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1 Introduction Algebraic Geometry

1 Introduction

1.1 Algebraic subsets of C" and Hilbert’s nullstellensatz

Algebraic geometry deals with sets of solutions to systems of polynomial equations.
Example 1.1. The solution set for y — 1 = 0 in C2.

Example 1.2. The solution set for 2" + y™ = 1 in Q2 for n > 3. By Fermat’s last theorem
there are no solutions to this equation unless either z or y is zero.

Example 1.3. The solution set for the following system of polynomials:

zt—yz =0
at—y?> =0
yt—z2:0

in C*.

Example 1.4. Consider an n X n matrix A as a point in C"”. Then we have that

{Altr(A) =0} =S A[D a; =0
=1

is given as the solution set of a polynomial. Similarly

{det A=0} = ¢ Y sen(r) a1,-(1)02,7(2) - Gyrm) = 0 ¢
TESH

is given by the solution set for a polynomial in the entries of the matrix (by the formula with ).

Definition 1.1 (Set of zeros). For a subset S C C[x1,...,zy], we define its set of zeros by
_{al,..., eC"| f(ar,...,an) =0 VfGS}.

Proposition 1.1. Here are some basic properties of sets of zeros:

(1) Z(S) = Z ((S)) where (S) is the ideal generated by S. Thus Z(S) = Z({f1,..., fm}) for
any set {f1,..., fm} such that (fi,..., fm) = (S). Such a finite generating set exists by
the Hilbert basis theorem, which tells us that Clzy, ..., x,] is Noetherian.

(2) If I C J then Z(I) 2 Z(J).
(3) Z(I+J)=Z(I)NZ(J),
(1) Z(INJ) = Z(1J) = Z(IJ) = Z(I) N Z(J).
(5) Z(VI) = Z(I), we so can restrict to radical ideals.
Remark 1.1. Recall that the radical of an ideal I < R is defined by
VI = {fEC[:Ul,...,:L‘n] | f¥ e I for some k > 1}.
Example 1.5. We have that Z({0}) = Z( ) C", and Z(C[zxy,...,z,)) = Z({1}) = 0.

Additionally, we have that Z ((:cl —a,..., & ) = { (a1, .. .,an)}. Observe that (z; —
ai,..., Ty — ay) is a maximal ideal.
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Definition 1.2. For a subset V C C™ we define the ideal:

I(V):={f € Cla1,...,2,] such that f(p) =0forallpe V}.

Equivalently,
I(V) = ﬂ Mep,
peV
where m, = (z1 — a1,...,2y, — ap) is the maximal ideal corresponding to the point p =
(ah ey an)'

Definition 1.3 (Zariski topology). The Zariski topology on C™ is defined by declaring the
closed sets to be Z(I).

Remark 1.2. Note that the Zariski topology is very weak, in the sense that it does not have
a lot of open or closed sets. In particular, it is not Hausdorff.

Question. For n = 1 what are proper closed subsets of C?

Answer. If 0 # I < CJ[z], then since C[z] is a PID and algebraically closed I = (f(z)) for some
polynomial f(x) = [[(z — a;). Thus the Zariski closed subsets of C are precisely the finite sets.
This implies that in this case, the Zariski topology agrees with the cofinite topology.

Theorem 1.2 (Weak Hilbert’s nullstellensatz). All mazimal ideal of Clz1,...,x,] are of the
form (1 — ay,x2 — ag, ..., Ty, — ay,) for some (ai,...,a,) € C".

Corollary 1.3. Let I < C[x1,...,x,]. Then Z(I) =0 if and only if I = (1) = Clz1, ..., zy).

Proof. We have seen that if I = (1) then Z(I) = 0. If I < C|xy, ..., x,] then by applying Zorn’s

lemma I C m,, for some maximal ideal m,,, which is a point ideal for some point p = (a1, ..., an)
by the weak nullstellensatz theorem, thus p € Z(I). This implies that Z(I) # (), which completes
the proof. O
Remark 1.3. As a consequence of the weak nullstellensatz theorem, the set Z(I) can be
identified with the set of maximal ideals of C[zy,...,z,] which contain I, which in turn are
in natural bijection to the set of maximal ideals of the quotient ring of functions k[X] :=
Clz1,...,xy]/I from the correspondence theorem.

