.
O

Theorem 1.26 (Excision). Let X be a topological space so that A, B C X and AUB = X. Then
the inclusion map i: (B, AN B) < (X, A) induces an isomorphism H,(B,ANB) = H,(X, A).

Proof. dependent on proof of excision. to be added. O

Theorem 1.27. Let (X, A) be a good pair. Then the quotient map q: (X, A) — (X/A, A/A)
induces an isomorphism q.: H,(X,A) — H,(X/A,AJA) =2 H,(X/A) for all n.

Proof. We have seen that a space relative to a point is isomorphic to the reduced homology of
the space. Therefore we only need to show an isomorphism ¢.: H, (X, A) — H,(X/A, AJA). Let
U be a neighbourhood of A in X that deformation retracts onto A. We have the commutative
diagram

Ho(X,A) —— 5 Hy(X,U) 4 Hp (X — AU — A)
[ [ [
H,(X/A AJA) —— H,(X/A,U/A) +— H,(X/A—- AJA,U/A - A/A)
In the long exact sequence of the triple (X, U, A) we get that
oo —— Hy(U,A) —— Hp (X, A) — Hp(X,U) —— Hp (U, A) —— -

and since a deformation retraction of U onto A gives a homotopy equivalence of pairs (U, A) ~
(A, A) we have that H, (U, A) = H,(A, A) for all n, so H,(U,A) = H,(U, A) = {0} and thus
from the exactness of the sequence H,, (X, A) = H,(X,U) so we may assume the upper left hor-
izontal arrow in our commutative diagram is an isomorphism. The deformation retraction from
U to A induces a deformation retraction of U/A onto A/A, so the same argument shows that we
may assume the lower left horizontal arrow in our commutative diagram is an isomorphism as
well. The other two horizontal maps are isomorphisms directly from excision. The right vertical
map ¢, is an isomorphism since we can see by recalling point set topology that ¢ restricts to a
homeomorphism on the complement of A. From the commutativity of the diagram it follows
that the middle ¢, and then also the left ¢, is an isomorphism. O

Theorem 1.28. Let U C R" and V C R™ be homeomorphic open sets. Then m = n.

Proof. We want to compute the local homology at x € U
Hi (X, X —{z}).
From the excision theorem we have that
Hy(U,U — {z}) = Hy(R",R" — {z}).
We consider the long exact sequence of R" — {z} = A C X =R",
Hu(RY) — Hy(RR" — {2}) — Hy 1(R" — {z}) — iy 1(R") .
We know that Hy(R") = Hy_1(R") = {0} which implies that Hj,(R",R" — {z}) = Hy_;(R" —

{z}). Moreover, we can now combine the result that Hj_1(R" — {2}) = Hy_1(5" 1) and the
result from the excision theorem to get

Hy(U,U — {x}) = Hy(R",R" — {z}) = H;_1(5" ")

Z, k=n,
{0}, otherwise.
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Let ¢: U — V be a homeomorphism. By ¢, we get ﬁk(U, U—{z}) = H(V,V — {p(z)}). We
can repeat the same process from earlier and get that

Z, k=m,

ﬁk(V,V - {90(35)}) = ﬁk—l(sm_l) - {{()} otherwise

which implies that n = m. O

Remark 1.42. The result of Theorem 1.28 is also sometimes referred to as “invariance of
dimension”.

Remark 1.43. In the proof of Theorem 1.28 we have seen the concept of local homology. That
is, the homology group H,, (X, X — {z}). The reason this is called local homology, is because as
long as we assume {z} is closed, we get from excision that H,(X, X — {z}) = H,(U,U — {z}).
This shows that the structure of this group depends only on the local topology of X around
. Since a homeomorphism must induce isomorphisms H,(X, X — {z}) = H,(Y,Y — {f(z)})
for all z and all n, the local homology groups can be used to tell when spaces are not locally
homeomorphic at certain points, as in Theorem 1.28.

Remark 1.44. We have seen that

. z iy
H(D",0D") = Hy($") = 40 "™
{0}, otherwise.
In the following proposition we will find the explicit cycle that generates H,(S™) = H, (D", oD")
where we identify H, (D", 0D") = H, (A", 0A™).

Proposition 1.29. The map o,: A™ — A" where o, = id,, viewed as a singular n-simplex is
the generator of H, (A", 0A™) = 7.

Proof. Note that since do,, € C,_1(0A™) we have do, =0 € C,,_1(A")/C)—1(0A™) and thus
op is a cycle so [o,,] € H,(A™, 0A™). We will prove the proposition by induction on n.
When n = 0 then o is clearly the generator of Ho(A?/OA®) = Ho({*} /0) = Ho({*}).
When n > 0let A = 9A™ — AZ where A; is some face of A" (please appreciate the incredible
notation). We claim that there exist isomorphisms

H, (A", 0A™) —=— H,,_1(OA™, A) +—— H, (A", §A™1)
Consider the long exact sequence of the triple (A™, A™ A)
oo —— Hy(0A™, A) —— Hp (A", A) —— H, (A", 0A") —— Hp,_1(0A™,A) —— - --

We know that elements of the form H;(A™, A) are the zero group since A" deformation retracts
onto A, so (A", A) ~ (A, A) and H;(A"™ A) is trivial. By exactness of the long exact sequence
we get the first isomorphism H,, (A", 0A™) = H,,_1(0A"™, A).

The second isomorphism is induced by the inclusion i: A"~ < JA™ as the face not con-
tained in A. When n = 1, the inclusion clearly induces an isomorphism between Ho(A? dAQ)
and Ho(OA™, A). When n > 1, the set A" ! is nonempty so both (JA™, A) and (A"~1, A1)
are good pairs. Then i induces a homeomorphism of the quotients OA™ /A = A"~1 /9A™~1. This
shows the existence of the second isomorphism.

We get that [o] is sent (under the first isomorphism) to [0o] = £[o,,—1] where o,,_; is the
identity on one of the faces of A”.

By the inductive hypothesis o,,_1 is a generator of H,,_1(A"~!, 0A""1) so do,, is a generator
of H,(0A™, A) and hence oy, is a generator of Hy (A", 0A™) (because they are images of each
other through the isomorphisms).

24



1 Homology Algebraic Topology

In order to describe the cycle generating f[n(S") (this is very similar to a problem from
the homework) we first identify S™ = AT U AL /OAT ~ 9AY so that the boundaries are glued
in the obvious way (the one that preserves the order of the vertices). Let o2 be the singular
n-simplices that represent A7,. We claim that [0 — 0] is the generator of H,(5™).

We have that [0 — 03] € H,(S™). Consider the isomorphisms
Hy(S™) —— H,(S", AB) «—— H,(A},0A7)

The first isomorphism comes from the long exact sequence of the pair (S™, A%) and the second
isomorphism is justified in the nontrivial cases n > 0 by passing to quotients as before. Under
these isomorphisms the cycle 01 — 03 in the first group corresponds to the cycle AT in the third
group, which represents a generator of this group as we have seen, so A} — A represents a
generator of H,(S™). O

Proposition 1.30. Let {(Xa,xa)}a be a collection of good pairs. Then the inclusion maps
i Xo =V, Xao induce an isomorphism

PDia).: Hi (\/(Xa,ma)> = P Hi(Xa).

o « e}

Proof. Notice that the pair (| | X,, {xa | a}) is a good pair. Since reduced homology is the
same as homology relative to a basepoint, the result follows from Theorem 1.27 by taking
(X,4) = (UXa,{za | @}). Then

}NIk (l_l Xa/ {xa | Oz}) = Hy, <|_| Xw{xa}a)
= @sz(Xwaoé)
= P He(Xa).

1.8 Mayer—Vietoris
Theorem 1.31. Let X = AU B where A, B C X. Consider the following diagram:

Then

-—— H,(ANB) — H,(A)® H(B) —— H,(X) — H,_1(ANB) —— - --

o) ———— (o}, =l o] =[]+ ) ——— or

is a long exact sequence.

25



1 Homology Algebraic Topology

Proof. Let U = {A, B}. The sequence

0 —— Co(ANB) —L Cu(A) & Co(B) —2 CU(X) —— 0

where f: 0 — (0,—0) and g: (0,n) — o+ is a short exact sequence of chains. Since H,(X) =
H,Zf (X) and this is a short exact sequence, the long exact sequence in homology is the result,
which concludes the proof. ]

Remark 1.45. We can do the same with exact sequences of reduced homology.

Example 1.19. We want to find Hy(S"). Let S = AU B where A = S" — {N} and B =
S™ — {S} where {S, N} are the south and north poles of the n-sphere.

We know that A = B = R” so they are both contractible. We also see that AN B ~g, S™ !
since there exists a deformation retraction from A N B to the equator, which is "1,

By the Mayer—Vietoris theorem we get that

Hy(A) & Hy(B) —— Hy(S™) —— Hy_1(ANB) — H_1(A) ® Hp_1(B)
and by our calculations this is equal to
{0} @ {0} —— Hi(S") — Hp1(S"1) —— {0} & {0}

so Hy(S™) = Hp_1(S™1). This allows us to compute the homologies of the sphere inductively
like we have done in Theorem 1.17.

Example 1.20. Consider the space RP2. We can choose A = D? and B = M where M is the
Mobius band.

Then from Mayer—Vietoris we get the following long exact sequence:

. —— Hy(A) @ Hy(B) —— Hy(RP?) —— H, (AN B)

Hi(A) & H{(B) —— H;(RP?) —— Hy(ANB) — ---

We know that A is contractible so H(A) = Hy(A) = {0} and the Mobius band has a deforma-
tion retraction to S'. So does AN B. We now have an exact sequence of the form

0 —— Hy(RP?) Z Z H(RP?) —— 0

Since we know what the maps in the Mayer—Vietoris sequence are, we can see that the generator
of the left Z is sent to twice the generator of the right Z. This means that Hy(RP?) = 0 and
that H;(RP?) = Z/2Z.

0 0 z Z 7.)27. — 0
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1.9 Naturality

Remark 1.46. The etymology of “naturality” will come after we understand its categorical
interpretation.

Definition 1.29 (Naturality). To say that he long exact sequence of a pair is natural means
that for a map f: (X, A) — (Y, B), the diagram

o Hp(A) —2 Ho(X) —2 Ho (X, A) —2 Hy 1 (A) —— - -

[ |+ .

i —— Hy(B) — H(Y) —*— H,(Y,B) —%— H,_(B) — -~
commutes.

Remark 1.47. There is also a more general algebraic fact that the long exact sequence of
homology groups associated with a short exact sequence of chain complexes is natural. This
means that that diagram

- Hy(A) " Ho(B) =" Ho(C) —— Hyoy(A) —— -

la* lﬁ* / b* la*

S Hu(A) s HA(B) —% HA(C) s Hy g (A) —— -

commutes.

1.10 Simplicial vs Singular homology

Remark 1.48. We can define relative simplicial homology in an analogous way to how we
defined relative singular homology.

Definition 1.30 (Skeleton of a simplicial complex). Let X be a A-complex. Then the k-
skeleton of X is given by the union of all images of i-simplices for all 0 < i < k and is denoted
by X®) or simply X*.

Proposition 1.32. The map f: C2(X) — Cn(X) given by the natural map f: 04 +— 04 is a
chain map and fyx is an isomorphism in homotopy. In particular, the simplicial homology of a
A-complex for a topological space X is idependent of the choice of the complex.

Proof. We assume that X = X for some n > 0 and prove this proposition by induction on
the k-skeletons of a given A-complex of X. In case k = 0 the 0-skeleton X" is a disjoint union
of points. We already know that

0 n >0
A 0 ~ 0 ~ ? I
)= = {0
Assume that H2(X*~1) = H,(X*1) for all n. We will show that H2(X*) = H,(X*) for all n.
Notice that the pair (X*, X*~1) is a good pair. This gives a long exact sequences of simplicial
and singular homology, which we can connect by using the induced map.

HA

p (X8, XY —— R (XY —— H(XY) —— HR(XF, XEY) —— H (X

lf* lf* lf* lf* lf*

Hy (XFE XD —— H (X)) —— Hy(XF) —— H,(X*, XF1) —— H,_(XF 1)

By naturality, this diagram commutes. We only regard the vertical arrows from now on, thus
the “third arrow” will always refer to the third vertical arrow etc. We know from the induction
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hypothesis that the second and fifth arrows are isomorphisms. We will now show that the
first and fourth arrows are isomorphisms. This can be done by showing that H2 (X%, X+~1) =~
H,(X* X*¥=1) for all n and all k. The simplicial chain group C5(X*, X*~1) is zero for n # k,
and is the free abelian group with basis the k-simplices of X when n = k. Hence, H5 (X%, X*~1)
has exactly the same description:

HnA(Xk,Xk_l) ~ @Z[Uoé]v Ng = k
0, ng 7 0.

Since X*~! is a strong deformation retract of its neighbourhood in X* we get that

spanZ{aa:A"a —>X\na:n}, n =k,

H,(XF XE1) = H, (xF/xF1) =
( ) (/X200 n£0.

where the last step follows from the fact that X*/X#+=1 = \/ s S* where sj is the number of
simplices of dimension k. Therefore, we have an isomorphism HZ (X% X*k=1) = f, (X% XF-1).
The five lemma (Theorem 1.33) completes the proof. O

Lemma 1.33 (Five lemma). Suppse we have five maps «, 3, v, § and € between two ezact
sequence

A B C D E
O
A B ' D B

Then if o, B, § and € are isomorphisms, then ~v is an isomorphism
Proof. diagram chasing. to be added. O

Lemma 1.34. Let C C X be compact. Then C meets finitely many simplices of X in their
interior. In particular C C X®) for some k.

Proof. Suppose that C' interesected infinitely many simplices in their interior. Then there exists
an infinite sequence of points x; each lying in a different open simplex. Then the sets

Ui =X - J{}.

J#1
form an open cover of C' with no finite subcover. O

Remark 1.49. We can use the previous lemma to show Theorem 1.32 without the assumption
that X = X for some n. Given an element in H,(X), it can be represented by a singular n-
cycle z, which is the continuous image of finitely many compact simplices, and is thus compact.
Then from Theorem 1.34 it intersects with finitely many simplices in X, so it is contained in
X®) for some k, and since H>(X®) = H,(X*)), we get that z is the image of an element
in X*) (and thus in X) which is a simplicial cycle, and so the map H®(X®)) - H,(X®) is
surjevtive. Similarly, we can show that it is injective, which completes the proof.

1.11 Degree maps

Definition 1.31 (Degree of a map). Let f: S™ — S™ be continuous. We then have that
for Hy(S™) — Hp(S™) is a homomorphism from Z to Z and as such, it is determined by 1+ k.
We call deg(f) := k the degree of f.

Proposition 1.35. Degree maps satisfy the following properties:
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(1) deg(id) = 1.

(2) deg(f o g) = deg(f) - deg(g).

(3) If [ is not surjective then deg(f) = 0.
(4) If f is a reflection then deg(f) = —1.

(5) Consider the antipodal map f: S™ — S™ given by f(x) = —x. Then deg(f) = deg(—id) =
(_1)n+1'

(6) If f: S™ — S™ is a homeomorphism then deg(f) = £1.
(7) If f ~g: S™ — S™ then deg f = degg.
(8) If f+ S™ — S™ has no fized points. Then deg(f) = (—1)"*1,

(9) Suppose n is an even natural number, and G ~ S™ freely (Vr,g.x =x = g=1). Then
G=1 orG=Zs.
Proof.
(1) This follows immediately from the fact that (id), = idz.

(2) This follows immediately from the fact that (f o g)sx = f« © gx.

(3) Let y ¢ f(S™). We can describe f as the composition of maps S" ERy - {y} L gn
where the last is the inclusion map. Since H,(S™ —{y}) = {0} we must have that f, = 0.

(4) We have seen that for S = AjLIA, with the same orientatoin that H,, (S") = (A} —Ag)
Z. We have that f(A1) = Ay and f(A2) = Ay so fi([A1 — Ag]) = —[A1 — Ag).

(5) The antipodal map f: S™ — S™ maps (x1,x2,...,Zpt+1) to (—x1, —x2,...,—Zp4+1). This
shows that it is a composition of n + 1 reflections (one in each coordinate) and thus
deg(f) = (—1)"*.

(6) We can prove the more general claim that if f is a homotopy equivalence then deg(f) = £1.
That is because

1 = deg(id) = deg(f o g) = deg(f) - deg(g)
and 1 = deg(f) - deg(g) implies that deg(f) = +1.

(7) We know that if f ~ g then f, = g, so deg(f) = deg(g).

(8) We will show that f is homotopic to the antipodal map by the homotopy
tf(x) + (1 - t)(==)

£ @) + (1 =) (==)]

Since f(x) # x for all z, the denominator is not 0 for all x € S™ and ¢ € [0, 1], thus H
is well defined and is a homotopy. The geometric reason that the denominator does not
vanish, is because if f(z) # x, then the line segment connecting f(x) and —z does not
pass through the origin.

H(x,t) =

(9) Recall that an action of a group G on a space X is a homomoprhism from G to the group
of homeomorphisms X — X. Since by (6) homeomorphisms X — X have degree {£1}
the map deg: G — {1} given by deg: g — deg(g) is well defined. It is a homomorphism
since deg(fg) = deg(f)deg(g). If the action is free, then by (8) the map deg sends each
nontrivial element of G' to (—1)""!. Thus when n is even ker(deg) = {lg} so deg is
injective hence G C Zo.
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O

Remark 1.50. We can use property (3) to prove the fundamental theorem of algebra. The
proof can be found at the problem set.

Remark 1.51. The reverse direction of property (7) also holds. It is called the Hopf theorem,
but we won’t prove it

Theorem 1.36 (Hairy ball theorem). There does not exist a nonvanishing continuous vector
field on S™ if and only if n is even. Equivalently, S™ has a continuous field of nonzero tangent
vectors if and only if n is odd.

Proof. Let x — v(x) be a continuous field of nonzero tangent vectors on S™. Assign to a vector
v: S™ — R™! the vector v(x) tangent to S™ at . We will show that n must be odd. Since
v(z) # 0 for all x € S™ we can normalize so that ||v(z)|| = 1 for all = by replacing v(z) with
v(z)/[|lv(x)||. Similarly to how cos(t) + isin(¢) lies on the unit circle on the complex plane,
(cost)x +sin(t)v(z) lies on the unit circle on the plane spanned by x and v(x) (this can be done
because z and v(x) are orthogonal). From this we obtain the homotopy map H: S™ x [0, 1] — S™
defined by
H(z,t) := cos(nt)x + sin(wt)v(x),

which a homotopy from the identity map to the antipodal map. This implies that
1 = deg(id) = deg(—id) = (—1)"*1.