Theorem 1.4 (Regular strength Hilbert’s nullstellensatz). For any ideal I in Czy,. .., z,] we
have

I(Z(I)) = VI
That is, I(Z(I)) is the closure of I with respect to the property of being radical.

Proof. If f € /I, then f* € I for some k > 1. Therefore f*(p) = (f(p))* = 0 for all p € Z(I).
This implies that f(p) = 0 for all p € Z(I). which implies that f € I(Z(I)).

Conversely (we are using Rabinowitch’s trick, which is a particular case of localization).
Consider 0 # f € I(Z(I)). In Clxy,...,zp,t] we claim that the ideal

I=(ft—=1)+ ) CClzy,...,zn, 1

has no zeros, where (I) denotes the ideal in the ring C[z1,. .., z,,t] generated by I. Indeed, for
any (a1,...,an,b) € Z(I) there must exist g € I such that g(a,...,a,) =0, and in particular
f(ai,...,an) =0, so we get that (ft — 1) has to vanish at (ay,...,a,,b), or in other words that

0= f(ai,...,a,)b— 1= —1 which is a contradiction to f(ai,...,a,)=0.
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By Theorem 1.3, the ideal I must be the whole ring, and in particular it contains 1 € I.
This means that there exist f; € I such that:

1= (f(ml,...,xn)t— 1) 9o(T1, ..y T, t) +Zfi(xl,...,xn)gi(xl,...,mn,t).

Consider the image of this equality in the field of rational functions in n variables C(x1, ..., x,)
under the algebra map which sends x; to x; and t to f(z1,...,2,)"'. Then the equation
becomes: ha( )
i\L1y...,Tn
1=0+ filx1,...,x - -
ZZ.: L n)fi(xla”-axn)kl
for some polynomials h; and some k; > 0. After clearing the denominators we conclude that f*
lies in I, which proves the other side of the inclusion and concludes the proof. O

Remark 1.4. Theorem 1.4 says that there is a one-to-one correspondence between closed
algebraic subsets of C" (i.e. the Z(I)) and radical ideals of Clz1,...,x,].

1.2 Irreducible components, dimension theory. Projective spaces. Algebraic
varieties

Definition 1.4 (Reducible zero locus). Z(I) is reducible if it can be written as a union of two
distinct proper closed subsets Z(I) = Z(11) U (I2). It is called irreducible otherwise.

Example 1.6. For example when n =2 and I = (21, z2) we can write Z(I) = Z(x1) U Z(x2).

Remark 1.5. Disconnected algebraic sets are always reducible, however some reducible alge-
braic sets are not disconnected. You may try to think of some examples by yourselves, but some
nice examples are also written in the corresponding part in Lev’s notes.

Theorem 1.5. Every closed subset Z(I) can be uniquely written as a union of irreducible closed
subsets of Z(I) none of which is contained in another.

Proof. First we will prove existence. Assume, by way of contradcition that the claim is false for
some Z(I). Then we can keep decomposing it into smaller unions of smaller and smaller subsets
indefinitely. This indefinitely decreasing sequence of closed algebraic subsets correspond to an
indefinitely increasing sequence of ideals in C[z1,. .., x,] in contradiction to it being Noetherian.
This implies we can write Z(I) as a finite union of irreduible subsets, and it remains to remove
subsets that are contained in others.

In the uniqueness direction, suppose we have two finite decompositions as described in the
theorem:

Z2(1) =J2(1.) = JZ(1s).
a B

For each o we have that
Z(L) = (2(Ip) N 2(1.)) .
B
By irreducibility of Z(I,) one of Z(Ig) N Z(1,) must equal Z(I,). This implies that for every
a there exists § such that Z(I,) € Z(Ig). Of course, the same is true for each 3, so we get
that Z(I,) C Z(Ig) € Z(1y), and thus Z(1,) C Z(I,), which implies that @ = o’ and thus
Z(Io) = Z(1g). Since this works for each o and  we have proved uniqueness. O

Remark 1.6. The decomposition of Z(I) into irredubile components is a particular example
of the commutative algebra statement that for any ideal I in a Noetherian ring, the radical v/T

can be uniquely written as:
\/j = ﬂph
i

where p; are a finite set of minimal primes that contain I.
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Definition 1.5 (Algebraic subvariety). If Z(I) is irreducible, Z(I) is called an algebraic sub-
variety of C".

Remark 1.7. We note that algberaic subvarieties Z(I) are very similar (and indeed not very
far from) smooth complex manifolds. We have a concept of dimension for complex manifolds,
so it is natural to expect a notion of dimension on Z(I) as well.

Definition 1.6 (Dimension of subvarieties). For an irreducible Z(I) the ideal I is prime (by
exercise), so we can look at the quotient ring A = C[zy,...,x,]/I which is an integral domain.
Its fraction field Frac(A) is a finitely generated field extension of C, and we define:

dimc Z(I) := tr. deg.c Frac(A),
where tr. deg.c Frac(A) represents the transcendence degree of Frac(A)/C.

Definition 1.7 (Krull dimension). For a topological space X the Krull dimension of X is supn
where Zy C Z1 C --- C Z, is an increasing chain of irreducible closed subsets of X. Similarly,
the Krull dimension of a ring R is the supremum over the length of all increasing chains of
prime ideals.

Remark 1.8. Note that Frac(Clzy,...,x,]/I) is simply the fraction field of the coordinate

ring k[x1,...,x,]|, which are the functions over X (we have seen this in commutative algebra).
Similarly, we intuitively look at Frac(Clzy,...,x,]/I) as the field of “rational functions on
X =Z(I)"

Example 1.7. Clearly, the dimension of C™ is the transcenence degree of the field of rational
functions C(x1, ..., zy,) which is n.

Remark 1.9. Any chain of irreducible closed subsets in C™ can be completed to a chain
with a member in each dimension. The corresponding property for chains of prime ideals in
Clx1,. .., xy] is called catenary. Rings with this property are called catenary rings.

Remark 1.10. Algebraic geometers have a very annoying (for beginners) of drawing complex
varieties of dimension n as objects of real dimension n, with the execption of Riemann surfaces
(which are of complex dimension 1), and are sometimes drawn as real surfaces.

Definition 1.8 (Complex projective space). The complex projective space denoted CP" is

defined as the set
(c™\{0}) / ~

where a = (ag, ...,a,) ~ b = (by,...,b,) if and only if there exists A € C* such that a = Ab.

Remark 1.11. The points in CP" are written (ag : aj : - : ay,) in order to distinguish them
from points in C"*1,

Remark 1.12. We can think of CP" as all the lines passing through the origin of C"*1.

Remark 1.13. For every i € {0,1,...,n} we define the subspace
Ui:{(:co:-":xi:...::pn)G(CIF’"|:ci7é0}.

By the structure of CP", these points can be normalized so that:

Ty X;

One can use the covering {U;} of CP" to give it the structure of a complex manifold.
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Definition 1.9 (Algebraic variety, rough definition). An algebraic variety is a topological space
X with a finite covering by Uy, ..., U,, open subsets such that U; = Z(I;) C CJi

Remark 1.14. We can show that two different closed subvarieties Z (1) C C™ and Z(J) C C™
are isomorphic as algebraic varieties if and only if the corresponding finitely generated coordinate
rings (generated algebras) C[zy,...,z,]/I and Clxy,...,zy]/J are isomorphic. It is a natural
statement, since points are in bijections with maximal ideals in these rings. We think of them
as just the same variety in two different realizations. Such varieties are called affine.

Remark 1.15. The main adventage of CP" over C" is that it is compact. Intuitively, it is the
“smallest” way to compactify C™ to a compact complex manifold. In contrast, if we just wanted
a compactification as a real manifold, we could do it with adding a single point.

Theorem 1.6. CP" is a compact complex manifold.

Proof. We can take the quotient in two steps. First by R-o, then by S* = {z € C* | |2| = 1}.
We immediately see that (as real manifolds):

(C™\{0}) /Roo = { (w0, n) € T [ Jaof? 4+ o+ o+ Jaaf? = 1} = 5741,

Then CP" is the image of the compact set S?"t! under a continuous map and is therefore
compact. ]

Definition 1.10. Consider Clzo,...,z,]. Notice that this is a graded ring Clxo,...,x,] =

D>o S, where:
Sq = span{xgo-'m?ﬁ | Zai = d},

which are the homogeneous polynomials of degree d.