It follows that n must be odd.
Suppose next that n is odd. Then n = 2k — 1 for some k£ € N. We can define

vz, @2, ..., Top—1, Tok) = (—X2, 21, ..., —Tok, Tok—1)-

Then v(z) is a evidently a continuous field of nonzero tangent vectors on 5™, which completes
the proof. 0

Definition 1.32 (Local degree). Let f: S™ — S™ be a continuous map. Suppose that for
some y € S™ the preimage f(y)~! is finite. Let f~1(y) = {x;}}2,, let {U;}I~; be disjoint
neighbourhoods of each z; and let V' be the image of all of these neighbourhoods. Then f(U; —
{z;}) C V —{y} for all 1 <i < n, and we have the diagram

(U, Ui = {a}) —— H,(V,V = {y})

e .

f*

Hp (5", 5™ —A{xi}) «—— Hn(S", 5” — [ (y) = Ha(S™, 5" — {y})

where the maps k; and p; are induced by inclusion, the map j is induced from the quotient map
on the chain level, and f, is the induced map of f. The two isomorphisms in the upper half of
the diagram come from excision, while the lower two isomorphisms come from exact sequences
of pairs. Since H,(S™) = Z we obtain the the top two maps can be identified with Z, and the
map (fi)|v: Hn(Ui, Ui — {xi}) — Ho(V,V — {y}) becomes a map of the form 1 +— k; for some
k; € Z. The local degree of f at z; is set to be deg(f|z,) := ki.

Remark 1.52. Let f: S™ — S™ be a homeormophism. Then for any x € S™ there exists a
unique y € S™ so that f~1(y) = {«} and then all the maps of the diagram from Definition 1.32
are isomorphisms and in particular deg(f|,) = %1.
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More generally, if f: S™ — S™ is a map that maps each neighbourhood U; of x; homeo-
morphically onto V', then deg(f|,) = %1 for each i, and we can usually determine the sign as
well.

The following proposition shows how we can use local degree to compute the global degree
of a map.

Proposition 1.37. Assume that y € S™ so that f~'(y) = {x1,...,2m}. Then deg(f) =

Proof. Recall the diagram

Ho (U, Us = {2:}) —2— Ho(V,V = {y})

b .

H,(S™, 8™ — {x,}) <2 H,(S", 5™ — f~L(y) =2 Ho(S", 5" — {y})

\ [E =

Ho(S™) fu Ho(S™)

We notice that the central term H,,(S™, S™ — f~1(y)) is the direct sum of the groups H,(U;, U; —
{z;}) = Z, with k; being the inclusion of the ith summand. The map p; must be the projection
onto the ith summand since the upper triangle commutes and p;ok; = 0 for j # ¢ as any element
in the image of k; is sent to zero in H,(S™,S™ — {x;}) as a subset of S™ — {x;}. Recall we can
identify elements in the diagram as copies of Z and then commutativity in the lower triangle
means that (p; o j)(1) = 1, hence j(1) = (1,1,...,1) = >, ki(1). Commutativity of the upper
square implies that the middle f, maps k;(1) to deg(f|s;), hence ) k;(1) = j(1) is mapped
to >, deg(flz,). Then since the lower square is commutative we get that deg(f) = >, (f|z,)
which completes the proof. O

Example 1.21. Let f;: S — S! be defined by f(z) = z*. We already know that deg(fi) = k
since we know that the generator of Hp(S!) (which by abuse of notation is the identity map
viewed as a singular simplex) is sent to itself k times over. We will now show this fact by using
local degree. When £ = 0 we have z — 0 so fjy is constant and since in particular it is not
surjective so we get that deg(fy) = 0. Suppose that z — 2~! = z. This map is a refelection so
deg(f-1) = —1. Since fx = f-1 o fx, we can assume without loss of generality that k& > 0. Pick
y=1¢€ S (we view S! as the circle in the complex plane). We have that f, ' (y) = {z1,...,2x}
where x; = e2mi/k for 1 < j < k. Let Uy,..., Uy be the disjoint neighbourhoods of each T,
so that excluding z; each U; is mapped to V = S' — {1}. That is because the map f|y,
stretches the interval U; by a factor of k, and rotates it to coincide with V. Since the degree
is multiplicative, the degree of f at x; is simply the degree of the rotation multiplied by the
degree of the stretching, but since the stretching is homotopic to the identity, the degree of f
at x; is simply the degree of the rotation. Since a rotation is a homeomorphism, its local degree
at any point is equal to its global degree, and since it is a rotation in a positive direction it’s
equal to 1. Thus,

deg(f|z,;) = deg(r|z;) = deg(r) = deg(id) = 1,
and we get that

k
deg(f) = deg(flz;) = k.
j=1

Remark 1.53. If we had a map f: S' — S' that wraps a third of the circle around itself once,
another third around itself twice, and the last third around itself in reverse direction four times
the degree of f will be deg(f)=1+2—-4=—1.
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1.12 Cellular complexes

Remark 1.54. In topology we can construct really terrible spaces. When we introduced a
simple structure like the A-complex, it allowed us to compute the homology of a certain family
of spaces. We now (re)introduce cell (CW) complexes, which generalize A-complexes and allows
us to compute the homology of even more spaces, more easily.

Definition 1.33 (CW complex). A CW (or cellular) complex is a space X built inductively
as follows. First, we define the 0-skeleton which represents the 0-dimensional structure of the

complex.
[ ]

X©) — A discrete set of vertices = e °

[ ]
Then the 1-skeleton is defined by setting pairs of 1-discs and attaching maps {]D)é, @a} where
the attaching maps are @, : 0D} — X ©) 5o that

XM = <X<0> L |_|]D>;) /{z ~ pa(z)}.

For example using the O-skeleton from earlier we can have

x@  —

We also have the characteristic map ¢4 : DL, — X (1) this maps sends each disc from “the void”
to the disc in the context of the CW complex. The following diagram compares ¢, and ¢.

A

ba

Pa

Sometimes we call {Int(qba(]l)}x))}a the 1-cells of X.

We can now define a finite dimensional CW complex X = X inductively as follows. Suppose
we have a X ("~1_skeleton and pairs of n-discs and attaching maps {(Dz, goa)}a. Then

X — <X("1’ U I_IDé) [{z ~ ¢alx)}.

Remark 1.55. In 0 and 1 dimensions, every CW complex is equivalent to delta complex, and
vice versa.
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Remark 1.56. In a A-complex structure, the maps o,: A™ — X were characteristic maps.

Remark 1.57. When n — oo for some sequence X () we define X := lim,, 00 X (n) = Ux (n)
and say that U C X is open if and only if U N X™ is open for all n.

Example 1.22. Before giving examples here is a standard nonexample. Consider R? as the
background, and add all circles with radius 1/n and center (0,1/n). We obtain a CW complex
that looks like

This is known as the Hawaiian Farring. It is not a CW complex because we required our
vertices, the elements of X(®) to be discrete, and clearly the points (0,1/n) converge to (0,0).
Counterintuitively, if we chose (0,n) as the center for circle of radii n, we would get a well
defined CW complex.

Example 1.23. A topological graph is a CW complex. For example

This is known as the Petersen graph. However, we must be careful. Recall that the Petersen
graph is not a planar graph. This means that in the real plane, the 1-cells must intersect, which
means this is not a CW complex, but we can embed this graph (as well as any other finite
graph) in R? without 1-cells intersections, so it does have a CW complex representation.

Example 1.24. We can define a cellular complex for S? by setting X(©) = {v} and letting X 1)
be X0 1 D! /o1 where : D! — {v} is the constant map, and then glumg two more 2-discs
by attaching maps that send their boundaries to ¢;(D'). We get something like

.—>©—>‘

Note that this is not a A-complex.

Example 1.25. We can also construct a cellular complex for S™ by setting X () = = {zo} and
X0 = X©) for 1 < i < k, and then add a single n-cell by (D™, ) so that p: 8]1)” — X is the
constant map p(x) = xg. Note that this is not a A-complex. The general construction looks
like this:

o ——> o —» ... —— e —— n-sphere with a point
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Remark 1.58. We can also construct a CW complex for S? with many many cells, so that
it looks like a basketball, or a soccer ball. We can also simply triangulize S? as we did for a
A-complex, however these methods will not prove very efficient when we will try to compute
the homology of these complexes.

Example 1.26. We can construct a CW complex for the torus 72 by noticing that

T2

12
IS
>
s
12
s
S

so we just need a single O-cell denoted €, two I-cells denoted e! and e%, with boundaries
attached to ¢, and one 2-cell denoted e?, the attaching map gluing its boundary along the
word aba~'b~!, where the loops a and b represent the 1-cells e} and e% respectively.

Example 1.27. The space RP" is just the space of lines in R™*! passing through the origin
R™! — {0} /x ~ Az. In particular, we get that RP? is simply a point D° = {x}. We also know
that RP" is homeomorohic to S™/z ~ —x so for RP! we get that

0 8@

so we have that S' = RP! (but this is an anomaly). This shows that we can construct a CW
complex for RP! by attaching one 1-cell to one 0-cell in the obvious way. Equivalently, by
attaching one 1-cell to RPY. When considering RP?, we get a 2-sphere with identified antipodal
points. This is equal to the upper hemisphere of the 2-sphere, with the equator having its
antipodal points glued together just like a copy of RP'. We will abuse notation and denote the
equator of RP? by RP!.

Pz‘/Vx(mwx)‘/VxeRPI(mwx)

This shows that we can construct a CW complex for RP? by attaching one 2-cell to RP!. This
pattern continues, and in this way we can construct a CW complex for RP"™ with one i-cell for
all 0 < i <n for all n.

Remark 1.59. Formally, the pattern for the inductive construction of real projective spaces is
RP" = RP" ' U||D"/ {2 ~ ¢(z)} with ¢q: OD2 — RP""! defined in the natural way.

Exercise 1.1. Think of a CW complex for CP" (with a single cell in each even dimension). In
particular, this implies that CP! = S2.
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1.13 Cellular homology
Remark 1.60. For all subcomplexes A C X the pair (X, A) is a good pair.
Lemma 1.38. Let X be a CW complex so that X = J X ™).