Definition 1.11. An ideal I < C[xg,...,x,] is called homogeneous if it is generated by homo-
geneous polynomials (recall C[zy,...,z,] is Noetherian and thus generated by finitely many
polynomials).
For a homogeneous ideal J < Clzy, ..., x,] we define:
Z4(J):={(ag: - :an) € CP"| f(ao,...,an) =0 Vhomogeneous f € J},
which is well-defined since f indeed vanishes on all of (ag : --- : a,) since it is homogeneous.

These are called projective algebraic subsets.
Similarly, we define for V' C CP" the set:

I4(V) := (homogeneous f € Clz —0,...,z,] | f(p)) =0 VpeV),
which is a homogeneous ideal since it is generated by homogeneous ideals.

Remark 1.16. The Zariski topology on CP" is defined by declaring the closed subsets to be
the Z+(J)

Remark 1.17. We saw that CP" = | J;"_, U; where U; = C™.

Question. Is the topology induced from the Zariski topology on CP" the same Zariski topology
we defined on C™?

Answer. Yes, because U; N Z4(J) = Z(T") where

Jt = <f(@,...,w—n € C[@,...,@] | Vf € J homogeneous))

T T T T

This process is called dehomogenization.
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Question. What is the relation between Z;(J) C CP™ and Z(J) € C*"™'? The set Z(J) is
called the affine cone over Z, (J).

Remark 1.18. Relationship between closed subsets of CPP" and ideals is a little more compli-
cated.

Remark 1.19. If J is homogeneous then J = @~ Jq and Z,(J) = Z(J') if there exists dy
such that Jy = J) for all d > dy. (throwing out the first few terms).

Example 1.8 (Irrelevant ideal). The ideal (x,z1,...,%,) is called the irrelevant ideal. This
is the unique homogeneous maximal ideal.

Example 1.9. Consider {moazg —z? = 0} C CP?. If we dehomogenize with respect to zy we

set it to 1 and get:

mU()Z {yQ - y%} c C?
Example 1.10. Smooth quadric degree 2 homogeneous polynomial {xgx3 — z129 = 0} C CP3.
We will show that this is isomorphic to CP' x CP*.

Example 1.11. {y? — 4a® — goz2? — g32° =0} C CP? with coordinates (z : y : z). This is
known as an elliptic curve.

2 Bezout’s theorem

Remark 2.1 (Manifistation of compactness). Let I be a homogeneous ideal. Then we can
define:
ag := dimg¢ (C[:ro, .. .,xn]/I)deg:d < 0.

Theorem 2.1. For a nontrivial (not irrelevant for example) homogeneous ideal I< Clxo, . . ., Ty],
the coefficients aq satisfy:

(1) There exists a polynomials P(z) € Q[z] such that P(d) = aq for all sufficiently large d > 0.
The polynomial P is called the Hilbert polynomial of Z1(I).

(2) deg(P) = dim Z4(I).
(3) (dim Zy (1)) | (leading coefficient of P) € N, which is called the degree of Z(I).
(4) The Hilbert function f(t) := Zdzo aqt? is a rational function of the form

t
f(t) = (1— t)gd(inzZ(I)—i-l’

with a polynomial g(t) such that g(1) # 0.

Example 2.1. Take the homogeneous ideal I = {0} (which corresponds to the whole space).
We have that a4 is the dimension of the spce of deg d of homogeneous polynomials in n + 1
variables. This is equal to the number of ways of picking n seperators among n + d dots. Thus,
we get for all d > 0

+d 1 1
ag = <nn )_‘(d+n)...(d+1)_mdn+etc.,

times dimension factorial the leading coefficient is 1, and this is indeed the dimension which we
expect.
The generating function:

td d 1 o\" 1 1
;Om(d+n)---(d+1)=d§:nn!(d+n)---(d+1)=n! <8t> <H> BT

so the claims of the previous theorem hold.
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Example 2.2. Consider a curve C C CP? given by I = (f), for a homogeneous f € C[zg, x1, 2]
of degree d without repeated factors.
We have that:

dim (Clzo, 21, xﬂ/])deg:d = dim (C[zg, 21, :cg])deg:d — dim (C[zo, z1, xz])deg:d,k

because of xf: Clxg, z1, 2] — Clxg, 1, x2] is injective. Thus,

d+2)(d+1 d—k+2)(d—k+1 )
%:{< A1) _ (d-hadohtl) g s g

- 9

2
(dr2)(dt]) 0<d<k.