(1) We have that

H, (XM, x(=1) = {?QZ[%], n ; ll:
) n .

Note that ¢, are the characteristic maps.
(2) We have that Hi,(X™) 2 {0} for k > n.
(3) We have that Hy(X™) = Hy(X) forn > k.
Proof.

(1) Follows from the fact that (X, X(=1) is a good pair and that X /X "=1 is a wedge
of n-spheres.

(2) Consider this subsequence of the long exact sequence of the pair (X ™) X (=1).
(Hp X, XDy 5 Hy(X=D)) —— Hy (X)) —— Hyp (XM, X (1))
Since k > n we get that k Z#n and k #n —1 so
Hp (X0, x (=) > (x() x(n=1)y >~ f0}
By exactness of the sequence we get Hy (X" 1) 2 Hy(X®). Thus for k > n we get
Ho(XM) = g (XCD) = .. [ (xO) = {0},
which completes the second part of the lemma.

(3) For finite dimensional X (X = X for some n), the statement follows from the same
long exact sequence from (2).

O
Definition 1.34 (Cellular chains). We define CSV = H,, (X, X(»=1) Note that this implies

that CyY = @, Z[pa] for characteristic maps ¢, of n-cells. The chain groups C;V(W) will
form our cellular chain complex.

oy Hy (XX S (X0 X ey (X X2

Definition 1.35 (Cellular boundary map). We want to construct the boundary maps d,,. We
notice that we can combine the long exact sequences of the pairs (X, X"~ 1) and (X", X"~2)
to get a diagram of the form

0
\ /
H,(X™)
a,MT x

AU Hn+1(Xn+17Xn) M Hn(X”,X”_l) L Hn_l(X”_l,X”_Q) —_

\Lan qn—1

anl (Xn—l)

/

Hn(Xn+1)
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We define 9V := d,, = ¢,_100,. Indeed we get (8CW)2 = gx000q,00 = 0 because of exactness
and d o g, = 0.

Remark 1.61. We want a practical way to compute the boundary maps d5V. Let ¢, : OD" —
X(=1) be the attaching map of some n-cell. We then have the following sequence

n—1 ~ n _Pa (n—1) ¢ n—1) n—2) ~v n—1 P8 n—1 n—1 ~ gn—1
Spt oy Loy XD A x el x e e\ fgpmt s \feptty\/ spt e gp
5 5 5£B
for each (n —1)-cell B. Define the map @ap: Sy — Sj to be the composition of these maps.

Then we have
0V ([6a]) =D _ deg(ap) - [85]-
B

Remark 1.62. Earlier we have used both d,, and 9% interchangeably to denote the boundary
map of the cellular chain complex. From now on we will only use d,, for brevity.

Remark 1.63. In order to compute the cellular homology of spaces, the only facts we have to
remember are that C,V(X) = @, Z[¢a] where ¢, are characteristic maps of n-cells, and that
the boundary maps are given by

dn ([6a]) =) deg(@ap) - [65]-
B

Example 1.28. Let X = S™ for n > 2. As we saw in Example 1.25 we can construct a CW
complex for X using only one 0-cell and one n-cell. The cellular chain of such a complex is of

the form

dn+1 dn, 0 dnfl L. d2 >O d d

0 s 7, L7 50

We don’t even have to compute the boundary maps since they are all simply the zero maps,
and we immediately get that

Z, k=0ork=n,

0, otherwise.

Example 1.29. Let X = CP" = C"*! — {0} /= ~ Az for 0 # A € C. Then from Exercise 1.1
we know that X has a CW complex with one i-cell for each ¢ = 2k for 0 < k < n. The cellular
chain complex is

dont1 d don—1 d d d d
0227 -2 0 b 27250257250

and the homology is

Z, t < 2n and t even,
{0}, otherwise.

HYY(CP") = {

Example 1.30. Consider CW complex for the 2-torus we saw in Example 1.26

b
>

=Y
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We can see that the cellular chain complex is of the form

d4 d2

0—%47A Za®7Zh—"s 70—

We know that CW complexes are the same as A-complexes in dimensions 0 and 1 so in particular
di(a) =v—v=0and d;(b) = v —v = 0. This means the only map which is (possibly) not the
zero map in this chain is ds. Using the formula for the boundary map we get

d2(A) = deg(paq)a + deg(wap)b.

In order to compute these degrees we can notice that

Recall that ¢, is a map between spheres, in particular pa,: S — S, and we can see that it
sends the boundary of 11)2A to a map which is homotopy equivalent to the constant map.

PAa = a —aq ~ e

which, I admit, is a weird way to write that going over the boundary of the torus (which
represents S1) once, is mapped to going over S! once in some direction, and then in the opposite
direction, which, as we know is homotopy equivalent to the constant map. This means that
YAq = 0 and similarly ¢ap = 0. Since all boundary maps are the zero maps, we get

Z, k=0or k=2,
Hy(T?*) =72, k=1,
{0}, otherwise.

Example 1.31. Let ¥y = T#T be the compact orientable surface of genus two. I suggest
looking for an online drawing of it, but here is its diagram as a quotient space

a
¢ b
d{ A a
c b
d

with all the vertices identified and denoted by v. The cellular chain complex is

ds d

s 0 ZA —2 5 Za® T ® Ze ® Zd —2s 7o —% 5 0
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It is clear that all maps except (possibly) do are zero maps. Similarly to what we saw in
Example 1.30 we get that

PAa f = a —a >~ e

and so similarly ¢aq, ©Ab, ©Ac and @ag are all zero maps so dy = 0 which means that

Z, n=0orn=2,
H,(39)=<7Z% n=1
{0}, otherwise.

Remark 1.64. The argument we saw in Example 1.31 does not actually depend on the as-
sumption that the genus of the surface is 2. Thus, we can generalize and say that in the case
of the compact orientable surface of genus g, which is ¥, = #9T2 we have

Z, n=0orn=2,
Hn(zg) = Z2g7 n= 1
{0}, otherwise.

Example 1.32. Consider the Klein bottle K with the CW complex

A

This is not the standard representation of the Klein bottle, but it is possible to get to the more
standard representation but cutting along the anti diagonal and pasting along the side a. Using
our representation we get a cellular chain complex of the form

d4 d2

0—%47A Za®7Zh—"s 70— 4

As in all of the examples we have seen so far, the interesting map is do. This time, things are
a little different. We have

and

PAq = a a >~z
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S0 . sends the boundary of the Klein bottle (one trip around S 22 D) to two trips around
S! (just like 22) and so deg(pa,) = 2. Similarly we get that deg(pa,) = 2, and thus we have

da(A) =2(a+0b).
Therefore the only nontrivial homology we have to calculate is

_ kerd; Za ® 7Zb

H(K) = = = 2 = 2 =7 PL/27.
(1) = 3o = s = (a2 +b) = (@ & (a+b| Aa+) 2 262
Therefore
7, n =0,
H,(K)=Z2Z®7Z/2Z, n=1,
{0}, otherwise.

Example 1.33. Let X = RP". We know that X has a CW complex with one i-cell in each
dimension 0 < ¢ < n. Thus the cellular chain complex is

dn+2

d’n n
0z, g By Yy
It is not so clear what the boundary maps are anymore. Recall that

Sg—l ~ a]D)Z Pa X(n—l) i> X(n—l)/X(n—Z) ~ \/Sg—l ps \/S(fszfl/ \/ ngl ~ ngl‘
5 5 8#p8

so in our case since X (™ = RP™ and there’s only one cell in each dimension we get
PAA,_, 1 SV =D 5 RPVT L RPT/RP2 22 g7

and

dn ([$a,]) = deg(pa,a,_,) - [6a,_,] = deg(oa,a,_) - [6a, ],
3

where A,, represents the n-cell of the complex. Note that the attaching map ¢a,: S*7! —
Sz ~ —x =2 RP"! is given by the canonical double cover of RP"~!. We now use Theo-
rem 1.37. Let y € S~ ! not on the equator, then (pELAn_l(y) = {z,—x} for some z € S'. This
means that

deg(pn,a,-1) = deg(ea,a,_:le) + deglea,a,-1|-2)-

However from the multiplicativity of the degree deg(ypa, A, ,|-z) = deg(va, A, _,|z) - deg(a|-z)
where « is the antipodal map. Since we know that pa,a, , is homotopy equivalent to the
identity in a sufficiently small neighbourhood of z, and that deg(a|_,) = (—1)". It follows that
deg(d,) = 2 when n is even and deg(d,) = 0 when n is odd. This implies that when n is odd

7

Z, k=0and k =n,
Hy(RP") = Z/2Z, 0<k<nand k is odd,
{0},  otherwise.

and when n is even )

A k=0,
H,(RP") =(Z/2Z, 0<k<nand k is odd,
{0}, otherwise.

\
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1.14 Extras before cohomology

Definition 1.36 (Euler characteristic). Let X be a CW complex with finitely many cells. Then
we define the Euler characterstic of X to be

x(X) = Z(—l)i# {i-cells in X'} = #Vertices — #Edges + #2-faces — - - -
i=0

Theorem 1.39. The number x(X) is independent of the CW complex on X. Moreover, if
X ~Y where X and Y are finite CW complexes, then x(X) = x(Y).

Definition 1.37 (Rank). Let A be a finitely generated abelian group. Then from the classifi-
cation of finitely generated abelian groups

A=7"oB
for some finite group B and some r > 0. We define rank(A) = 7.
Exercise 1.2. Let

0 A B C 0
be a short exact sequence of abelian groups. Then rank(B) = rank(A) + rank(C').

Theorem 1.40. Let X be a finite CW complex. Then

o0

X(X) = (~1) rank (H;(X))

=0
where H;(X) are finitely generated because CS" is finitely generated.