Thus, for sufficiently large d we get

ag = di— FE=3)
2
which is linear in d. We get that deg Z,(I) = k. And the generating function is:

' 1 tk Sk L
= F T T

so again the last theorem holds.

Definition 2.1. A @ Sy = C[xo, ..., z,]-module M is called a graded module if M = ;. Mg,
where M, is an abelian group such that S, - My C Mgie.

Definition 2.2 (Shifted module). The shifted module M (r) has the same module strucure but
with shifted grading:
M(T)deg:k = Mdeg:kJrr'

For any graded module M we get a (degree 0) graded map of graded modules M (—1) 2% M
(multiplication by x,?) with kernel K and cokernel C' (also graded modules). This implies that:

0 —— K —— M(-1) > M C 0
is an exact sequence of graded modules. Thus,

0 > Kd M(*l)d Md > Cd > 0

is an exact sequence of vector spaces for all d > 0, and thus
—dim K + dim M(—l)d + dim My + dim Cy = 0.
This happens if and only if

—fi(t) + fun (@) — fu @) + fe(t) =0,

then we observe that fy;_1)(t) = tfa(t) we get:
(=) fm(t) = fe(t) = fr(t).

Upshot: Clzo, ..., zy]-module section on K and C factors through Clzy, ..., z,_1]-module sec-
tion Clzo, ..., zn]/(zy) because z, goes to 0 on K and C. We now apply induction to get (4).
The proof of (1)-(3) is significantly more difficult and is this omitted.

Remark 2.2. We defined dim Z(I) for irreducible Z(I)
By analogy we get for irreducible Z, (I) that:

dim Z (I) N Up = tr. deg. Frac(Clzy, ..., x,)/I).

Maybe on any other U;, say U, we get a different definition? NO! Because
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Remark 2.3. Expressing Frac(A) := Frac(C[zy,...,z,]/I) intrinsically in terms of the vari-
ables x1,...,z, we see that:

Rat(Z (1)) = {zl,deggl =degg2,91,92 € A} C Frac(A).
2

Theorem 2.2 (Bezout’s theorem). Let C1,Cy C CP? be curves with no common components.
Then the number of points in C1 N Cy counting multiplicities in (deg C1)(deg C2).

Remark 2.4. Suppose that C; nd Cy intersect at (1:0:0) € CP? and (1:0:0) € Uy = C? C
CP?. Let C1 NUy = Z(f), Co N U, for some f, g € Clyy,ya] for y; = L&

Let P ) o
Y1,Y2
R =472 72

{G(yhyQ)

Because f and ¢ have no irreducible components in common (since C; and C3 have no common
components). This implies that dimg R/(f,g) < co. We also define:

mult(1.0.0)({f = 0} N {g = 0}) := dimg R/(f, g) < o0

Example 2.3. Let C1 = Z,(z1) and Cy = Zy(x2). In Uy we get f = y1, g = y2, and thus
R/(y1,y2) = C, and so dim R/(y1,y2) = 1, which is exactly the number of intersection the lines
(' and (5 should have according to Bezout’s theorem.

| F .G e (C[yl,yg] s.t. G(0,0) 7é O} .

Example 2.4. Let C; = Z, (x3) and Cy = Z4 (worg — 22). In Uy we get f = y2, g = y2 — 43,
and then:

R0 = (RIO)6) = { ) 1G0.0) 2 0} /(o2 = 5D
_[E) 2 _ . gy & C2
~{ &M 1600 20}t —c 1t Com e

so at (1:0:0) the multiplicity of C; N Cy is 2.

2.1 Proof of Bezout’s theorem
The idea of the proof is to consider M = Clzg, z1, z2]/(f1, f2) as a graded Clzg, x1, x2]-module.

Proposition 2.3. For every nonzero finitely generated graded module M over a graded Noethe-
rian ring A there exists a finite filtration

0=My C M C---CMy=M

so that for each i € {1,...,k} the quotient module M;/M;_1 is isomorphic to (A/p;)(d;), where
p; < A is a homogeneous prime ideal in A and d; € Z is a grading shift.