Proof. We have the chain complex

\ d; \ d;
cw %+l CW i CW
CZ» 1 CZ» C’i B AR

so in general if we denote B,, = imd,4; and Z, = kerd,, so that H,, = Z,,/B,, we get the short

exact sequences
0 Bz‘ Zz‘ H f W(X ) — 0

and
0— 2, — CW(X) —— Bi-1 —— 0

so from Exercise 1.2 we obtain the formulas
rank(Z;) = rank(B;) + rank(H;)
rank(Cf"V) = rank(B;_1) + rank(Z;)

so by simple arithmetic calculations

oo

X(X) = Z(—l)i# {i-cells in X'}

1=0

(—1)2 (rank(Bi_l) + rank(Zi))

o

I
o

(1) (rank(Zi,l) —rank(H;_1) + rank(ZZ-))

o

s
Il
=)

(1) rank (H;—1(X))

o

s
Il
o

where the last step follows from the fact the series is a telescopic sum. O
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Remark 1.65. In every odd dimension the Euler characteristic of any compact manifold is
Z€ro.

Theorem 1.41 (Jordan curve theorem). Let h: S' — S2. Then h(S') decomposes S? into two
path connected components. Formally, S2 — h(SY) has two path connected components, or in
the language of homology, Ho(S? — h(S')) = Z

Theorem 1.42 (Jordan—Schoenflies). Let h: S* — S%. Then h can be extended to a homeo-
morphism H: S? = S2 50 that H|g = h, where E = S1 is the equator of S?.

Example 1.34. This theorem can not be generalized to higher dimensions. Let h(S?) C S3 be
Alexander’s horned sphere. It’s a counterexample, it’s very hard to draw here just look it up.

Theorem 1.43.
(1) Let h: DF < 8™ be a continuous map. Then H;(S™ — h(DF)) =0 for all i.

(2) Let h: S¥ < S™ be a continuous map so that k < n. Then

Z, i=n—k-—1,
0, otherwise.

Hi(S" = h(S*)) = {

Proof.

e have D¥ = {*} and then S" — {x} = R"

(1) We prove this by induction on k. When k = 0 we
= H;(R™) =0 for all 1.

so since this is contractible H;(S™ — h(D¥)

Next we identify D¥F = [0, 1]* = I*. Define

A =10,1/2] x 1*1
=[1/2,1] x I*!

Then we define A = S™ — h(A') and B = S™ — h(B’) which are open. We then have
AN B = 8™ — h(I*) which means we want to compute H; (A N B). In order to use Mayer—
Vietoris we compute the union AUB = S" — h(AN B) = 5" — {1/2} x I*"!. Then from
Mayer—Vietoris we get

. —— H;i 1 (AUB) —— H;(ANB) — H;(A) ® Hy(B) — H;(AUB) —

but since the groups at the edges are trivial we have H;(ANB) = H(A) @ﬁi(B).~Assume,
by way of contradiction, that H;(ANB) is not trivial. Then there exists 0 # ¢ € H;(ANB)
so that either 0 # ¢ € H;(A) or 0 # ¢ € Hy(B). In the first case denote A; = A, in the
second A; = B. Continue the process on A; instead of S™ and so on indefinitely to get
a sequence A1 C --- C A, C --- so that A} D --- D A!, D indefinitely. Then we have
N A, = {*} x I*1. This implies that 0 # ¢ € H;(S™ — h({*} x I*"1)) = 0, but by the
induction hypothesis we get that ¢ = dd for some d € Cjy1(S™ — h({*} x I*¥71)). to be

finished.
(2) We know that S¥ = D; L Dy for some k-discs glued at their boundary. Then again by
letting
A=S8"—h(D)
B = S" — h(D3)

we get from Mayer—Vietrois and part (1) the desired isomorphism.
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Definition 1.38 (Wild knot). An embedding h: S* < S3 is called a wild knot.

Remark 1.66. A wild knot is a called “wild” because it can be very pathological. A knot that
is not wild is called tame. One way to rid the knot of pathological behaviour, is by requiring it
to be smooth. Smooth knots are not the only tame knots.

Corollary 1.44. Let h be a wild knot. Then H;(S® — h(S')) = Z.

Remark 1.67. In modern terminology a domain U is an open connected set. A long time ago
a domain was just another term for an open set.

Theorem 1.45 (Invariance of domain). Let U C R™ be an open set and let f: U — R"™ be a
continuous and injective map. Then f(U) C R™ is open. It follows that f is an open map.

Proof. We know that R” C S™. We will show that f: U — S™ is open. Let x € D C U. We
have D = D™ C R™. From the previous Jordan theorem we know that the n — (n —1) — 1 = Oth

homology is B
Ho(S™ — (D)) = Z.

This means that S™ — f(0D) has two path connected components. We know that the path
connected components are

f(D - D)
s"— f(D)
Since path connected components of a locally path connected space are open, thus in particular

f(D — D) = f(D) is open. O

Definition 1.39 (Topological n-manifold). Let M be a second countable Hausdorff space. Then
M is said to be an n-manifold if M is locally homeormophic to R™. Moreover, M is a closed
n-manifold if M is compact.

Theorem 1.46. Let N and M be closed connected n-manifolds and let f: M — N be a
continuous injective map. Then f is a homeomorphism.

Proof. From Theorem 1.45 f is open. Thus f(M) is open and closed. Since N is connected, it
follows that f(M) = N. O

1.15 Homology with coefficients

Remark 1.68. Z is the most important group in the world.

Remark 1.69. Let (G,+) be an abelian group. Then we can define C,,(X;G) = @ Go. This
chain complex induces homology groups H,(X;G).

Remark 1.70. All previous propositions and theorems like excision, Mayer—Vietoris still apply
when doing homology with coefficients.

Remark 1.71. Let f: S™ — S™ be a map. We then have f.: H,(S™;G) — H,(S™;G) and
since H,(S™;G) = G we have f,: G — G and in particular f.(g) = deg(f) - g.

Example 1.35. Let X = RP" and G = Z/27Z. Recall example Example 1.33. Now we have a
chain complex of the form

0——2/22 2 ... 2% 7/97. -2 7./27. —— 0

and in particular
7)2Z, 0<1i<n,

H;(RP" : Z/27Z) = { ]
0, 1> n.
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Theorem 1.47. Let f: S™ — S™ be an odd function. Then deg(f) is odd.

Proof. We know from the previous topology course that for the quotient map g: S™ — RP" =
S™/x ~ —x we have that for all o: A" — RP" continuous that there exist only two lifts
&1,62: AF — S* such that g o 5; = 0. We also have that &3 = a o &; where a: S® — S™ is
a(z) = —x.

Denote P = RP™. We have the short exact sequence

0 —— C(RP";Z/2Z) —— C(S™,Z/2Z) i> C(RP",Z/2Z) —— 0
This induces a long eact sequence in homology
Hy, 1 (RP"; Z/272) —— H,(RP™";Z/27) —— H,(S™;Z/2Z) —— H,(RP";Z/27) —— o
Because of known results Hy(S™;Z/27) = H,(S™;Z/27) = 7./27 and

Z)2Z, 0<i<n,

0, 1> n.

H;(RP" : Z/27) = {

we get a few isomorphisms Hy (RP"; Z/27) = Hy_1(RP™;Z/2Z) for almost all k.

We have the commutative diagram

sn L 5n

o

RP" —L , rp®

and a short exact sequence
0 —— C(RP";Z/)2Z) —— C(S™Z/)2Z) —— C(RP™;Z/27Z) —— 0
I I I
00— C(RP") — C(S") ——— C(RP") ——— 0
This does not immediately commute but we can verify that it commutes and is exact. Thus

f« induces isomorphisms f.: H, (S",Z/27) = H,(S™;Z/2Z). Thus f, is a map from Z/2Z to
Z/27Z so it must be that deg(f) =1 (mod 2). O

Theorem 1.48 (Borsuk-Ulam). Let S — R"™ be a continuous function. Then there exists
x € S™ so that f(x) = f(—x).

Proof. Assume, by way of contradiction, there does not exist x € S™ so that f(x) = f(—x). We
can define g: S™ — R™ — {0} so that g(x) = f(z) — f(—=z). Let g := g(x)/||g(x)||. In particular
G: 8" — S" ! and § is odd.

From Theorem 1.47 the function ¢ is odd O
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2 Cohomology

Definition 2.1. Let G be an abelian group. Then we define
C"(X;G) = Hom(Cy(X;Z), Q)

where Hom(C),(X), G) denotes the homomorphisms of abelian groups. Recall that C,,(X;Z) =
@D,c;Z - 0. Equivalently,
C"(X;G) ={f: {o},e1 = G}.

called cochains or 0-cochains

Example 2.1. Let G = Z. Suppose we had a graph

We had that Cy = @ Zo and now we have [[ Zo. The boundary map is C* <= C9. Tt is given
by

5f(€) = fles) — fle-):
V-7
0f: E—7Z
where e; and e_ are the vertices of the directed edges.

Example 2.2. Given a graph with weights on the vertices. Can we construct a kduma function
so that defined like in f its image will math the weights? If we can, we can always add +C' like
in normal analysis

Remark 2.1. For g to have a primitive f: g = df. We need dg = 0.
Definition 2.2 (Cohomology). Let G be an abelian group. Let X be a topological space with

a CW/A-complex structure on it that gives a chain complex
s O (X)) 2 (X)) 2 G (X)) —— -
We define _
C'(X;G) = Hom(C;(X), G).