Proof. When M = Clxg,z1,22]/(f1, f2), from the description of M;/M;_1 as (A/p;)(d;) we
see pi = Ann(m) = {a € As.t. am =0}. So any such p D (fi, f2) if and only if Z, (p) C
Zi(f1f2)- O

Remark 2.5. The Hilbert polynomial of any finitely generated graded C[zg,x1, z2]-module is
Z?Zl HP ((A/p;)(d;)) (the Hilbert polynomial of the summands).

Note that HP(Clzg,x1,x2]/(f1, f2)) can be computed since: Note that the map labeled fo
is injective since otherwise f1 and fo have a common factor.

We also label the terms in the sequence by Mj(— deg f2), M7 and M respectively.

Note that as we have computed before Py, (k) = (deg f1)k+c and Py (k) = (hdeg f1+¢) —
((k — deg fa) deg f1 + 1) = deg f1 deg fo = deg Cy deg Cs.

10
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Next consider the irrelevant ideal P = (zg, z1,z2). We get that Clzg,z1,x2]/P = C so for
d=0,1,2,... we get ag =1,0,0,..., 50 Pyzgz,,2.],p(R) = 0.

Next consider P = (x1,x2) (the other cases are symmetrical). We have the isomorphism
Clxo, z1,x2]/P = C[xg], and thus for d = 0,1,2,... we get ag = 1,1,1,... and therefore

POlwo,e1,200/P (k) = 1.

Let S C A (where A is a ring) be a mult subsets i.e. 1 € S and f,g € S implies fg € S.
The localization of A at S, A, is the set {¢ |a € A and s € S}/ ~ where

al as

S1 52

if and only if there exists s3 € S such that s3(sjas — s2a1) = 0 in A.
Consider the map ¢: A — As given by a — {. For an A-module

MS::{T:]mEM,seS}/N

where
mp Mg

51 52

if and only if there exists s3 € S such that s3(syme — sgmi) =0 in M.
Define ppr,5: M — My defined by m +— 7.

Remark 2.6 (Fact). Localizing at S is an exact functor. i.e. if

0 M > M’ > M > 0

is a short exact sequence (SES) of A-modules, then so is the corresponding short exact sequence
of Ag-modules!

0 » Mg » My » Mg 0
Remark 2.7. Suppose our P = (z1,x2). Consider:
S = {homogeneous polynomials of Clzg,z1,z2] that don’t vanish at (1:0:0)}

Notice that z¢ € S so we can localize at x¢ first (i.e. take T = {xg | n > 0}) and only then we

divide Clzo, 1,22z, := Clzo, 21, 22]/ Then we get C[ZL, i—f},zoﬂ] = Cly1,y2][zZ']. Localizing
all the way we get that Z-graded ring R[z3"'] where R = {% | G(0,0) # O}.

Consider Mg = (R/ (f1, fg)) [zE1] where f; = df;fi the dehomogenization of the f;, the
degree 0 part is R/(f, g) from the definition of ’

Corollary 2.4. Let C C CP? be an irreducible deg C' = d curve. Then C admits a degree d
morphism onto CP*.

Proof. Suppose P := (1:0:0) ¢ C. Then the stereographic projection ¢: CP? — { P} — CP!
from P given by (zg : x1 : @) — (21 : x2). O

Definition 2.3 (Gonality). The gonality of a curve C' is defined to be:

gon(C') := min {degf | f: C — RP! is nonconstant} .

11
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3 Line bundles and vector bundles

Remark 3.1. If f: X — CV is a holomorphic function on a compact complex manifold, then
f is constant. In particular this is true for f: X — C.

Definition 3.1 (Vector bundle). A vector bundle of rank r over X is a complex manifold W
with a holomorphic map 7w: W — X such that for every p € X there exists an open set p € U
and a biholomorphism ¢y : U x C" — 7~ 1(U) so that the diagram

UX(CT—>7T

N

commutes and is compatible with the complex vector space structures on the fibers.
Remark 3.2. A vector bundle of rank 1 is called a line bundle.

Example 3.1 (Real vector bundle). The Mébius strip. The trivial bundle and the infinite
mobius strip over S'.

Definition 3.2 (Trivial vector bundle). A vector bundle W of rank r is called a trivial vector
bundle if W =2 X x C" as a vector bundle. That is, there exists a biholomorphic map ¢: W —

X x C" such that
W——3 X xC"

A

Remark 3.3. Everything you can do to vector spaces in linear algebra you can do to vector
bundles.

Definition 3.3 (Picard group).

12
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