We define 6: C*(X;G) — CY(X; Q).
§:=0"

so that
0f = fod.

Remark 2.2. Let f € C°(X;G). We can think of f as a map from the O-simplices to G.
We see that

6f(e) =0"f(e) = fode=flex —e) = flex) = fle-).

When we have 0f = 0 we get that for every path e that f(e;) = f(e—). This happens if and
only if f is constant on path components of X. Therefore

HO(X; G) =kero = {f: X — G| f is constant on path connected components}
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Compare to Z. The direct sum is the dual of the direct product.

®text connected components
HY(X;G) = (Ho(X;@))".

We may conjecture that
H"(X;G) = (Hu(X;G))".

This is not far from the truth, but it is not the truth.

Example 2.3. We compute H* (R]P’3). Recall the the cellular chain complex is

0— 772,72 9,72 40

Since G = Z the dual chain complex is

O¢—— 25— L5 L5 L0

We have a: 1 +— m. And a*: ?
The torsion Z/27 moved up one dimension.

Remark 2.3. This is not far from the truth, but it is not the truth. We have now seen this ni
the example

2.1 Universal coefficient theorem

Remark 2.4. The goal is to describe H*(X;G) in terms of H;(X) and G.

*

Remark 2.5. The first goal is to construct a map H*(X;G) to (H;(X))".
Let f € ker§ = Z*(X;G) (an i-cocycle). We have that

Then f: C;(C) — G induces a map f|z,: Z; — G which induces f: Z;/B; = H;(C) — G.
If f € B' =im§ then

f=0 = f=¢00 = [lz,(2) =v0(z) = [lz
~~

=0

Il
o

This implies that f = 0. Therefore the map

*

h: H(X;G) —
h(f)

(Hi(X))
f

completes our first goal.
Remark 2.6. Show the surjectivity in the example
Lemma 2.1 (Splitting lemma). Assume we have the short exact sequence of abelian groups

0 A-—oypB- .0 0

Then the following are equivalent
(1) There exists s: C'— B so that fo s =1idc.
(2) There exists a “retraction” r: B — A sp that yo o =id4.

(8) B= A® C such that o« and [ are the obvious map.
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Remark 2.7. This equivalency is equivalent to the axiom of choice.

Proof. The directions (3 — 1) and (3 — 2) are obvious, so we will only show directions (1 — 2)
and (2 — 3).

(1—2)

(2 —3)

Let b € B, then S(sfb —b) = 0, so by exactness (sfb — b) € ker(f) = im(«). Since « is
injective there exists a unique a € A such that a(a) = sgb —b. We define r: B — A by
r(b) := a. In this way we have ra(a) = a so ra = id4 and it is left to show that r is a
homomorphism. Denote r(by + b2) = a, 7(b1) = a1 and r(by) = az. We now have from
previous definitions that

a(a — (a1 + ag)) = 85(()1 + bz) — (b1 + bz) — (85(b1 + bz) — (bl + bz)) =0,

but « is injective so a — (a; + az) = 0, which means that a = a; + ag, which completes
this part of the proof.

Define p: B — C @ A by ¢(b) = (B(b),r(b)). The map ¢ is a homomorphism, and we
will show that it is an isomorphism directly. If b € ker(¢) then 5(b) = r(b) = 0, but since
b € ker(8) = im(«), there exists a so that ca = b, so r(cwa) = r(b) = 0, but also by the
assumption r(aa) = id4(a) = a. This implies that a = 0, and thus b = 0, so ker(¢) =0,
and ¢ is an injection. We will now show surjectivity. Let (c,a) € C & A. Since (3 is
surjective, there exists b € B so that 5(b) = c. Since ima = ker § and a(a—1(b)) € im(«)
we get S(b+a(a—r(b))) = B(b) = ¢, and we also have r(b+a(a—r(b))) = r(b)+(a—r(b)) =
a, so p(b+ a(a —r(b))) = (c,a), which means it is a surjection. We have shown that ¢
satisfies all properties of an isomorphism, therefore it is an isomorphism.

A C

We have shown that ¢ is an isomorphism. Since pa(a) = raa = ig(a) for all a, we get
that « is the inclusion map. Since mp(b) = B(b), it is clear that the projection 7 is S
(equivalently $ is the projection), which completes the proof.

O]

Definition 2.3 (Split sequence). If a short exact sequence satisfies any of the conditions above,
we say that it splits, or that it is a split sequence.

Remark 2.8. We show that h is surjective.
Under the assumption that C; are abelian groups ..

Remark 2.9. We show that h depends only on H,(C) and G.

We define H;(F*;G) = Ext'(H; G).

Theorem 2.2. Let C be a free chain complex. Then the following short exact sequence splits

0 —— Ext!(H;_1(C),G) —— H*(C;G) —— Hom(H;(C);G) —— 0

Theorem 2.3. Let C be a chain complex of finitely generated abelian groups. Then the following
short exact sequence splits.

0 — Ext'(H,_1(C),G) —— H"(C;G) —— Hom(H,(C);G) —— 0
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Proof. Recall that
Ext(H, @ Ho; G) = Ext(Hy1; G) @ Ext(Hy; G).

Since
Ext(Z;G) =0
Ext(Z/nZ;G) = G/nG

Remark 2.10. Let H = F @ T be a finitely generated abelian group and G = Z. Then
Ext(H,Z) =T = torsion of H.
Remark 2.11. Consider Hom(H,Z) = F* = F.

Remark 2.12. The following corollary is a very good way to compute cohomology, under the
assumption we know the homology groups.

Corollary 2.4. Let X be a topological space so that H,(X) is finitely generated. Then
H"(X;Z) = torsion of Hy,—1(X) @ free part of H,(X).

Remark 2.13. This is a good time to compute the cohomology of RP? using the homology
of RP3, and notice that it turns out the same as when we computed the cohomology of RP?
directly.

Remark 2.14 (Naturality). Let C 2 €’ be two chain complexes connected by a map «. Suppose

you also have C"* %y C*. Then the following diagram commutes

Remark 2.15. Let F be a field. We have
H"(C;F) = Homyp(H,(C; F),TF).
Remark 2.16. Let X be a topological space. We have that
HY(X;G) = Ext(H_1(X),G) ®Hom(Hy(X),G) = Hom(Hy(X), Q).

=0

We also have that
HY(X;G) = Ext(Ho(X),G) @ Hom(H;(X),G) = Hom(H(X),G).
| R S —
=0
This is because Hy is always free. Moreover,
HY(X;G) = Hom(H;(X), G) = Hom(7(X), G),
since H1(X) is the abelianization of 71 (X).
Remark 2.17. Category theory arose from algebraic topology.

Remark 2.18. Homotopy invariance still holds for cohomology. Let f,g: X — Y be so that
f=~g. Then f*=g¢*: H"(X) - H"(Y).

Remark 2.19. Relative cohomology and cohomology of a pair is the same.

Remark 2.20. In excision we had that if Z C A C X so that Z C A. Then
Hy(X —Z,A—Z) = Hy(X, A).

Similalry, we have
HY (X - Z,A-Z)— H"(X,A).
However, H,(X — Z,A— Z) and H"(X — Z, A — Z) are not always dual of each other.
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2.2 Cup product
Definition 2.4 (Cup product). The cup product is an operator
U: H*(X) x H(X) —» H*(X).

Equivalently
U: C*(X) x CY(X) — C*(X).

Let ¢ € C¥(X) and ¢ € C(X). We map o: AF — X as follows:

eUY(o) = (U|[v0,...,vk]) 1 <U|[vk,...,vk+z})

The definition is multiplication is not necessarily defined. Recall that ¢ and ¥ map to an abelian
group G, which only has addition. Thus the cup product is defined if and only G is a ring like
Z or a field F.

Remark 2.21. The cup product U is blinear. This exactly means that the multiplication is
distributive.

Lemma 2.5. Let ¢ € C*(X) and ¢ € CY(X). We have that

() eU) = ((60) Up) + (—1)F (p U (69)) .
Proof. Take o: [vo,...,vk11+1] — X. We have that a
Remark 2.22. Let ¢ and ¥ be cocycles. Then ¢ U is a cocycle.

Example 2.4. Let ¥, be the orientable surface with genus g. This is simply the connected
sum of g tori. In this example we let g = 2 for simplicity. We can give ¥, a simple CW complex
structure. The CW complex chain is

0 7 729 7 0

Both boundary maps turn out to be the zero maps. We can even compute the generators so for

example
H(Xg9) =Zay ®Zby & - - @ Zag ® Lby.

From the universal coefficient theorem we get that

Z, i=0,2

Hi(Zg;Z) = {ZQQ i1

Recall that
HY(Y4;Z) = Hom(H, (%), Z) = 79
and suppose it is generated by a1, 31, ..., a4, B4. We also have that
H?*(,;7) = Hom(Hy(%,), Z)Z.
so it is only generated by one element. We have that
aj(aj) =6;; and o«;(bj) =0 and pfi(a;) =0 and B;(b;) = dij.

We are going to compute a; U ;. Consider a simplicial structure for ¥, (we are doing this for
the formula from )
Let’s be more practical and find «1. We see that

ar(a) =1 and aq(by) = ai(b2) and «j(az) =0.
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Thus the cocycle a; is any map that connects a; and the other a; edges. Similarly for the rest
of the cycles.
Accodring to the formula o the cup product we get that for 77 (a triangle with edges
e1,e2,a1)
a1 UBi(Th) = ai(er) - Bi(ar) =0

We also get
a1 UBi1(Th) = ai(ez) - fi(b1) =1

Thus ag U 51(T;) = 1 if and only if ¢ = 2 and otherwise it is equal to 0.
We proceed to look for the generator of Ha(X,). We see (by guesswork) that one element
(cycle) with the image zero is

o=T1+To—T3 Ty +T5+ T — T7 — 1.

Thus, since Hp(X,) = Z, and since we chose the minimal coefficients for T1,...,Tg (1), so it
is not a multiple of any other element (it can’t be n times another element), so it is clear that
o generates Ho(X,). We want to find a generator for H%(Hy(3,),Z). The generator is just the
dual of ¢ which is the map

o (o) =1
so 0* € Hom(H2(X2),Z) so o* is the generator. Therefore since a; U 51(0) = 1 we get that
ap U B =0,

We proceed to compute 51 U ay. We get that 51 U ay(7;) = 1 if and only if ¢ = 3 and
otherwise it is equal to 0. Thus 5 U aj(c) = —1 so 51 Ua; = —o*. One may check that
arUap =1 UBL =0and By Uag = —c* and ay U By = o*. Recall that the cup product is
bilinear so it makes computations easier.

Example 2.5. Let X be the connected sum of k copies of RP2. In this example we are working
with coefficients in Z/2Z. We can construct a CW complex for X as follows.

0 s 7, 7k 7 s 0

where Z* is generated by ai,...,ar. The attaching maps are sending 1 € Ho(X;Z/27) to
(2,2,...,2) € Z¥ and any a € H1(X;Z/2Z) to 0. Since we are working with coefficents in Z/27Z
both maps are zero maps (in cohomology?)

0 «+—— Z)27 «— (Z.)27)% 727 0

Denote generators of H' by a1, as, ..., a,. We have that ai(aj) = d;j.
H*(X;7,/27) = Hom(Hy(X;Z/27),7/27).

Hy(X;Z/2Z) is generated by 0 = Ty + To + - - - + Toy,. H*(X;Z/2Z) is generated by o*.
Notice that a; Uaj = 0 when i = j. We see that o; U (T,,) = 1 if and only if n = 2i. Thus
ajUai(c)=0+--4+14+---+0=1s0;Ua; =0,

Theorem 2.6. Let R be a commutative ring. Then aU 3 = (—1)*!'Ua where a € H*(X; R)
and B € H'(X;R).

Remark 2.23. In particular we have that when k and [ are odd then a U8 = —f U a. And
that aUa = —aUa so 2(aUa) = 0.

Proof. We have that and since R is commutative

ﬁUa([vn,...,vo]) :a([vn,...,vk]) -ﬂ([vn,...,vk]).
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Let o: {0,1...,n} — {0,1,...,n} be the permutation that sends i — n —i. Let p: C), — C,
be given by [vg,...,vn] > o[vn,...,v9] We can verify that p is a chain map (Jp = pd) that is
homotopic to the identity ( find P: C,, — Cy41 so that 9P + PO = p — id). The rest of the
proof will not be added. Suppose p is chain homotopic to the identity. Let ¢ € H* and ¢ € H,

U (100, esdl) = 2 ([00s - 00) -6 ([0 s visd])
We get that p* so that ¥*p = ¢ in cohomology. Then

(p*gp U p*?,!)) [V, .-y Vks1] = P @lvo, - .y VE P U[VE, - . . V1]
= gpp[/v(h s ,Uk}¢/)[vka SRR Uk-‘rl]

to be completed? O

Lemma 2.7. Let f: X — Y be continuous, and let R be a commutative ring. Then for
f**H"(Y;R) - H"(X; R)

fro—= Y= f"(p—1).
In fact,

o — [T = (e — ).
2.3 The cohomology ring
Remark 2.24. Let H*(X; R) = ;> H*(X; R) be equipped with the cup product

—: H*(X;R) x H*(X;R) —» H*(X; R)

defined on ¢ € H* and ¢ € H! as we saw before, and extended to H*(X;R) x H*(X;R)
blinearly.

Remark 2.25. Recall that — be bilinear (distributive) on H* x H' — H**!,
Example 2.6. Let o € H* p € H* 4 € H" and ¢ € H"?. Then

(1 + p2) — (Y1 + 1) =

Remark 2.26. If R has a unit 1 € R then H*(X; R) has an identity element 1 € H°(X; R) so
that 1 ([v]) =1 € R.

Definition 2.5 (N-graded ring). A N-graded ring is a ring of the form A = @, .y Ax such that
Ag - Ay C Agqy.

Remark 2.27. If a € Aj, then we denote |a| = k.

Remark 2.28. We say that a graded ring A is graded commutative if for a € Ay and b € A;
we have that ab = (—1)*ba or ab = (—1)9l*lpa.

Example 2.7. The ring of polynomials P = @, . Sp{z*} is an N-graded ring.
Example 2.8 (Exterior algebra). We define Ag[z1, ..., z,] the be the polynomials in x1, ..., z,,

but we require |z;| = 1 (the dimension of x; is 1) which implies that z;2; = x;2; and we require
x;x; = 0 (this is also implied from the requirement if 2 # 0). We have that
Aglx1,..., 2] = (R-1) (Ag)
= (Rz1 ® Rza @ - - & Ray,) (A1)
[ant (Rxlxg @ Rrixsd--- P R$n—1xn)

@ (Rl‘ll‘g s ."L‘n)

50



2 Cohomology Algebraic Topology

Theorem 2.8. The cohomology ring of RP" (with coefficients in 7./27) is 7./2Z[z]/(x™ ) =
7)27 -1 @ 7)27x & - - & 7/2Zx™ where H* = 7,/2Zx™ is of grade k.

Proof. O
Remark 2.29. We that H*(RP"; Z/2Z) = Z/2Z[z]/(z"*!) and H*(CP™;Z) = Z[x]/(x™T1).

Remark 2.30. Although we have that the reduced homology and cohomology of S% v S4 and
CP? are equal, their cohomology rings are not equal H*(S? Vv §%) # H*(CP?). That is because

H*(S%v 8% = H*(S?) @ H*(S*) # Z[x] /() = H*(CP?).

2.4 Kinneth formulas

Remark 2.31. The goal of this subsection is to describe the cohomology ring H*(X x Y) in
terms of H*(X) and H*(Y).

Definition 2.6 (Cross product). The cross product is a map H*(X) x H/(Y) — H"™ (X xY).
Let o € HY(X) and ¥ H7(Y), and let px: X x Y — X and py: X x Y — Y be the projections
on X and Y respectively. Then the cross product is the map

(0, 9) = (px ) — (py¥) i= @ X ¥
Note that pip € H(X x Y) and pip € HI (X x Y).
Definition 2.7 (Tensor product of spaces). Let U and V be vector spaces. Then U ® V' is the

unique vector space such that the diagram

UxV

! W
& A’
UV
commutes for any vector space W and any bilinear map f: U x V — W.

Remark 2.32. We have that
U®V =spang(U x V) /(u1 + uz,v) = (ug,v) + (ug,v) -

Remark 2.33. Let By be a basis for U and let By be a basis for V. Then U ® V has basis
{a®pB| e By and g € By }. In particular dim(U ® V) = dim(U) dim(V').

Theorem 2.9. Let X and Y be CW complexes. Then there exists an isomorphism
H (X xY)2H" (X)® H*(Y)
given by the cross product a ® 3 — a x 3. Recall that H*(X) = @ H'(X) etc.
Proposition 2.10. For any o € H*(X) and f € H*(Y) we have
(0@ ) @ §) = (-1)*1P(aa’) @ (55)
Corollary 2.11. We have that H (T™;F) = F(7),

Remark 2.34. We are not going to prove this corollary, we are going to prove a more general
corollary.

Corollary 2.12. We have that

7
H(X xY)=PHX)2 H"Y) = H'(X xY).
k=0
In particular

idim(Hk(X)) dim(H7F(Y)) = dim(H (X x Y)).
k=0
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3 Manifolds and Poincaré duality

3.1 Introduction

Definition 3.1 (Topological n-manifold). Let M be a second countable Hausdorff space. Then
M is said to be an n-manifold if M is locally homeormophic to R™. Moreover, M is a closed
n-manifold if M is compact.

Remark 3.1. We say that M is closed if it is compact.

Example 3.1.

Theorem 3.1 (Poincaré duality). Let M be a closed connected n-manifold. Then
H;(M;Z/27) = H,—;(M;7/27).

In particular Hy,(M;7Z/2Z) = 7./ 2.

3.2 Orientation

Remark 3.2. Let M be an n-manifold. Recall that the local homology of M at x € M is given
by H;(M | z) :== H;(M, M —{z}). More generally for A we denote H;(M | A) = H;(M, M — A).
By excision by any neighbourhood U of  we have

Z i=n,
Hi(M | z) = Hi(U | x) = Hy(R" [ z) = { .

0 i#n.
For any z,y € B C U =2 R", since U — {x} ~g U — B, we have

H,(M |z) = H,(U | x)
~ H,(U,U —{z})
~ H,(U,U — B)

= Ho(M | y)

Definition 3.2 (Z-orientation). A Z-orientation on M is a choice x +— p, € Hy(M | 2;Z) 2 7
such that

(1) pg generates H,(M | x).

(2) pg is consistant. That is, if z,y € U = R" for some U C M then H,(M | z) =
H,(U,U — B) = Hy,(M | y) sends (i to 1.

Definition 3.3 (Orientable manifold). We say that M is orientable if it admits an orientation.
In fact, M is orientable if and only if it admits exactly two orientations.

Example 3.2. The open Mdébius band is non-orientable.

Definition 3.4 (Z/2Z-orientation). A Z/2Z-orientation on M is a choice x +— p, € Hy, (M |
x;2/27) = 7,/27 such that

(1) pa generates Hp(M | x).

(2) pp is consistant. That is, if z,y € U = R" for some U C M then H,(M | z) =
H,(U,U - B) = H,(M | y) sends piz to fiy.
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Remark 3.3. Notice that every surface M is Z/27Z orientable. That is because every x € M
is send to 1, and this satisfies our conditions for orientation.

Definition 3.5 (Z-section). A Z/2Z-section on M is a choice x — p, € H, (M | x;Z) = Z such
that

(1) py is consistant. That is, if z,y € U = R" for some U C M then H,(M | z) =
H,(U,U — B) = Hy,(M | y) sends fiz to fi.

Remark 3.4. Let M be a manifold with a Z-section u. Then we define
M := {(z,pz) | © € M and px generates H,(M | z)} .
Theorem 3.2. Let M be a closed connected n-manifold. Then
(1) If M is an R-orientable, then the the map ¢: Hy,(M) — H,(M | z; R) is an isomorphism.
(2) If M is not Z-orientable, then H,(M;Z) = 0.
(8) Hi(M) =0 fori>n.

Remark 3.5. A closed connected n-manifold M is orientable if and only if H,(M : Z) = Z.
More generally, a closed connected n-manifold M is orientable if and only if H, (M : Z) # 0.

Lemma 3.3. Let M be an n-manifold and let A C M be compact.

(i) If x — a is a section, then there exists a unique class ay € Hy(M | A) such that for all
x € A we have that aq — ag in Hy(M | A) - Hy(M | z).

(i) Hi(M | A) =0 for all i > n.
Proof of Theorem 3.2. Here we use the lemma to prove Theorem 3.2. O
Proof of Theorem 3.3. to be added O
Theorem 3.4. Let M be a noncompact connected n-manifold. Then H;(M) =0 for all i > n.
Proof. O

Remark 3.6. Last lecture we have seen that if M is an orientable manifold then

Z i=n,
H;(M;Z)=<0 i>n,

?  otherwise.

Lemma 3.5. Let x — oy € H,(M | x) be a section and let A C M be compact. Then there
exists a unique aqg € Hp(M | A) so that for all x € A we have oy € Hp(M | z). Moreover,
H;(M | A) =0 for all i > n.

Theorem 3.6. Let M be a noncompact n-manifold. Then H;(M;Z) =0 for all i > 0.

Proof. Let z € H;(M;Z) and let U C M be an open subset such that U contains the simplicies
of z such that U is compact. We have V := M —U.
Consider the long exact sequence for the triple (M,U UV, V).

i — S Hy(UUV,V) —— Hy(M, V) —— Hy(M,UUV) —— H, ((UUV,V) — -

proof not to be added. using this sequence and the lemma. O
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3.3 Kervaire-Laudinbach conjecture

Let 1 # G = (S| R). Then for all r € F(s,t) for some new element ¢ we have
Gx*(r)/ <r>=(s,t|R,r)#1.
For example in a general relation is of the form
r = gotCgit? -t gy

for ¢; € Z and g; € Z.
We clearly have that if (G,t | r,G) is nontrivial then (G,t | r) is clearly nontrivial. We see
that
(Gt |r,G) = (t | t2®:("))

where we define exp,(r) := Y €. (t | t¥P(") is nontrivial when exp,(r) # %1 so the only
intresting cases are when exp,(r) = £1. Without loss of generality we can see assume that
exp;(r) = 1.

A stronger version of the conjecture is that when exp,(r) # 0 or G is torsion free then there
exists an embedding G — (G, t | r).

For example consider Ss.. (it is finite and exp is zero)

Theorem 3.7 (Gerstenhaber-Rothams). The Kervaire—Laudinbach conjecture holds for finite
G.

Proof. We will show that when G is finite that there exists an embedding G — (G, | 7).

In order to prove this it suffices to find G < G and g € G such that r(g) = 1. N

By Caylay’s theorem G' < S, and S, ~ C" by oe; = ey(;). This is a map S, — U(n) := G
where U(n) := {A € Mux,(C) | A*A=1I}.

This is a group, which is also a connected and closed manifold. Therefore H,(G;Z/27) =
Z/2Z. (why) Actually we even have H,,(G;Z) = Z (dont need to know why).

Since M is a connected comapact orientable n-manifold, we can define a degree map f: M —
M with deg(f) =k if f.: Hy(M;Z) — H,(M;Z) (which is a map f.: Z — Z) maps m — m- k.
We need to find g € G so that for r: G — G defined by r(x) = goxgy---zg, we have
r(g) = 1. If Vg € G we have that r(g) # 1 then since

é\ /é

G — {1}

commmutes and H,, (G — {1}) = 0 we get that deg(r) = 0.
On the other hand we can choose paths ; that maps continuously each “coefficient” g; of
r(x) = goxgy- - gy to 1. Therefore there exists a homotopy between r(x) to

g0l g1+ a gy = 2P = g
This means that r(x) is homotopic to the identity and so
deg(r) = deg(id) = 1.

This contradiction completes the proof. ]
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3.4 Poincaré duality

Remark 3.7. If M is triangulated (M is homeomorphic to a (PL)(partially linear) simplicial
complex X).

Theorem 3.8 (Poincaré duality). H*(M;Z/2Z) = H,,_(M;7/27).
Proof. nah uh O

Definition 3.6 (Cap product). Let I < k. Then the cap product is a map Cy x C' = Cj_.
It is defined by

gY=9 <U|[v0,~~ﬂ)z]> ’ U|[”l7~--’vk]
where o: AF = [vg,..., 0] = X.

Remark 3.8. We have that ¢)(c —~ ¢) = (1) — ¢)(o) where ¢ € C¥~! and ¢ € C, and ¢ € C"
and (¢ — ) € CF.

Remark 3.9. The cap product is also well defined as a map —~ H,(X) x H*(X) — H,_,(X).
Lemma 3.9. 9(c ~ ¢) = (—=1)/(00 —~ p — 0 —~ §¢p).

Proof. Since ~ is bilinear we get that

k
Ovo,...,vp] ~ ¢ = Z(—l)i[vg,...,@i,...,vn] ~ .
1=0
Then
k .
8[7)07 71)71] Y= Z(_I)Z[UOa - Mg, 7Un] @
=0
l
= Z(—l)zgp (['U(), .,m'l)i,. .,'l)l+1]) : [Ul+17 ,'l)k]
1=0
k .
+ Z (_1)ZS0 ([007 71}[]) : [vl—l—la » Vi, 77)]6]
i=l+1

We have that
k .
() o ~@)= > (=" ([vo,. ., v) - [vrr1s- - iy k]

Also, we know that

(#) g™ 5@: (906) ([U()?"'vvl-i-l]) . [UH-l)"'aUk]
+1
=> (D% ([vo, -+ Bir- -, vi41]) - V1415 -, V]
1=0

We also have that
(I-term of (%)) = (1)t ((1 + 1)-term of (#)) .

From this we can derive the proof O

Remark 3.10. The cap product, we defined on relative homology is a map —~: H, (X, A) x
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Remark 3.11. The cap product is functorial. That is, fi(a) ~ ¢ = fi(a —~ f*(¥)).

Definition 3.7 (Fundamental class). Let M be a closed oriented topological manifold. The
class p:= [M] € Hp,(M) — py € Hy(M | x) is called the fundamental class of M.

Theorem 3.10 (Poincaré duality). Let M be a closed oriented topological manifold. Then the
map Dyr: H{(M) — H,_;(M) defined by Dy; = [M] —~ is an isomorphism.

Remark 3.12. Poincaré duality also holds without the assumption that M is orientable so
long as we consider homology and cohomology with coefficients in Z/27Z.

Example 3.3. Consider X = ¥,.

a
c b
d A a
c b
d

The fundamental class [M] € Hi(X) is
a+b—a—-b+d+c—d—c

We know that HY(X) = Za+ZS+ Zy+7Z65. We see that aq(a1) = 1 When we compute Dy ()
we get

DM(al) = [M] ~ =T O = —al(el)al — al(eg)bl + al(el)al = —bl.

Definition 3.8 (Compactly supported cohomology). Let X be a locally finite (A, CW, or
simplicial) complex. Then

C’é = { f € C* | f is supported on finitely many simplices} :

Check that §: C’é — C’éﬂ.
Remark 3.13. When K C X is compact we denote K CC X.

Remark 3.14. In singular cohomology we get that

cex)= |J "X x-K).
KccX

or

CE(X) = {f: singular k-simplices —» Z | 3K s.t. f(o) = f(X — K) =0} .

Remark 3.15. A partially order set (X, <) is said to be directed if for all 4, j € I there exists
k €I sothat k > 1, .

Definition 3.9 (Direct limit). Let {A;};.; be a collection is of abelian groups so that (1, <) is
a directed partially ordered sets. For all 7 < j let f;;: A; = A; be maps. Then

h_r)nA, = @A,/({a, — fw(al) | 7 Sj and a; € Az}>
= |_|Al/al ~ fijai Vi < jand a; € A;.
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Example 3.4. The sets (N, <) and (K,C) where K is the set of all compact subsets of a
topological space X.

Remark 3.16. We have that HE (X) = LmHWX,X —K) for K CC X.

Definition 3.10 (Cofinal set). We say that J C I is cofinl if for all ¢ € I there exists j € J
such that ¢ < j.

Definition 3.11 (Proper map). A map so that the preimage of a compact set is compact is
called proper.

Remark 3.17. We have that H;(X) = hﬂ[{gx H;(K).

Remark 3.18. We have that Dys: lim H{(M | K) — H,_;(M).

Theorem 3.11 (Poincaré duality). Let M be an oriented n-manifold with orientation x > pi,.
Then Dy is an isomorphism.
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